ELSEVIER

Information Processing Letters 51 (1994) 129-132

lnformqtion
Processing
Letters

Internal path length of the binary representation
of heap-ordered trees *

Wen-Chin Chen *, Wen-Chun Ni

Department of Computer Science and Information Engineering, National Taiwan University, Taipei, Taiwan, ROC

Received 24 February 1994; revised 21 March 1994
Communicated by D. Gries

Abstract

We show that the average internal path length of the binary representation of a random n-node heap-ordered tree

is asymptotically nymn —2n + oWn).
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1. Introduction

This paper studies the heap (or priority queue).
Heap serves as the underlying data structure for
the efficient implementation of many combinato-
rial algorithms such as shortest paths, minimum
spanning trees, and network flows. A heap-
ordered tree (HOT) is defined recursively to be a
rooted labeled tree whose root contains the mini-
mum key (label) and whose subtrees are them-
selves HOTs. An alternative definition is that
each node in a HOT has key value no greater
than its child nodes. Throughout, we assume
that all the key values of an (n + 1)-node HOT
are distinctly chosen (labeled) from the set
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{0, 1,..., n}. Obviously the root of an HOT is
always labeled 0.

In computer applications, a multiway tree can
be coded as a binary tree representation as fol-
lows: the first child and the right sibling of a node
in a tree becomes the left-child and the right-child
of the node in the corresponding binary represen-
tation, respectively. For example, Fig. 1(b) gives
the binary tree representation of the HOT in Fig.
1(a). Since the root of the binary representation
of a HOT has a null right subtree, it is convenient
to consider the variant of HOT obtained by delet-
ing its root node. Such a variant is called heap-
ordered forest (HOF) because it can be viewed as
a collection of HOTs. Note that the heap prop-
erty that each node has minimum key value in the
subtree rooted at this node should be modified
slightly in the binary representation. In the binary
representation, the heap property only requires
that each node has key value no greater than the
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keys in its left-subtree. The key values in the
right-subtree are irrelevant to the node. Since we
assume previously that an (n + 1)-node HOT is
labeled from the set {0, 1,..., n}, an n-node HOF
is labeled from the set {1, 2,..., n}.

The internal path length (IPL) of a HOT is
defined to be the sum of the path lengths of all
the nodes in the binary representation of the
tree, where the path length of a node v is the
number of edges in the path from the root to v.
For example, the path length of node 2 in the
binary tree in Fig. 1(b) is 4 and the IPL of the
HOT is 25. IPL is an important quantity for
analyzing the average time complexity of the
search and find _min operations of heap.

This paper derives the average IPL of a ran-
dom n-node HOT using the techniques of recur-
rence and generating functions. It shows that the
average IPL of a random #-node HOT is asymp-
totically nvmrn —2n + O(/n ).

2. Derivation of internal path length

Let a, and b, be the total number of n-node
HOTs and n-node HOFs, respectively. It was
shown in [1] that a,, b,, and their exponential
generating functions A(x)=X,_ qa,x"/n! and
B(x)=1LY,  ob,x"/n! satisfy the following propo-
sition.
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6

3 1\4
I,
l

(a)

Proposition 1.

(n—1)! 2n—2)
a,=———— ,
n 21171 n—1
b =n!(2n)
n on\n )’
A(x) =1 —VT=2x,

B(x)=1/V1—2x =(1-A(x)) ' =A4(x).

To derive the average IPL of an n-node HOT,
we let g, , and b, , denote respectively the total

number of n-node HOTs and HOFs whose inter-
nal path length is p. The double generating func-

tions of @, , and b, ,,

A(x, y)= Za,wy”x”/n!,
n,p

B(x,y)=Yb,,y"’x"/nl,
n.p

will be the main vehicle for our derivation of the
average IPL. Note that it is easy to see that
A(x, 1) =A(x)and B(x, 1)=B(x). If we let e, =
Y,.o0P4,,, then the average IPL of the n-node
HOTs is e,/a,. Thus, it suffices to compute ¢,
and its exponential generating function,

E(x)zZenx"/n!=Ay(x, 1). (1)
n
Since the binary representation of an n-node

HOF F is obtained by deleting the root node of
the binary representation of the corresponding

(b)

Fig. 1. (a) A HOT; and (b) its binary representation.
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(n + 1)-node HOT T, the path length of the
nodes in F is 1 less than their path length in 7.
We thus have a,,,, ,=b, ,_,, and the two gener-
ating functions A(x, y) and B(x, y) can be re-
lated as

Ax(x’ y) = Zan+l,pypxn/n!

n.p
= Vb, W¥? M(xy)" /!
n,p
=B(xy, y). (2)

We use the notations A (x, y)=0A4(x, y)/dx
and A4 (x, y)=3A4(x, y)/dy for convenience.

Our derivation of average IPL is based mainly
on the following recurrence of b, , (n > 1):

_ n—i
bn,p_ Z Z ( k )
1<isn O<k<sn-—i

O<r<sp—n+1

ka,rb

n—k—1l,p—r—n+1-

with initial condition b, ,=38,=0, where the
Kronecker delta function function 8, denotes 1 if
relation R is true and 0 otherwise. The recur-
rence holds for the following reason. Let 7 be
the left-most HOT of an n-node HOF F. If the
root node of T is labeled i and T contains
(k + 1) nodes, then there are (") ways to choose
k nodes into 7. Also, if the IPLs of F and T are
p and r, respectively, then the IPL of the HOF
obtained by removing T from Fis p—r—n+ 1.
Using the techniques developed in [3], the
above recurrence of b, , can be simplified as

hn,p= Z (Z)bkfl,rbn—k,p—r—nJrl'

l<k=<n
O<r<p—n+l

The initial condition of b, , can be absorbed into
the recurrence by adding a delta term:

h =0

n,p n=p=0

+ Z (Z)bkfl,rbnfk,p—r—n-%—l‘

1<ks<n
O<rgp—n+1

This recurrence leads to the equation of B(x, y):

B(xy, y)fOxB(zy, V) dr

yp(xy)n yp;l(xy)n+l
= Lbuy T Lo T
n,p d n,p :
n n—1
- n’lg)’r(k)bk—l,rbn—k,pr n!

n x"y”
= Z (k)bk—l,rbn*k,p—r—n+l—'_
n,k,p,r n.

=B(x,y)—-1.

Plugging (2) into the above equation, we have

A (x, y)A(x, y)=A(x/y,y) — 1.

It follows then that

1A%(x, y) =yA(x/y, y) —x.

Namely,

A% (xy, y) —yA(x, y) +xy=0. (3)

The closed form of A(x, y) is not easy to find.
However, to find the average internal path length,
we only have to compute E(x)=A4 (x,1). This
can be done by differentiating (3) with respect to
y and then setting y = 1 to have

A(x, 1)(xA,(x,1) +A4 (x, 1))
—A(x, 1) —A4,(x, 1) +x=0. (4)
Since

A(x,1)=A(x)=1-1/B(x)
from Proposition 1,

A (x,1)=B(x,1)=B(x)

A (x,1)=E(x)

from (2),
from (1),

Eq. (4) gives
E(x)=xB*(x) —B(x)+1
= 2 (n'27"'=b,)x"/nl.

nzl
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Thus e, =n!2""'—b, and the average internal
path length of the n-node HOTs (n > 0) equals to

e, 47 1p
e (2n-1)

a, (2n—2)
n—1
=Van¥? = 2n ~ rn'/?
+1=HVmrn 2+ 0(n"%?).

We thus have:

Theorem 2. The average internal path length of the
binary representation of the n-node HOTS is

Vrn/? = 2n — mn'/?
+1—ggVmrn™24+0(n"%?).

3. Conclusions

It was shown in [1,2,4] that the average alti-
tude (or level) of the nodes in a random n-node

heap-ordered tree is asymptotic to 0.5 In n. Our
result in this paper is rather surprising because it
contradicts the general belief that the binary rep-
resentation of the heap-ordered trees has the
average height only “twice” that of the general
trees.
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