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Abstract – In this paper, we propose a reduced complexity 
tree-based multi-user detection algorithm called relative 
threshold tree pruning (RTTP) for MC-CDMA.  Two 
enhancements to RTTP – user ordering and user partitioning – 
are also investigated.  Simulation results show that RTTP 
outperforms the conventional M-algorithm in both error 
performance and complexity. 

 
I. INTRODUCTION 

 
Multi-carrier code division multiple access 

(MC-CDMA) [1] is an advanced transmission technology that 
employs both orthogonal frequency division multiplexing 
(OFDM) and spread spectrum to achieve high data rate in 
multiple access channels.  The multi-carrier component of 
MC-CDMA transforms an inter-symbol interference (ISI) 
channel into parallel one-shot channels provided that the 
cyclic prefix (CP) is sufficiently long, while the CDMA 
component provides multiple access capability.  In a 
multi-user scenario, multiple access interference (MAI) could 
be severe and multi-user detection (MUD) [3] may be 
required to achieve useful performance.   

It is possible to perform maximum-likelihood (ML) 
MUD for MC-CDMA by searching a perfect tree [3].  
However, the complexity of perfect tree search is 
exponentially related to the number of active users, and can 
be prohibitively high even for a moderate number of users.  
Pre-whitening tree pruning (PWTP) [4,5] is a reduced 
complexity near-ML MUD based on tree search.  In PWTP, a 
total of Mk survivors are retained at the k-th level of the tree.  
It has been shown that by properly choosing Mk, significant 
complexity reduction is possible without too much 
performance degradation.  Although simple and efficient, a 
major drawback of PWTP is that it requires sorting the node 
metrics at every level of the tree, which can be costly in VLSI 
implementation.  Furthermore, the values for Mk are chosen 
empirically and are fixed.  Since wireless communication 
channels are random in nature, it is also desirable to modify 
PWTP so that the number of survivors at each level of the tree 
somewhat adapts itself to the channel conditions. 

This paper presents a new pruning approach referred to 
as relative threshold tree pruning (RTTP) that does not require 
sorting the node metrics.  As will be seen later, with RTTP 
the number of survivors at each level of the tree adapts itself 
to the channel conditions.  We also present a user ordering 
algorithm that can be easily incorporated into pre-whitening.  

It will be seen that the algorithm can significantly enhance the 
performance of MUD algorithms based on searching a pruned 
tree, while causing only very little increase in complexity.  In 
particular, for RTTP a performance gain of 2dB is obtainable.  
Finally, this paper also shows that when user ordering is 
performed, the performance of RTTP can be further improved 
by operating over the real field instead of the complex field.  
As will be seen later, based on this principle performance gain 
is obtainable without increasing computational complexity. 
  

II. ML MUD BASED ON TREE SEARCH 

Consider the discrete-time baseband signal model of a 
multi-rate multi-user transmission system shown in Fig. 1, in 
which a total of K active users transmit one information 
symbol simultaneously.  The received signal is modeled as 
an N × 1 vector x, where N is the spreading factor, given by 
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where si, is the signature vector of the i-th user, Ai, and bi are, 
respectively, the channel gain and information symbol of i-th 
user, and nc is a zero-mean circularly symmetric white 
Gaussian noise vector with E[ncnc

H]= N0IN where IN is the 
N×N identity matrix.  In (1), S, A, and b are N × K, K × K, 
and K×1 matrices whose definitions are clear from the 
equation. 

It can be shown that the maximum likelihood (ML) 
receiver for the system in Fig. 1 consists of a bank of K filters, 
each matched to one active users’ signature vector weighted 
by the corresponding channel gain, followed by some 
decision logic (the multi-user detector [MUD]) for detecting 
the transmitted symbols of all active users [3,4]. The output of 
the matched filter bank (MFB) can be expressed in 
matrix-vector form as 
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where “H” denotes Hermitian transposition, R=(SA)H(SA), 
and n=(SA)Hnc is a zero-mean circularly symmetric complex 
Gaussian noise vector with covariance matrix N0R.  The 
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output of MUD in the ML receiver is equal to 

][minargˆ 1H Rb)(yRRb)(yb
b

−−= −  (3) 

in which the minimization is over all mK possible choices of b, 
where m is the cardinality of the signal constellation 1 .  
Assuming that R is positive-definite, there exists a unique 
K×K lower triangular matrix L with positive diagonal 
elements such that 

LLR H= ,  (4) 

thus 

22H minargminargˆ Lb)(rLb)y(Lb
bb

−=−= − , (5) 

where r = L-Hy is the whitened received signal vector. The 
ML receiver obtained according to (5) is shown in Fig. 2. 

Since L is lower-triangular, the minimization in (5) can 
be performed using a perfect m-ary tree shown in Fig. 3. 
Specifically, consider a particular (k-1)-th parent node with 
associated candidate subsequence ( )121parent

ˆ,,ˆ,ˆˆ
−= kbbbb  

and node metric Dparent. The parent node has m children at the 
k-th level corresponding to each one of the m signal con- 
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Fig. 1. General discrete-time signal model of a multi-rate multi-user 

transmission system. 
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Fig. 2. The ML receiver structure. 
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Fig. 3. The tree structure for m=2. 

stellation points.  The associated node metric of the child 

                                                 
1  We assume that every user has the same signal 
constellation. 

node corresponding to the signal constellation point kb̂ is 
given by 

2ˆ
kkkkparentchild blzDD −+= , (6) 
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in which lkn is the (k,n)-th entry of L. In addition, the 
candidate subsequence associated with this child node is 
given by 

( )kb̂,parentchild bb = . (8) 

The algorithm is initialized by setting the metric and 
candidate subsequence associated with the root (0-th level) 
node to 0 and the null sequence, respectively.  The above 
procedure is performed from the root to the leaf (K-th level) 
nodes of the tree, resulting in a total of mK candidate 
(sub)sequences and associated metrics . The output of the ML 
MUD is the candidate (sub)sequence at the K-th level with the 
smallest associated metric.  In general, the number of 
additions and multiplications of the tree-search algorithm is 
proportional to mK. 

The model described in (1) can be used to model 
MC-CDMA signals.  The baseband-equivalent signal model 
of down-link (DL) synchronous MC-CDMA system is shown 
in Fig. 4.  The OFDM transceiver in MC-CDMA can be 
viewed as an equivalent multi-input multi-output (MIMO) 
channel characterized by the channel matrix H.  The 
received signal x is thus given by 
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Fig. 5. Baseband equivalent signal model for ULQS MC-CDMA. 

( )
,

21

c

cK

c

nAbS'
nAbs,,s,sH

nHcx

+=
+=

+=
 (9) 

where SAbc = . It can be seen that (9) can be obtained by 
replacing S with S′ in (1).  On the other hand, the baseband 
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equivalent signal model of up-link quasi-synchronous (ULQS) 
MC-CDMA system is shown in Fig. 5, where 
“quasi-synchronous” means that the maximum differential 
delay between users is less than the CP.  Viewing the OFDM 
modulators as equivalent MIMO channels characterized by 
channel matrices H1, H2, …, HK, we can express the received 
signal x as 
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where )( iiii Ab ××= sc . It is then clear that (10) can also be 
obtained from (1).  Since both DL MC-CDMA and ULQS 
MC-CDMA signals fit the general model in (1), all techniques 
discussed in this paper apply equally well to each one of 
them. 
 

III. RELATIVE THRESHOLD TREE PRUNING 
 

Although the performance of the ML detector is very 
appealing [4], it is too complex to be practical. The 
prohibitively high complexity arises from keeping track of all 
possible paths from the root to the mK leaf nodes. Therefore, 
one method for complexity reduction is by tree-pruning, i.e., 
discarding some nodes at every level according to certain 
criterion as we proceed from the root of the tree to the leaves.  
In [6], conventional tree-pruning algorithms such as the M-, 
T-, and MT-algorithms are applied to synchronous CDMA. In 
the M-algorithm, for example, only M survivors with lowest 
metrics are retained at each level.  A generalization to the 
M-algorithm, referred to as pre-whitened tree-pruning 
(PWTP), has also been proposed in [4] in which the number 
of survivors is made different from level to level.  Let Mk be 
the number of survivors retained at level k, the sequence {Mk} 
controls the trade-off between computational complexity and 
symbol error rate (SER) of PWTP and must be chosen 
carefully.  If Mk = M for all k, PWTP degenerates to the 
conventional M-algorithm.  In [4], {Mk} was chosen 
empirically by computer simulation. 

Although both PWTP and M-algorithm achieve very 
good performance as reported in [4,5], their main drawback is 
that partial sorting is required at each level k to pick the best 
Mk nodes from mMk-1 candidates.  To overcome this 
drawback, we propose a new tree-pruning algorithm referred 
to as relative threshold tree pruning (RTTP).  In RTTP, 
instead of retaining Mk nodes with smallest metrics as 
survivors, at level k a node is retained if and only if its metric 
is no greater than T plus the minimum node metric in this 
level, where T is a pre-determined threshold value.  In other 
words, at each level k we first scan all candidate nodes to 
determine the minimum node metric Dmin(k).  Nodes at this 
level with metrics exceeding Dmin(k) by T are discarded.  
This concept is depicted in Fig. 6.  

RTTP has several advantages over PWTP and the 
conventional M-algorithm.  First, as previously mentioned, 
RTTP avoids the costly partial sorting operations that are 
required at every level in the conventional M-algorithm and 

 
Fig. 6 The concept of RTTP. 

PWTP.  Secondly, as will be shown by simulation, with a 
suitable T, on average the computational complexity of RTTP, 
characterized by the expected maximum number of survivors, 
reduces at both high and low signal-to-noise ratio (SNR).  
This is because for both high and low SNR, paths through the 
tree are well separated, thus the average maximum number of 
retained survivors automatically decreases.  This is clearly 
an advantage over PWTP and the M-algorithm which have 
fixed complexity. 
 

IV. PERFORMANCE ENHANCEMENT BY USER ORDERING 
 

It is well known that the detection order of the active 
users is critical to the performance of sequential detectors.  
In general, tree-search-based MUD algorithms are sequential 
in nature because of the triangular property of L.  However, 
if all paths through the tree are retained until the leaf nodes as 
in the ML detector, e.g., when T = ∞ in RTTP, then the 
detection order is of no importance.  On the other hand, in 
the M-algorithm, PWTP, and the proposed RTTP, some paths 
are discarded in order to lower the complexity.  The SER of 
these algorithms is therefore dominated by the premature 
elimination of the correct path.  It has been observed in [5] 
that premature elimination of the correct path can be avoided 
by rearranging the users to make the values of lkk larger for 
small k’s.  Since 

( )Rdet
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is a constant as can be seen from (4), we can alternatively 
rearrange the users to make the values of lkk smaller for large 
k’s.  We thus propose a new algorithm referred to as reverse 
minimum orthogonal power sorting (RMOPS) for 
determining the user detection order.  The procedure of 
RMOPS is as follows: 
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Step 1: Let R(K) = R; 
Step 2: For j = 0, 1, …, K–1 repeat: 

A. The (K – j)-th user to detected is given by 
{ })(

1
minarg jK

ii
jKi

jK Ri −

−≤≤
− =  (12) 

where Rii
(K-j) is the i-th diagonal entry of R(K- j); 

B. Interchange the iK-j-th and (K-j)-th rows of R(K-j).  
C. Interchange the iK-j-th and (K-j)-th columns of R(K-j). 
D. Compute 

)(
))((

)()(
)()1(

jK
jKjK

HjK
jK

jK
jKjKjK

R −
−−

−
−

−
−−−− −=

rr
RR , (13) 

where )( jK
jK

−
−r  is the (K – j)-th column of R(K- j). 

 
Note that first, (13) is needed [7] when computing L 
regardless of whether user ordering is done, therefore 
RMOPS can be incorporated into the factorization in (4) 
without additional computational burden.  Second, it can be 
shown that for 1≤i≤(K–j), Rii

(K-j) is the energy (square-norm) 
of the orthogonal projection of the signature vector of the i-th 
remaining user onto the orthogonal complement of the span of 
j users whose detection orders have already been decided.  In 
other words, suppose that the K-th to (K-j+1)-th users to 
detect have already been chosen, RMOPS chooses as the 
(K–j)-th user to detect the remaining user with the least 
energy in the orthogonal complement of the subspace spanned 
by the signature vectors of the last j users to detect.  Finally, 
it can be shown that (l(K-j) (K-j))2 is the energy of the (K–j)-th 
user in the orthogonal complement of the subspace spanned 
by the signature vectors of the K-th to the (K-j+1)-th users.  
Thus RMOPS indeed results in smaller values of lkk for large 
k’s. 
 

V. PERFORMANCE ENHANCEMENT BY USER PARTITIONING 

 When complex quadrature amplitude modulation (QAM) 
constellations are used, the performance of 
pruned-tree-search-based MUD algorithms can possibly be 
further enhanced by partitioning a complex user into two real 
users and operating over the real field instead of the complex 
field.  In other words, for a system with K active users, 
instead of viewing the vector of transmitted symbols as the 
K-dimensional complex vector b in (1), we view them as a 
2K-dimensional real vector bUP given by 

( ) ( ) ( ) ( )[ ]TKK bbbb ImReImRe 11UP =b  (14) 
Similarly, instead of viewing the received signal as the 
N-dimensional complex vector x in Fig. 1, we view it as a 
2N-dimensional real vector xUP given by 

( ) ( ) ( ) ( )[ ]TNN xxxx ImReImRe 11UP =x  (15) 
where xi is the i-th component of x.  The vectors xUP and bUP 
are related by 

UPUPUPUP nbSx += , (16) 
where nUP is the user-partitioned real white Gaussian noise 
vector obtained similarly from nc, and SUP is a 2N×2K real 
matrix given by 
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where Sij is the (i,j)-entry of S.  It is then straightforward to 
formulate the ML MUD as a search problem over a real tree 
with height 2K. We will refer to this technique as user 
partitioning (UP).  Since no tree pruning is performed, this 
ML MUD is mathematically equivalent to the complex-valued 
ML MUD discussed in Section II.  It can also be verified that, 
without pruning, tree search over the real tree with height 2K 
and complex tree with height K have roughly the same 
complexities. 

On the other hand, when tree pruning is employed the 
relative performance of these two algorithms is somewhat 
trickier to characterize.  In the following, we first assume 
that without UP, the complex tree is pruned at every level, 
while when UP is used, the real tree is pruned at every other 
level.  This assumption is made to ensure that the complexity 
with and without UP are exactly the same if the same 
M-algorithm is used for both cases.  Under this assumption, 
it can be proved that UP does not bring any performance gain 
regardless of the specific tree pruning method if user sorting 
is not used.  However, if user sorting is done after UP, 
“softer” user ordering is obtainable because the complex users 
are first partitioned into independent real users.  In other 
words, with complex users partitioned into independent real 
users, the in-phase and quadrature-phase components of a 
complex user could be assigned different detection orders, 
whereas each user must have the same detection order for its 
in-phase and quadrature-phase components if UP is not used.  
Therefore improved performance is achievable when user 
ordering is performed after UP, as will be shown by 
simulations.   
 

VI. SIMULATION RESULTS 

 The algorithms proposed in this paper are simulated for 
ULQS MC-CDMA with N = K = 32.  Channel gains of all 
sub-carriers are uncorrelated in the simulations.  The noise 
vector n is a zero-mean, circularly symmetric, complex white 
Gaussian random vector with covariance matrix N0IN.  The 
Hadamard-Walsh codes are used to spread user symbols in 
frequency domain. 

The SER of RTTP is shown in Fig. 7 as functions of 
Eb/N0, where Eb is the average transmitted energy per bit for 
each subsymbol 8-level phase shift keying (8-PSK) is used by 
all users.  The SER of the M-algorithm with M = 64 is also 
shown as a baseline for comparison.  For RTTP the threshold 
T must be chosen carefully.  If T is too large then RTTP 
would not be selective enough when pruning the tree, 
resulting in very high computational complexity.  If T is too 
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small then too many paths will be eliminated at each level, 
causing poor SER performance.  In Fig. 7, T is chosen so 
that the SER of RTTP at Eb/N0 = 14 dB is roughly the same as 
that for the M-algorithm with M = 64.  It can be seen that 
both T = 3.6 and T = 3.7 are possible, with the performance of 
T = 3.7 being slightly better at high SNR as expected.  It can 
also be seen that RTTP outperforms the M-algorithm for 
Eb/N0 > 14 dB, while the reverse is true for Eb/N0 < 14 dB.  
This suggests that at high SNR, RTTP is more efficient in 
pruning the unlikely paths. 

Fig. 8 shows the corresponding complexity of Fig. 7 as 
functions of Eb/N0, where complexity is evaluated in terms of 
E[max{M1 … MK}], where Mk is the number of retained 
nodes at the k-th level of the tree.  Note that for the 
M-algorithm, the complexity is fixed at m.  For both RTTP 
with T = 3.6 and T = 3.7, the complexity is lower than the 
M-algorithm for both low and high SNR, and higher than the 
M-algorithm at Eb/N0 around 12 dB.  The complexity of T = 
3.7 is higher than T = 3.6 because a larger value of T 
eliminates fewer paths through the tree.  It also achieves a 
lower SER as sown in Fig. 7.  It is, however, interesting to 
note that at high SNR, RTTP outperforms the M-algorithm in 
both SER and complexity.    This is because RTTP decides 
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Fig. 7. SER of RTTP and the M-algorithm for ULQS MC-CDMA with 

K=N=32 using 8PSK. 
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Fig. 8. Complexity of RTTP and the M-algorithm for ULQS MC-CDMA 

system using 8PSK with K=N=32. 

whether to retain a particular node based on the difference 
between its metric and the minimum node metric.  At high 
SNR, the node metric of the correct path is statistically close 
to the minimum node metric at each level.  Therefore, it can 
be argued that RTTP retains a node only when its metric is not 
much greater than the node metric of the correct path.  Thus, 
RTTP is a more efficient tree pruning algorithm because it 
dynamically adjusts the number of survivors so that the 
correct path is retained without preserving excessively many 
survivors.  On the other hand, it is also interesting to note 
that at low SNR the complexity of RTTP is also lower than 
the M-algorithm.  This is because at low SNR the node 
metrics are, in general, more separated.  Since RTTP only 
retains nodes whose metrics are no greater than the minimum 
node metric by T, few nodes are retained at each level when 
the SNR is low.  Unfortunately, at low SNR, the candidate 
subsequence corresponding to the minimum node metric is 
different from the transmitted sequence with high probability, 
therefore RTTP misses the correct path with higher 
probability than the M-algorithm.  In other words, the 
complexity curves of RTTP in Fig. 8 are shaped like an 
inverted “U” with peak complexity at Eb/N0 ≅ 12 dB.  The 
region where Eb/N0 >> 12 dB can be regarded as the “reliable 
operating region” of RTTP because with Eb/N0 >> 12 dB, 
RTTP retains fewer survivors than the M-algorithm without 
prematurely eliminating the correct path.  On the other hand, 
Eb/N0 << 12 dB is the “unreliable operating region” for RTTP 
because at low SNR, RTTP retains fewer nodes than the 
M-algorithm but has a higher probability of premature 
elimination of the correct path. 

The effect of user ordering is next investigated in Figs. 
9 and 10.  In Fig. 9, the 
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Fig. 9. SER of RTTP and M-algorithm with and without user ordering for 

ULQS MC-CDMA with K=N=32 using 4-QAM. 
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Fig. 10. Complexity of RTTP and M-algorithm with and without user 

ordering for ULQS MC-CDMA with K=N=32 using 4-QAM. 
 
SER for RTTP and the M-algorithm with M=8 are shown as 
functions of Eb/N0 for both with and without user ordering, 
whereas in Fig. 10, the corresponding complexities are shown 
as functions of Eb/N0.  Four-level QAM (4-QAM) 
constellations are used in these figures.  The value of T is 
chosen so that the SER curves of RTTP and the corresponding 
M-algorithm roughly intersect at an SER of10-3.  It can be 
seen from Fig. 9 that user ordering has a significant effect on 
SER performance.  In particular, a performance gain of 
roughly 2 dB is achievable for both RTTP and the 
M-algorithm.  Secondly, RTTP outperforms the M-algorithm 
at high SNR, while the reverse is true at low SNR, regardless 
of whether user ordering is used.  Finally, the complexity 
curves for RTTP are also shaped like an inverted “U” as in Fig. 
8, therefore RTTP has lower complexity than the M-algorithm 
at both high and low SNR as before.  It can be seen that user 
ordering shifts the peak of the complexity curve to the left, 
thus increasing its reliable operating region.  This is because 
RMOPS proposed in this paper has the effect of making the 
candidate paths more separated while at the same time 
reducing the difference between the metric of the correct path 
and the minimum metric. 
 Finally, the effect of UP is shown in Figs. 11 and 12.  
4-QAM constellations are used in these figures.  The value 
of T is chosen so that the SER curves of RTTP and the 
M-algorithm with M=16 in Fig. 11 roughly intersect at an 
SER of 10-3.  It can be seen that with user ordering, UP 
indeed brings further performance gain for both RTTP and the 
M-algorithm.  Furthermore, UP also slightly shifts the 
complexity curves of RTTP to the left, thus increasing its 
reliable operating region. 

VII. CONCLUSIONS 

In this paper, we propose a new reduced complexity 
tree-based MUD for MC-CDMA referred to as RTTP.  
Unlike the previously proposed M-algorithm and PWTP, 
RTTP does not require sorting at every level of the tree.  
Furthermore, RTTP also dynamically adjusts the number of 
survivors according to channel conditions, and is therefore 
more suitable for wireless communications.  The 

performance of RTTP is further enhanced by user ordering 
and user partitioning.  Simulation results show that at high 
SNR, RTTP can in fact outperform the M-algorithm at lower 
complexity. 
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Fig. 11. SER of RTTP and the M-algorithm with user ordering and with or 

without UP for ULQS MC-CDMA with K=N=32 using 4-QAM. 
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Fig. 12. Complexity of RTTP and the M-algorithm with user ordering and 
with or without UP for ULQS MC-CDMA with K=N=32 using 4-QAM. 
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