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Abstract

The nonlinear phase noise, often called the Gordon—-Mollenauer effect, is correlated with the received intensity. The
optimal compensator is the minimum mean-square error (MMSE) compensator to estimate the nonlinear phase
noise using the received intensity. The MMSE compensator is derived analytically and approximated by subtracting a
correction term proportional to the received intensity.
© 2003 Elsevier Science B.V. All rights reserved.
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1. Introduction

Gordon and Mollenauer [1] showed that when optical amplifiers are used in lightwave communication
systems, the interaction of amplifier noise and fiber Kerr effect causes phase noise, often called the Gordon—
Mollenauer effect. Nonlinear phase noise degrades the performance of both phase-shifted keying (PSK) and
differential phase-shift keying (DPSK) systems. This class of constant-intensity modulation have renewed
attention recently [2-4]. Because the nonlinear phase noise is correlated with the received intensity, the
received intensity can be used to correct the nonlinear phase noise [5-7]. The transmission distance can
approximately be doubled if the nonlinear phase noise is the dominant impairment [5,7].

In all nonlinear phase noise compensators [5—7], the correction term is proportional to the received
intensity, called linear compensator in later parts of this paper. While the all-optical compensator [5]
is limited by the available nonlinear phase shifter, the electro-optic implementation [6] and all-electronic
implementation [7] can use electronic signal processing to provide arbitrary nonlinear functions. To cor-
rect the nonlinear phase noise, a fundamental problem is to find the optimal compensator without the
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constraint of linearity. It is also important to verify whether the linear compensator is close to the optimal
compensator.

The optimal compensator should minimize the variance of the residual nonlinear phase noise [5-7]. The
optimal compensator is the minimum mean-square error (MMSE) estimator to estimate the nonlinear phase
noise using the received intensity. This paper derives the MMSE compensator analytically the first time. The
linear compensator derived in [7] can be used to well approximate the nonlinear MMSE compensator.

2. The minimum mean-square error estimator

For an N-span system, the total nonlinear phase noise is [1,5,7]
N :“/Leff[|Eo+"1|2+ |Eo+ni+mf” + -+ |Eo+my + - 4yl (1)

where E, is the transmitted signal, n;, k =1,...,N, are the optical amplifier noise introduced into the
system at the kth fiber span, n; are independent identically distributed (i.i.d.) complex zero-mean circular
Gaussian random variables with E{|n|’} = 262, where o2 is the noise variance per dimension per span, 7 is
the fiber nonlinear coefficient, and L. is the effective length per span. In the nonlinear phase noise of (1), all
fiber spans are assumed to be identical with the same launched power, the same fiber length, the same span
loss, and using optical amplifiers having the same noise figure. The amplifier noise from the polarization
orthogonal to the signal is ignored [1]. Nonlinear phase noise of (1) is induced by self-phase modulation of
the amplifier noise having a bandwidth matched to the transmitted signal. Cross-phase modulation induced
phase noise is ignored in (1).

The received intensity p? is used to compensate the nonlinear phase noise of (1), where the received
amplitude is

pr = |Eo+m + -+ nyl. (2)

The received amplitude of (2) ignores the fiber loss of the last fiber span and the required optical am-
plifier to compensate for it. The actual received electric field is

Er = (Eo+m+---+ny)exp(—jPn) (3)

with nonlinear phase rotation of ¢y, . The nonlinear phase noise of (1) does not change the received
amplitude p, of (2). For binary PSK and DPSK, only the real part of the received electric field or the
corresponding real differential component is required to detect the transmitted data. Both real and imag-
inary part of the electric field of E; (3) can be measured by an optical phase-locked loop for PSK signal [8]
and the corresponding differential components can be measured by two interferometers for DPSK signal
[3]. The optimal compensator minimizes the phase noise in the received electric field of E, by minimize the
variance of the residual nonlinear phase noise. Using the received intensity p?, the optimal compensator is
the MMSE estimator based on the conditional mean

E{dnilpoc}s (4)

where E{-} denotes expectation.

The variance of ¢y, — E{dnL|p,} is minimized using the nonlinear MMSE compensator of (4). The
optimal compensator can be implemented using a phase modulator [6] driven by the waveform of (4) or an
electrical compensator to calculate E, exp [JE{ ¢y |0, }] using electronic signal processing [7]. If the received
phase is demodulated as ¢, = arg(E,), the compensator is a combiner of ¢, + E{¢pn.|p,}. There is no
difference between E {¢NL| pf} and the expectation of (4) because the received amplitude is a positive
number p, > 0. Here, we refer the estimator of (4) as a correction by received intensity although the ex-
pression of (4) is based on received amplitude.
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Without loss of generality, assume that the transmitted electric field is £y = A as a real value, the results
of Appendix A can be used to estimate

E{ 4 m bt ) )

Compared the estimation of (5) with (A.1) of Appendix A, we have & =n +---+mn and
& =n + -+ + ny that are zero-mean complex circular Gaussian random variables with variance of
E{|&’} = 2ke® and E{|&,} = 2(N — k)a?. Using the function of ¢(ay, 0,) defines in (A.1) of Appendix A,
we get

E{la+m+ -+ nllp.} = o(Vko, VN = ko). (6)
For the estimator of (4), we get
N
E{¢nilpi} =L > o(Vko, VN = ko). (7)
=1

Substitute the function of ¢(a,a,) of (A.8) of Appendix A to (7), we get

E{¢NL|Pr} = VLeff{ (2N — 2\;N — 1)A2 +N 3_ ! o+ (2N + 2\51\/ T 1) pf
(N? — D)dp, I,(dp,/(No?))
TTTIN T LA, (No?)) } (8)

where Iy(-) and 7, (-) are the zeroth- and first-order modified Bessel function of the first kind. To derive (8),
the following relationships are used:

kzN;H :%N(2N+1)(N+ 1), (9)
kﬁ;(Nk)z—N(ZNl)(Nl), (10)
kzN;kz(N—k)—kzN;k(N—k)z—ll—zN2(N2—l), (11)
zN:k(N—k) :éN(Nz— 1). (12)

Because /; (x)/Ip(x) ~ x/2 for small x < 0.5, the phase estimator of (8) is a linear function of the received
intensity of p? when the received signal is small. Because /;(x)/Iy(x) ~ 1 for large x > 10, the phase esti-
mator of (8) is a quadratic function of the received amplitude of p, when the received signal is large. The
interested systems usually have high optical signal-to-noise ratio (SNR) of po = 4%/(2Ng?) and the received
signal has an amplitude around 4, i.e., p, ~ A4, the phase estimator of (8) mostly functions as a nonlinear
compensator.

For large number of fiber span of N > 1 and high optical SNR, the phase estimator of (8) is

(P p: | p: 1i(pod/p,)
E{¢NL|pr}_% 1+Z ZIO(PZW ) (13)
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where the mean nonlinear phase noise (¢, ) = NA> + N(N + 1)a? ~ NA>. The estimation of (13) divides the
estimation into three parts, the first term is one third the mean nonlinear phase, the second term pro-
portional to received intensity, and third term is the nonlinear term.

3. Numerical results

Fig. 1 show the simulated distribution and the decision regions of the received signal with nonlinear
phase noise. The received electric field E, (3) includes the contribution of amplifier noise of
Ey+n; + -+ ny. The mean nonlinear phase noise (¢, ) are 1 and 2 rad for Figs. 1(a) and 1(b), re-
spectively. The mean nonlinear phase noise of (¢, ) = 1 rad corresponds to the limitation estimated by [1].
The mean nonlinear phase noise of (¢ ) = 2 rad corresponds to the limitation given by [7] when the
variance of nonlinear phase noise is reduced by a factor of four using a linear compensator. The decision
boundaries shown as solid line are the MMSE compensator of (8). The dotted lines are the optimal decision
boundary using the linear compensator [7].

Fig. 1 are plotted for the case that the optical SNR p, = 18, corresponding to an error probability of
10~? if the amplifier noise is the sole impairment. The number of spans is N = 32. The transmitted signal is
+4 for binary PSK system, the distribution of Fig. 1 has 5000 points for different noise combinations.

Fig. 1 show that the decision regions given by the MMSE estimator of (8) and that given by [7] has small
difference. The decision boundary given by [7] for the case of (¢, ) = | rad has larger rotation then the
MMSE curve given by (8). However, the decision boundary given by [7] for the case of (¢ ) = 2 rad has
smaller rotation then the MMSE curve given by (8). Further numerical results show that the decision
boundary given by [7] and the MMSE curve of (8) almost overlap with each other when (¢, ) = 1.5.

Fig. 2 shows the simulated phase noise standard deviation as a function of mean nonlinear phase noise
with and without compensation. For all 5000 points in Fig. 1, the standard deviation of the nonlinear phase
noise ¢y of (1), denotes as oy, , is calculated. When the nonlinear phase noise is compensated using a
linear compensator of ap? proportional to the received intensity of p?, the standard deviation of the residual
nonlinear phase noise of ¢y, — ap? is calculated and denotes as O gu —ap2» Where o 18 the scale factor. When
the nonlinear phase noise is compensated using the MMSE compensator E{¢\|p,} of (8), the standard
deviation of the residual nonlinear phase noise of ¢y — E{¢nr|p;} 1s calculated and denotes as
O pni—E{pnilpe}- Fig. 2 also plots the approximations [7]

Tony ~ 0.1925(¢y) and o, 2~ 0.1925(¢y ). (14)

Fig. 2 shows that there is almost no difference between the standard deviation of the residual nonlinear
phase noise of g, _, > using the linear compensator [7] and the standard deviation of the residual nonlinear

PNL—op

(@ (b)

Fig. 1. Simulated distribution and the decision regions of the received signal for mean nonlinear phase noises of (a) (¢y.) = 1 rad and
(b) {¢n1) = 2 rad. The decision boundary is given by solid line (8) and dotted line [7].
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Fig. 2. The standard deviation of nonlinear phase noise with and without compensation. The solid lines are the approximation of (14).

phase noise of gy, (s |p,} Using the MMSE compensator (8). In general, oy, —g{py,|p,} 15 sSmaller than
0, —ap2 DY about only 0.2%. Fig. 2 also show that the approximation of (14) is also very accurate.

4. Discussion

While most of the above section is related to PSK systems, as shown in [7], the optimal compensator for
DPSK systems follows the same principle. In DPSK system, the differential phase of ¢,(¢) — ¢.(t — T) is
detected, where T is the symbol period. The optimal MMSE compensator should be

E{on (D)o ()} — E{pni(t = T)lp.(t = T)}, (15)
similar to (13).

Besides Fig. 1, all the above discussion ignores the contribution of linear phase noise induced by the
optical amplifier noise, i.e., the phase of Ey + n; + - -+ ny. If the limitation of nonlinear phase noise is
estimated based on the mothod of [1] in which the variances of linear and nonlinear phase noise are more or
less the same, from Fig. 2, the mean nonlinear phase noise can be doubled. Because the mean nonlinear
phase noise is proportional to the distance, the transmitted distance can be doubled if the nonlinear phase
noise is the dominated impairment. Linear phase noise is correlated with neither nonlinear phase noise nor
residual nonlinear phase noise. The variance of the overall phase noise, including both linear and nonlinear
phase noise, is the sum of their corresponding variances. The O-factor due to all phase noises, defined in [1],
can be calculated accordingly.

Both Figs. 1 and 2 show that the linear compensator from [5-7], if optimized, is very close to the optimal
MMSE compensator given by (4). Using (A.10) of Appendix A in both (7) and (8), the sub-optimal linear
compensator in [7] can be derived as proportional to (N + 1)/2 + (N — 1)p?/2.

As shown in Fig. 2, the variances of the residual nonlinear phase noise of the linear and optimal MMSE
compensator have little difference. When linear and optimal MMSE compensators are used, the probability
density functions of the residual nonlinear phase noise [9] may not be the same, especially the tail probabilities.
With the approximation of (A.9) from Appendix A, the probability density function of the residual nonlinear
phase noise is Gaussian distributed. In practice, the residual nonlinear phase noise has a larger tail probability
than that of the Gaussian distribution [9]. While it is possible to derive the probability density function of the
residual nonlinear phase for the linear compensator, that for nonlinear compensator is difficult to derive.
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This paper ignores the effects of fiber dispersion. If the nonlinear phase noise is defined as the phase noise
induced by self-phase modulation of the signal and amplifier noise from an optical bandwidth matched to the
signal, the signal and amplifier noise propagates in more or less the same speed. Induced by self-phase
modulation, the nonlinear phase noise of (1) is not changed due to fiber dispersion. For high-order effects, the
model of (1) needs to modify if fiber dispersion changes the optical waveform or optical pulse, reduces or
increases the amplitude of £y, and may change the effective length of L. If dispersion compensation per span
can reshape the optical waveform, to certain extend, fiber dispersion does not change the model of this paper.

5. Conclusion

When received intensity or amplitude is used to compensate for nonlinear phase noise, the optimal
nonlinear MMSE compensator is derived analytically the first time. The MMSE compensator has a linear
term proportional to the received intensity and a nonlinear term as the product of the received amplitude
and the ratio of two modified Bessel functions of first kind. In term of the variance of the residual nonlinear
phase noise, the linear compensator in which the correction term is proportional to the received intensity
approximates the optimal MMSE compensator well.

Appendix A. The estimation of E{|4 + £, *||4 + &, + &}

For a real value 4 and two zero-mean complex circular Gaussian variables &, and &,, we would like to
find

o(or,2) = E{l4 + & llp, |, (A1)

where p, = |4 + & + &|, E{&,} = E{&} = 0, E{|&,[’} = 202, and E{|&,[*} = 262. The estimation of (A.1)
is used to derive the MMSE estimator of (4). The real value of 4 can be used to represent the amplitude of
|Eo| that is a constant for both PSK and DPSK signal. Define x; +jy; =4+ & andx, + jy, =4 + &, + &,
the joint probability density function (p.d.f.) of x,y1,x2, is

exp | — (x1 —4)° +)?
(27wlaz)2 203

Changing the variable to x, = p,cos 6, and y, = p, sin 0,, the marginal p.d.f. of p, is a Rician distri-
bution of

ﬁcy(xl,J/hxz,J’z) =

exp [ ()Cz _xl)zz—(";%(yZ _y1)2 ) (AZ)

+00 +0o0 +n
o) = / / /ﬁy<x1,y1,p2cos02,pzsin92>pzdezdxldyl

A + p3 A
= b2 1/2 exp(— 2 ,0§>10< 2 pzz)* (A.3)
(01 +03) o] + 03 o]+ 0)

The estimation of (A.1) is

+00 +00
@(01,02) = / / (xf +J’f)ﬂcy\pz(x1,yl|l)z)dx1 dy, (A4)

where the conditional p.d.f. is
1 tn .
/?cy\pz(xlayllpz) = 7 / .f;ry(xlaylapz COS 027p2 sm 92)p2d92' (AS)
fpz (pZ) -
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The integration of (A.4) becomes

+7 +00 +00
f IZ’ ) / / / (X% +y12)fxy(x17J’1aP2 008027p2 Sin@z)dxldyl d92
p\P2) J—m  J—o0 -

Integrated first over x; and x,, we get

1 +n
2<z+aa(m)/ exp(—Apscos 0o/(0% + 03) 6123 +263) + o(d” +267)
(07 g;3) 1o -

e
+ 24,0703 cos 0, do,.
The integration of (A.4) is
(3420 + A+ 203) | 2p,3t 1 (dps/(63 + o)
(62 + 62) (62 + a2)* Io(4ps/ (07 + 03))
For the case of high optical SNR, the expectation of (A.1) can be approximated by

¢(a1,02) :E{‘A +aPA+¢E + 52|2} N E{A* +24R(&))|A4° + 24R(&, + &) },

¢(01,02)
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(A.9)

where R(-) denotes the real part of a complex number. Using the approximation of (A.9), the expectation of

(A.1) becomes

2

(o2
@(01,02) = 3 : ?

2
1 2
2 2 2 P2

o1 + 03 o1+ 03
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