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Abstract 

We show that the average internal path length of the binary representation of a random n-node heap-ordered tree 
is asymptotically n&G - 2n + O(fi). 
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1.. Introduction 

This paper studies the heap (or priority queue). 
Heap serves as the underlying data structure for 
the efficient implementation of many combinato- 
rial algorithms such as shortest paths, minimum 
spanning trees, and network flows. A heap- 
ordered tree (HOT) is defined recursively to be a 
rooted labeled tree whose root contains the mini- 
mum key (label) and whose subtrees are them- 
selves HOTS. An alternative definition is that 
each node in a HOT has key value no greater 
than its child nodes. Throughout, we assume 
that all the key values of an (n + l)-node HOT 
are distinctly chosen (labeled) from the set 
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IO, 1,. . ., n}. Obviously the root of an HOT is 
always labeled 0. 

In computer applications, a multiway tree can 
be coded as a binary tree representation as fol- 
lows: the first child and the right sibling of a node 
in a tree becomes the left-child and the right-child 
of the node in the corresponding binary represen- 
tation, respectively. For example, Fig. l(b) gives 
the binary tree representation of the HOT in Fig. 
l(a). Since the root of the binary representation 
of a HOT has a null right subtree, it is convenient 
to consider the variant of HOT obtained by delet- 
ing its root node. Such a variant is called heup- 
ordered forest (HOF) because it can be viewed as 
a collection of HOTS. Note that the heap prop- 
erty that each node has minimum key value in the 
subtree rooted at this node should be modified 
slightly in the binary representation. In the binary 
representation, the heap property only requires 
that each node has key value no greater than the 
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keys in its left-subtree. The key values in the 
right-subtree are irrelevant to the node. Since we 
assume previously that an (n + l)-node HOT is 
labeled from the set (0, 1,. . . , n), an n-node HOF 
is labeled from the set (1, 2,. . . , n}. 

The internal path length (IPL) of a HOT is 
defined to be the sum of the path lengths of all 
the nodes in the binary representation of the 
tree, where the path length of a node u is the 
number of edges in the path from the root to z’. 
For example, the path length of node 2 in the 
binary tree in Fig. l(b) is 4 and the IPL of the 
HOT is 25. IPL is an important quantity for 
analyzing the average time complexity of the 
search and find _min operations of heap. 

This paper derives the average IPL of a ran- 
dom n-node HOT using the techniques of recur- 
rence and generating functions. It shows that the 
average IPL of a random n-node HOT is asymp- 
totically n&G - 2n + O(G). 

2. Derivation of internal path length 

Let a, and b, be the total number of n-node 
HOTS and n-node HOFs, respectively. It was 
shown in [I] that a,, b,, and their exponential 
generating functions A( X) = C, > ,a,x”/n! and 

B(x) = c n z gb,x’l/n! satisfy the following propo- 
sition. 

Proposition 1. 

Cnpl>! 2n-2 
a,, = 2”-1 

i i n-l ’ 

B(x) = l/J_ = (1 -A(x))-’ =/l’(x). 

To derive the average IPL of an n-node HOT, 
we let a,, p and b, p , denote respectively the total 
number of n-node HOTS and HOFs whose inter- 
nal path length is p. The double generating func- 
tions of a,, ,, and b, ,,, 

A( x, y) = c a,,,PyL~‘/n!, 

B(x, Y) = Cb,,,,yPx”/n!, 

n.P 

will be the main vehicle for our derivation of the 
average IPL. Note that it is easy to see that 
A(x, 1) =/l(x) and B(x, 1) = B(x). If we let e,, = 
c pZ,,pa,,p, then the average IPL of the n-node 
HOTS is e,,/a,,. Thus, it suffices to compute e, 
and its exponential generating function, 

E(x) = Ce,,x”/n!=Ay(.x, 1). (1) 

Since the binary representation of an n-node 
HOF F is obtained by deleting the root node of 
the binary representation of the corresponding 
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Fig. 1. (a) A HOT; and (b) its binary representation. 
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(II + l)-node HOT T, the path length of the 
nodes in F is 1 less than their path length in T. 

We thus have a, + l,p = bn,p_-n, and the two gener- 
ating functions A(x, y) and B(x, y) can be re- 
lated as 

~l,(X, Y) = CQ.+,,,YPXV! 
n%P 

= ~b,,p-nyP--n(Xy)n/~! 
fl,P 

=B(xy, Y). (2) 

We use the notations A,(x, y) = &4(x, y)/ax 
and A,(x, y) = &4(x, y>/ay for convenience. 

Our derivation of average IPL is based mainly 
on the following recurrence of b,,, (n > 1): 

Xbk.rbn-k-,.p-r-w 

with initial condition b,,. = 8, = 0, where the 
Kronecker delta function function 6, denotes 1 if 
relation R is true and 0 otherwise. The recur- 
rence holds for the following reason. Let T be 
the left-most HOT of an n-node HOF F. If the 
root node of T is labeled i and T contains 
(k + 1) nodes, then there are (nii) ways to choose 
h: nodes into T. Also, if the IPLs of F and T are 
1;’ and r, respectively, then the IPL of the HOF 
obtained by removing T from F is p - r - II + 1. 

Using the techniques developed in [31, the 
above recurrence of b,,, can be simplified as 

17, ,p = 
,<:<, Mb b 

kpl,r n-k,p-r-n+l’ 

odr&Jn+l 

The initial condition of b,,, can be absorbed into 
the recurrence by adding a delta term: 

j),,$ = Snzp=O 

This recurrence leads to the equation of B(x, y): 

B(v, ~)jktr, Y) dt 
0 

= c b,,, YpT’” c b,,, “(‘:ill” 
n,P n?P 

X”Y 
p+n-1 

bk-,,rbn-k,pw- n, 

xnyp 

n! 

=B(x, y) - 1. 

Plugging (2) into the above equation, we have 

A,(x, Y)A(X, Y) =Ax(X/Y, Y> - 1. 

It follows then that 

;A*(.? Y) =yA(x/y, Y) --x. 

Namely, 

;A*(.% Y) -YA(X, Y) +xY =O. (3) 

The closed form of A(x, y) is not easy to find. 
However, to find the average internal path length, 
we only have to compute E(x) =A,(x, 1). This 
can be done by differentiating (3) with respect to 
y and then setting y = 1 to have 

‘4(x, l)(d,(% 1) +A& 1)) 

-A(x, 1) -A,(x, 1) +x = 0. (4) 

Since 

A(x,l)=A(x)=l-l/B(x) 

from Proposition 1, 

A,(x, 1) =B(x, 1) =B(x) from (2), 

A,(& 1) =E(x) from (l), 

Eq. (4) gives 

E(x) =xB2(x) -B(x) + 1 

= c (n!2”-’ - b,)x”/n!. 
n>l 
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Thus e, = n!2”-’ -b, and the average internal heap-ordered tree is asymptotic to 0.5 In n. Our 

path length of the n-node HOTS (n > 0) equals to result in this paper is rather surprising because it 

c, 4”-‘n 
contradicts the general belief that the binary rep- 

-= resentation of the heap-ordered trees has the 

a, 2n - 2 

( 1 

- (2n - 1) 
average height only “twice” that of the general 

n-l trees. 

= Gn3/2 _ zn _ ;Gnw 

+ 1 - &Gn-“2+ 0(K3’2). 

We thus have: References 
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