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Error Probability of DPSK Signals With Cross-Phase
Modulation Induced Nonlinear Phase Noise

Keang-Po Ho, Senior Member, IEEE

Abstract—The error probability is derived analytically for dif-
ferential phase-shift keying (DPSK) signals contaminated by both
self- and cross-phase modulation (SPM and XPM)-induced non-
linear phase noise. XPM-induced nonlinear phase noise is mod-
eled as Gaussian distributed phase noise. When fiber dispersion is
compensated perfectly in each fiber span, XPM-induced nonlinear
phase is summed coherently span after span and is the dominant
nonlinear phase noise for typical wavelength-division-multiplexed
(WDM) DPSK systems. For systems without or with XPM-sup-
pressed dispersion compensation, SPM-induced nonlinear phase
noise is usually the dominant nonlinear phase noise. With longer
walkoff length, for the same mean nonlinear phase shift, 10-Gb/s
systems are more sensitive to XPM-induced nonlinear phase noise
than 40-Gb/s systems.

Index Terms—Cross-phase modulation, differential phase-shift
keying (DPSK), fiber nonlinearities, nonlinear phase noise, phase
modulation.

I. INTRODUCTION

NONLINEAR phase noise is induced by the interaction of
fiber Kerr effect and optical amplifier noises when optical

amplifiers are used periodically to compensate for fiber loss.
Self-phase modulation (SPM)-induced nonlinear phase noise,
often called the Gordon–Mollenauer effect [1], is the major
degradation of single-channel differential phase-shift keying
(DPSK) signals [1]–[9]. Recently, there has been renewed
interest in using wavelength-division-multiplexed (WDM)
DPSK systems for long-haul transmission systems [9]–[14]
and WDM differential quadrature phase-shift keying (DQPSK)
systems for spectrally efficient transmission [15]–[19]. While
the impact of Gordon–Mollenauer effect on single-channel
DPSK systems is well known [7], [8], [20], to our knowledge,
other than the studies of [21] and [22] on phase noise variance
or frequency response, the impact of XPM-induced nonlinear
phase noise on the error probability of DPSK signals has not
been studied.

Added directly to the signal phase, SPM-induced nonlinear
phase noise is non-Gaussian-distributed [5], [23], [24] but
XPM-induced nonlinear phase noise is Gaussian-distributed.
Induced by many other adjacent WDM channels, the Gaussian
convergence of XPM-induced nonlinear phase noise comes
directly from the central limit theorem [25]. Independent of
both SPM-induced nonlinear phase noise and the additive
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amplifier noises, XPM-induced nonlinear phase noise has the
same mathematical model as laser phase noise for performance
analysis [26].

When many additive phase noise components are assumed
to be independent of each other, the Fourier coefficients of the
overall phase noise are the product of the Fourier coefficients of
each individual component. This paper combines the models of
[8] and [26] after the variance of XPM-induced nonlinear phase
noise is evaluated, mostly using the methods of [27] and [28].

This paper are organized as follows. Section II derives the
nonlinear phase noise variance due to XPM for multispan
WDM DPSK systems and compares it with that due to SPM.
Section III calculates the error probability of a DPSK signal
with both SPM- and XPM-induced nonlinear phase noise.
Sections IV and V are the discussion and conclusion for this
paper, respectively.

II. NONLINEAR PHASE NOISE VARIANCE DUE TO

CROSS-PHASE MODULATION

This section derives the ratio of the variance of nonlinear
phase noise induced by XPM to that by SPM. The variance is
first derived for the two-channel pump-probe model and later
extended to multichannel and multispan WDM systems.

A. Pump-Probe Model

Based on the pump-probe model of [21] and [27]–[29], the
phase modulation of channel 1 (probe) induced by channel 2
(pump) is

(1)

where is the power of channel 2 as a function of position
and time , is the launched signal at the transmitter,

is the nonlinear coupling coefficient, is the fiber attenuation
coefficient, is the fiber length, is the relative
walkoff between two channels with wavelength separation of

, and is the dispersion coefficient.
By taking the Fourier transform of the autocorrelation func-

tion, when the power spectral density of is , the
power spectral density of is

(2)

where or [27], [28]

(3)
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At the DPSK receiver, after the asymmetric Mach–Zehnder
interferometer [10], [11], [20], the differential nonlinear phase
noise of

adds to the differential phase of the signal, where is the
symbol interval. Similar to [22], the power spectral density of

is

(4)

When the pump (channel 2) has amplifier noises,
, where and are the electric fields for signal

and noise, respectively. In the power of
, the dc term of gives no nonlinear

phase noise but a constant phase shift, the signal-noise beating
of gives a noise spectral density of ,
and the noise-noise beating of gives a noise spectral den-
sity of , where is the spectral density of the am-
plifier noise and is the optical bandwidth of the ampli-
fier noise. The optical signal-to-noise ratio (SNR) over an op-
tical bandwidth of is . For a launched
power of and a single optical amplifier with a noise variance
of , we get . The
phase variance as a function of frequency separation is

(5)

where the integration is reduced from to 1 by taking
into account only the phase noise over a bandwidth confined
within the bit rate. The dependence of the variance of (5) on
is originated from the dependence of of (3) on .

For SPM-induced nonlinear phase noise, using (5), we get
, where

is the effective length per span. The factor of 1/4 is
because phase shift induced by XPM is twice as large as that
induced by SPM for the same intensity. For a long fiber span
with and large walkoff coefficient of , using [30,
§3.824], we get

(6)

where is the walkoff length that is the distance
for two aligned pump and probe pulses of length becomes
completely walkoff [31]. Like that for stimulated Raman scat-
tering [31], even without approximation, the variances of XPM-
induced nonlinear phase noise depend on the walkoff length of

only.

B. Multi-Span WDM Systems

For a (2 1)-channel WDM system, for the worst case of
the center channel, in the first span, the nonlinear phase noise
variance per span is equal to

(7)

where, using the same symbol as the above pump-probe model,
is the wavelength separation between adjacent channels. For

a short walkoff length of per channel separation of , a
wavelength separation of gives a XPM-induced nonlinear
phase noise variance of about a factor of 1 smaller than
that for a wavelength separation of . For a large number of
channels, using the relationship of [30,
§0.233], we get

(8)

For a system with fiber spans, the variance of the overall
XPM-induced nonlinear phase noise depends on the method of
dispersion compensation. Similar to (4), the power spectrum
density of XPM-induced nonlinear phase noise after fiber
spans is [28]

(9)

where is the fraction of dispersion compensation, i.e.,
and for perfect and without dispersion compensation,
respectively.

In the worst case of perfect dispersion compensation with
such that all channels are well aligned when launched to each

fiber span, the variance of (5) is increased by a factor of
after fiber spans. With perfect dispersion compensation, the
variance of the overall XPM-induced nonlinear phase noise for
an -span fiber system is

(10)
where the first term of is the nonlinear phase noise in-
duced from the amplifier noise from the first span, the second
term is the nonlinear phase noise induced from the amplifier
noise from the second span, and so on. Because of perfect dis-
persion compensation, the same noise from the first span is per-
fectly (or coherently) added times into the overall nonlinear
phase noise. The noise from the second span adds into
the overall nonlinear phase noise times. With the as-
sumption that all spans have the same configuration,

. The maximum nonlinear phase
noise of (10) is

(11)

For SPM-induced nonlinear phase noise, the amplifier noise
from the first span is also perfectly aligned in all fiber spans af-
terward. The relationship between single- and multispan phase
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noise variance is the same as that of (11). With perfect disper-
sion compensation, the ratio of the variance of XPM- to SPM-in-
duced nonlinear phase noise is independent of the number of
fiber spans in WDM systems. The ratio of (8) can be used to ap-
proximate the ratio of XPM- to SPM-induced nonlinear phase
noise in the worst case of perfect dispersion compensation.

When dispersion compensation is conducted channel-by-
channel with XPM suppression [32], [33], the factor of is
the offset of pump and probe at the output of a fiber span with
respect to the fiber walkoff. If such that the nonlinear
phase noise induced to every fiber span is independent of each
other, we get

(12)

or

(13)

and the ratio of

(14)

In (12), the amplifier noise from the first span induces non-
linear phase noise in each fiber span. However, the nonlinear
phase noises induced to the first and second span are from the
amplifier noise in completely nonoverlapped time interval and
independent of each other. In an -span system, the overall non-
linear phase noise is generated from (1/2) 1) “pieces” of
independent amplifier noise. The variance of (12) is also valid
when and .

The last term of (9) due to multispan effect of
has peak values of or when

, where is a positive or negative integer. The
last term of (4) due to differential operation of has
notches at . If the notches of match to the
peaks of , XPM-
induced nonlinear phase noise is approximately minimized. If

, the dispersion compensation factor of

(15)

approximately gives minimum XPM-induced nonlinear phase
noise. With resonance effect [34], certain combinations of
walkoff length and dispersion compensation factor minimize
the variance of XPM-induced nonlinear phase noise. Numerical
results show that the compensation factor of (15) approximately
minimizes the variance of XPM-induced nonlinear phase noise.

Fig. 1 shows the ratio of the standard deviation of XPM-
to SPM-induced nonlinear phase noise as a function of the
walkoff length per channel separation . The ratio of

is calculated numerically and uses the disper-
sion compensation factor of (15) for and for

. The fiber attenuation coefficient is .
The fiber span length is . For the pump-probe model
(labeled as “2” WDM channels), the approximation of (6) is
valid for less than 50 km.

Fig. 1. The ratio of � =� as a function of walkoff length per channel
separation. The dashed curves are the approximation of (6) and (8). The ratio for
the worst case of � is independent of the number of spans. The ratios
for the typical cases of � and the minimum case of � are for
N = 32 fiber spans and are shown as dotted and solid lines, respectively. The
label of each curve is the number of WDM channels.

For multichannel WDM systems, in both the worst and
independent cases, the approximation of (8) is valid for
less than 100 km and a number of channels larger than 17.
The approximation of (8) can be used to model typical WDM
systems. For example, a typical 10-Gb/s 50-GHz spacing
system using nonzero dispersion-shifted fiber (NZDSF) with

has a walkoff length of 62.5 km. Typical
40-Gb/s systems have a walkoff length of 7.8 km (100-GHz
spacing and ).

When the walkoff effect is weak with long walkoff length
( ), from the pump-probe model, the nonlinear
phase noise standard deviation due to XPM approaches twice
that due to SPM. With long walkoff length, nonlinear phase
noise induced by XPM is much larger than that induced by SPM.

For a multispan system, the variance of the SPM-induced
nonlinear phase noise is equal to [1]

(16)

with the exact results given in [35], where is the SNR defined
for optical matched filter and a single polarization [7], [8]. The
variance of (16) is twice that of [1], [35] for differential signal.
Combining (16) with the ratio in Fig. 1, the variance of XPM-
induced nonlinear phase noise can be calculated.

III. ERROR PROBABILITY

From [8], with only SPM-induced nonlinear phase noise, the
error probability of a DPSK signal is

(17)

where is a summation index, is a th-order modified
Bessel function of the first kind, and is the character-
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Fig. 2. Error probability as a function of SNR for WDM DPSK systems with various dispersion compensation schemes, corresponding to (a) maximum,
(b) independent, and (c) minimum variance of XPM-induced nonlinear phase noise.

istic function of SPM-induced nonlinear phase noise given by
[23]. Simulation by error counting confirms the validity of the
error probability of (17) [8].

When independent phase noises from different sources are
summed together, the coefficients of the Fourier series of the
overall probability density function are the product of the corre-
sponding Fourier coefficients of each individual component. If
the XPM-induced nonlinear phase noise is Gaussian distributed,
the error probability of the DPSK signal is

(18)

The formulas of (17) and (18) are similar to that with noisy
reference [36], laser phase noise [26], phase error [37], or laser
phase noise together with phase error [38]. The terms within the
summation of (18) are the product of that due to SPM-induced
nonlinear phase noise [8] and laser phase noise [26].

Because XPM-induced nonlinear phase noise is generated by
the interaction of many bits or WDM channels, the Gaussian
approximation is valid from the central limit theorem [25]. If
the walkoff length of is small, the nonlinear phase noise is
induced by at least about independent bits from
two adjacent channels [31], [39]. If the walkoff length is large,
many adjacent channels induce more or less the same amount of
nonlinear phase noise [31], [39], [40]. In both cases, the central
limit theorem leads to Gaussian distribution.

Fig. 2 shows the error probability of DPSK signal as a func-
tion of SNR . The error probability is calculated by (17) and
(18) for a system with and without XPM-induced nonlinear
phase noise, respectively. The system in Fig. 2 has iden-
tical fiber spans, mean nonlinear phase shift of ,
and 65 WDM channels. The mean nonlinear phase shift of 1 rad
is the same as the estimation from [1] and close to the optimal

operating point from [8]. Taking into account only SPM-in-
duced nonlinear phase shift, the mean nonlinear phase shift can
be calculated approximately from [1] and accurately from [35].
Fig. 2 also plots the error probability of (1/2) without non-
linear phase noise [7], [8], [36], [37].

The walkoff length of Fig. 2 forms a geometric series and
corresponds to typical 10- and 40-Gb/s systems in NZDSF and
standard single-mode fiber (SSMF) with dispersion coefficients
of and ps/km/nm, respectively. For example, the
walkoff length km is that of a 10-Gb/s 100-GHz
spacing system in SSMF and 40-Gb/s 100-GHz
spacing system in NZDSF.

Fig. 2(a)–(c) is calculated using the XPM-induced nonlinear
phase noise variances of , , and
in (18), respectively, corresponding to the worst, independent,
and best case dispersion compensation, respectively. Comparing
Fig. 2(b) and (c) with Fig. 2(a), the DPSK system requires the
reduction of XPM-induced nonlinear phase noise using, for ex-
ample, XPM suppressor [32], [33] or optimal dispersion com-
pensation factor of (15). With perfect dispersion compensation,
XPM-induced cross-phase modulation is negligible if

km. Without dispersion compensation or with XPM sup-
pressor, XPM-induced cross-phase modulation is negligible if

km.
Fig. 3 shows the SNR penalty for an error probability of 10

as a function of mean nonlinear phase shift of for the
same system as Fig. 2. Fig. 3(a)–(c) is calculated using the
XPM-induced nonlinear phase noise variances of ,

, and in (18), respectively, corresponding to
the worst, independent, and best case dispersion compensation,
respectively.

For the systems in Fig. 3(a), with perfect dispersion compen-
sation such that XPM-induced nonlinear phase noise adds coher-
ently, XPM-induced nonlinear phase noise gives the same SNR
penalty as SPM-induced nonlinear phase noise when the walkoff
length is about km for less than 1 rad. For
a 10-Gb/s WDM system in SSMF, the channel spacing must be
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Fig. 3. SNR penalty as a function of mean nonlinear phase shift h� i for WDM DPSK systems with various dispersion compensation schemes, corresponding
to (a) maximum, (b) independent, and (c) minimum variance of XPM-induced nonlinear phase noise.

larger than or equal to 100 GHz (or 0.8 nm). For a 10-Gb/s WDM
system in NZDSF, the channel spacing must be larger than or
equal to 400 GHz (or 3.2 nm). For a 10-Gb/s WDM system with
typical channel spacing of 50 or 100 GHz, with perfect dispersion
compensation, the effect of XPM-induced nonlinear phase noise
is larger than that induced by SPM. For a 40-Gb/s WDM system
in NZDSF, the channel spacing must be larger than or equal to
100 GHz. With channel spacing larger than 100 GHz, typical
40-Gb/s WDM systems have an SNR penalty from XPM-in-
duced nonlinear phase noise about that from SPM.

For the systems in Fig. 3(b) and (c), with dispersion com-
pensation factor of (15) or with XPM suppressor, XPM-induced
nonlinear phase noise gives the same SNR penalty as SPM-in-
duced nonlinear phase noise when the walkoff length is about

km. For a 10-Gb/s WDM system in SSMF, the
channel spacing must be larger than or equal to 12.5 GHz (or
0.1 nm). For a 10-Gb/s WDM system in NZDSF, the channel
spacing must be larger than or equal to 50 GHz (or 0.4 nm).
For a 10-Gb/s WDM system with typical channel spacing of 50
or 100 GHz, the effect of XPM-induced nonlinear phase noise
is much smaller than that induced by SPM. Typical 40-Gb/s
WDM systems have an SNR penalty from XPM-induced non-
linear phase noise far less than that from SPM.

IV. DISCUSSION

In the derivation of (5), the term of is ignored. For a non-
return-to-zero (NRZ) DPSK signal, is a dc term and can be
ignored. For the more popular return-to-zero (RZ) DPSK signal
[10], [13], is a periodic function with a period of and its
power spectral density is tones at , where is an integer. The
differential transfer function of 2 has notches at
and cancels all nonlinear phase noise due to even for an
RZ signal. For an RZ-DPSK signal with pulse broadening due to
fiber dispersion, if the dipersion is assumed to be a linear effect,
for a system without pulse overlapping, the differential transfer
function can also completely eliminate XPM-induced nonlinear
phase noise. Due to interferometer phase error [41]–[43], small
residual nonlinear phase noise may be induced by those tones.
The numerical results of this paper are also valid for flattop
RZ-DPSK signals by increasing the mean nonlinear phase shift
by a factor equal to the inverse of the RZ pulse duty cycle.

For the same channel spacing and fiber type, 10-Gb/s sys-
tems have a walkoff length four times that of 40-Gb/s systems.
From Fig. 3, with the same mean nonlinear phase shift, the non-
linear phase-noise-induced SNR penalty of 10-Gb/s systems is
smaller than that for the corresponding 40-Gb/s systems. How-
ever, 40-Gb/s systems have four times the bandwidth and re-
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quire four times the power of the corresponding 10-Gb/s sys-
tems having the same SNR defined in [7] and [8]. Because
the mean nonlinear phase shift is proportional to the launched
power, for the same SNR and system configuration, the mean
nonlinear phase shift of 40-Gb/s systems is four times larger
than that for 10-Gb/s systems.

When the dependence between nonlinear phase noise and am-
plifier noise is taken into account, we derive the exact error prob-
ability of DPSK signals with nonlinear phase noise when the
number of fiber spans approaches infinity [20]. With the dis-
tributed assumption, the difference between exact and approx-
imate error probability is less than 0.23 dB in terms of SNR
penalty. Currently, the exact error probability of DPSK signals
with finite number of fiber spans is not known. From the simu-
lation of [8], the model of (17) is very accurate.

SPM-induced nonlinear phase noise correlates with the re-
ceived intensity and can be compensated using the correlation
properties [8], [20], [35], [44], [45]. Other than using simul-
taneous multichannel detection, XPM-induced nonlinear phase
noise cannot be compensated.

Due to fiber dispersion, phase modulation (PM) converts to
amplitude-modulation (AM) noise. Combined with XPM, AM
noise gives nonlinear phase noise to other channels [46]. When
phase modulation converts to amplitude modulation, only
high-frequency AM noise is induced by a transfer function of

, where is a constant depending on fiber length and
dispersion [47]. With the low-pass characteristic of of
(3), the combined effects of AM–PM conversion with XPM
should be small.

V. CONCLUSION

Closed-form formulas are derived for the error probability of
WDM DPSK signals contaminated by both SPM- and XPM-in-
duced nonlinear phase noise. The error probability is derived
based on the assumption that the phase of amplifier noise is in-
dependent of nonlinear phase noise. While SPM-induced non-
linear phase noise is not Gaussian-distributed, XPM-induced
nonlinear phase noise is assumed to be Gaussian distributed
when either the walkoff length is small or the number of WDM
channels is large.

When fiber dispersion is compensated perfectly in each fiber
span, XPM-induced nonlinear phase is summed coherently span
after span and is the dominant nonlinear phase noise for typical
multispan WDM DPSK systems. For a system without disper-
sion compensation or with XPM suppressor, the dominant non-
linear phase noise is typically induced by SPM. In general, with
longer walkoff length, 10-Gb/s systems are more likely to be
dominated by XPM-induced nonlinear phase noise than 40-Gb/s
systems.
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