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Optimal detection of solitons with timing jitter
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When a soliton signal is detected by the maximum-likelihood principle, other than walk-out of the bit interval,
timing jitter does not degrade the performance of the receiver. When the maximum-likelihood detector (MLD)
is simulated by using the importance sampling method, even with a timing-jitter standard deviation the same
as the full width at half-maximum of the soliton, the signal-to-noise (SNR) penalty is just about 0.2 dB. The
MLD performs far better than the conventional scheme to lengthen the decision window with SNR degradation
proportional to the increase of the window width. © 2005 Optical Society of America
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. INTRODUCTION
he Gordon–Haus timing jitter1 limits the transmission
istance of a soliton communication system. Without any
n-line control, the arrival time of the soliton has a vari-
nce increasing cubically with the transmission distance.
lthough timing jitter can be reduced using an in-line
lter,2,3 an in-line modulator,4 or other methods,5 it re-
ains one of the major limitations for soliton transmis-

ion systems. For a system with in-line timing-jitter con-
rol, the transmission distance can be extended to long
istances.4,6 When amplifier noise is accumulated with
he transmission distance, the signal-to-noise ratio (SNR)
educes for the extended distance, and the optical ampli-
er noise becomes the primary limitation of the system.
Instead of another method among many methods5 to

educe timing jitter in the fiber link, this paper discusses
method to detect the soliton signal with amplifier noise

nd timing jitter at the receiver. To reduce the sensitivity
enalty due to timing jitter, we apply the optimal detector
egardless if timing jitter is controlled in the fiber link.
he optimal method to detect the presence or absence of a
oliton with timing jitter is derived, to our knowledge, for
he first time.

Previously, the decision window of the soliton was wid-
ned significantly to reduce the impact of timing jitter.1,5

owever, the widening of the decision window degrades
he equivalent SNR of the decision variable before the de-
ision circuits. For example, if the decision window is
oubled to twice wider than necessary, the SNR is halved,
iving a 3 dB SNR penalty to the system and requiring a
wice-larger received signal for the same performance.
ith an electroabsorption modulator as an optical time-

omain demultiplexer to provide a widened decision
indow,7 the timing window may reach 80% of the bit in-

erval for timing-jitter resilient reception.8

A decision window is equivalent to an integator for the
ptical intensity with an integration interval the same as
he decision window. An electrical low-pass filter is
quivalent to a weighted decision window with the weight
qual to the impulse response of the electrical filter. Even
or a soliton without timing jitter, a rectangular or
0740-3224/05/102164-5/$15.00 © 2
eighted decision window is inferior to the matched-
lter-based receiver that maximizes the SNR. A method
o combat timing jitter without leading to significant in-
rease in the SNR penalty is investigated here on the ba-
is of maximum-likelihood detection (MLD).

When the MLD is derived from the first principle, an
ptical matched filter is used before the photodetector, fol-
owed by nonlinear signal processing. In conventional de-
ection theory,9 the matched-filter-based receiver maxi-
izes the output SNR. Optical matched filters can be

mplemented optically with an impulse response identical
o the pulse shape.10,11 The signal processing after the
hotodetector is derived on the basis of the MLD decision
ule to minimize the error probability.

The remaining parts of this paper are organized as fol-
ows. Section 2 derives the MLD for a soliton with timing
itter and shows that it can be implemented using some
ptimal optical and electrical filters, together with nonlin-
ar signal processing. Section 3 shows the performance of
he MLD for a soliton based on numerical simulation. Sec-
ion 4 is the conclusion of the paper.

. MAXIMUM-LIKELIHOOD DETECTION OF
OLITONS
he optimal detection of a signal should be based on the
aximum-likelihood criterion to minimize the probability

f decision error. For a soliton signal, the MLD should
inimize the error probability on the detection of the

resence or absence of a soliton pulse. If the digits of 1
nd 0 are represented by the presence or absence of a soli-
on and it is assumed that 1 or 0 is transmitted with
qual probability, MLD decides the presence of a soliton
y p�r�t� �1��p�r�t� �0�, where r�t� is the received signal
nd p�r�t� �1� and p�r�t� �0� are the probability of having a
eceived signal of r�t� given the condition with the pres-
nce or absence of a soliton, respectively.9 Similarly, the
bsence of a soliton is decided if p�r�t� �1��p�r�t� �0�.
In a soliton communication system, the received signal

an be represented as
005 Optical Society of America
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r�t� = aks�t − t0�exp�j�� + n�t�, �1�

here ak� �0,1� for the absence or presence of the soliton,
�t�=sech�1.76t� is the normalized soliton pulse with
nity FWHM pulse width, t0 is a random variable repre-
enting the timing jitter, � is the random phase due to the
ropagation delay and soliton phase jitter, and n�t� is the
dditive complex-value white Gaussian noise. The noise
f n�t� is induced by optical amplifiers, and t0 is Gordon–
aus timing jitter with and without in-line control. Only

he noise with the same polarization as the soliton is con-
idered here by assuming a polarized receiver. The noise
rom orthogonal polarization can be included with small
odification. For a phase-insensitive receiver, the phase

f � is assumed to be uniformly distributed from 0 to 2�.
The expression of Eq. (1) clearly defines the problem

ddressed in this paper. The timing jitter of t0 by itself
nd the noise of n�t� are not reduced by the receiver. The
eceiver just minimizes the impact of both t0 and n�t�, pro-
ided that both of them appear at the receiver input to-
ether with the soliton of s�t�. The fiber link, or the me-
ium between transmitter and receiver, may or may not
se in-line time-jitter control.
The signal of s�t� in Eq. (1) is not necessary as a soliton

s long as its pulse shape is well defined. The timing jitter
f t0 is also not necessarily Gordon–Haus timing jitter,
ut its probability density function must be known. Re-
ardless of the sources of time jitter, we reduce its impact
n the system. For example, pulse-to-pulse collision in a
ispersive system also gives timing jitter.12,13 However,
he probability density of the timing jitter is not known or
ust be found using extensive calculations.14 Only a soli-

on with the Gordon–Haus timing jitter is discussed here
ecause of the availability of signal and timing-jitter mod-
ls.

Usually, soliton propagation with noise is studied by
he first-order perturbation theory of the soliton5,15–17 in
hich amplifier noise is distributively projected to ampli-

ude and frequency jitter along the fiber. When the first-
rder soliton perturbation is linearized,5 there is no dif-
erence between whether amplitude jitter is a distributed
ontribution along the fiber link or a lumped contribution
t the beginning or the end of the fiber. An example is
�t�=n1�t�+n2�t�, with n1�t� and n2�t� from the first half
nd second half of the fiber link, respectively. The linear-
zed model of soliton perturbation uses only the combined
oise of n�t� and the order of n1�t� and n2�t� does not affect
he results; for example, the results do not change if n1�t�
s first applied and then n2�t� or if n2�t� is first applied and
hen n1�t�. Of course, if first-order large-signal perturba-
ion is used, there is a small difference between the dis-
ributed or lumped model.5,18,19 The received signal of Eq.
1) assumes all amplifier noise at the end of the fiber link.
he timing jitter of t0 and phase jitter are independent of

he amplitude jitter.5 If phase jitter is also included in �,
he model of Eq. (1) is not different from the linearized
odel for first-order soliton perturbation.
As shown in Ref. 9, Section 6.4, given a phase of � and

k=1 with the presence of a soliton, the probability den-
ity of the received signal is
p�r�t��1,t0,�� = � exp�−
1

N0
	

−�

�

�r�t� − s�t − t0�exp�j���2dt
 ,

�2�

here � is a proportional constant and N0 /2 is the spec-
ral density of n�t�. The above probability density of Eq.
2) makes no assumption about the receiver but just as-
umes a white Gaussian noise of n�t�.

If the soliton is detected by a photodetector, the phase
f � in Eq. (1) does not affect the system performance.
ith a detail provided in Ref. 9, Section 7.2, after averag-

ng over the random phase of �, one finds that the prob-
bility density of the received signal is equal to

p�r�t��1,t0� = � exp�−
1

N0
	

−�

�

�r�t��2dt −
E

N0

I0�2�Eq�t0�

N0

 ,

�3�

here I0� � is the zero-order modified Bessel function of
he first kind, E=�−�

� s2�t�dt is the energy per soliton
ulse, and q�t0� is equal to

q�t0� = 	
−�

�

r�t�s*�t − t0�dt, q�t0� � 0. �4�

he calculation of q�t0� is based on the integration of
−�
� r�t�s�t− t0�dt that is the same as the output of an opti-
al matched filter. Here, the matched filter output cannot
e used directly for detection purposes, but the optical
atched filter is just a step for the MLD. Nonlinear signal

rocessing is required, for example, for the absolute value
o get a positive q�t0�.

Similarly, when ak=0 without a soliton, we obtain

p�r�t��0� = � exp�−
1

N0
	

−�

�

�r�t��2dt
 . �5�

he probability density of Eq. (3) is similar to the Rice
istribution, and that of Eq. (5) is similar to the Rayleigh
istribution. These two distributions are well known in
he field of signal detection.9

If the probability density of timing jitter is pT�t0�, we
btain

p�r�t��1� =	
−�

�

p�r�t��1,t0�pT�t0�dt0. �6�

he maximum-likelihood criterion gives the decision rule
f

p�r�t��1��
0

1

p�r�t��0� �7�

or the presence or absence of a soliton with time jitter.
fter some algebra, the decision rule becomes

	
−�

�

I0�2�Eq�t0�

N0

pT�t0�dt0�

0

1

exp� E

N0
� . �8�

n the decision rule of expression (8), the integration of
r�t��2 in Eqs. (3) and (5) and the constant of � cancel each
ther.
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The decision rule of expression (8) together with the pa-
ameter q�t0� calculated by Eq. (4) can be implemented by
he schematic block diagram of Fig. 1. The received signal
rst passes through an optical matched filter having an

mpulse response equal to the soliton pulse of s�t� [or s�
t� for an asymmetric pulse]. The output of the optical
atched filter is q�t0�exp�j��. The output of the optical
atched filter converts into an electrical signal with a

hotodetector. The photodetector gives an output propor-
ional to the square of q�t0�2. The implementation of the
orrelation of Eq. (4) by using a matched filter can be
ound, for example, in Ref. 9, Chap. 6. Notice that q�t0�2

an give q�t0� without loss of any information. With the
utput of q�t0�2 from the photodetector, the value of
0�2�Eq�t0� /N0� in expression (8) can be found. The inte-
ration in expression (8) with respect to t0 is again imple-
ented using an electrical filter with an impulse response

f pT�t0�, whose output is sampled at the right time. In
ig. 1, the probability density of pT�t0� does not need to be
aussian distributed,18,20 but it must be symmetrical
ith respect to zero. After the sampler, the presence or
bsence of the soliton is decided when compared with the
calar value of exp�E /N0�. The filter with impulse re-
ponse of pT�t0� may be called an electrical matched filter
ith an impulse response matched to the probability den-

ity of the timing jitter. The nonlinear operation of the
LD includes the square operation of the photodetector
ith respect to the electric field and the calculation of

0�2�Eq�t0� /N0�.
The block diagram of Fig. 1 is an implementation of the

ptimal decision rule of expression (8). The decision rule
f expression (8) indicates that an optical matched filter
hould be used together with the processing shown in Fig.
. In practice, an optical matched filter was used for opti-
al performance in Refs. 10,11 for the detection of a sig-

al without timing jitter. The signal processing after the
hotodetector can be implemented, for example, by digital
ignal processing.

Practical optical and electrical components of Fig. 1
ay have small differences with the decision rule of ex-

ression (8) owing to implementation errors. Although we
annot list and analyze all those differences in this paper,
he optimal decision rule of expression (8) is compared
ith the conventional implementation of the widening of

he decision window.

. PERFORMANCE EVALUATION
ithout timing jitter or pT�t0�=	�t0�, the right-hand side

f expression (8) becomes I0�2�Eq /N0��t0=0, and the deci-
ion rule of expression (8) can be simplified to a quadratic
etector (Ref. 9, Section 8.3). The quadratic detector is

ig. 1. Schematic of the MLD of the presence or absence of a
oliton with timing jitter. This schematic diagram shows the
mplementation of the decision rule of expression (8). Comp, xxx.
q2�
0

1

qth
2 , �9�

ith qth as the optimal threshold without timing jitter.
ith a performance the same as that for noncoherent de-

ection of an amplitude-shift keying signal, the error
robability can be calculated using the well-known Mar-
um Q function.21,22 The error probability for the case
ithout timing jitter is shown in Fig. 2 as a dashed line.
he error probability of Fig. 2 is shown as a function of

he SNR, given by the ratio of E /N0. The threshold of de-
ection is calculated using expression (8) with pT�t0�
	�t0�. An error probability of 10−9 requires an SNR of
bout 18.9 dB for a soliton signal.
The performance of the MLD of expression (8) does not

ead to a simple analytical error probability for a soliton
ith timing jitter. Numerical simulation is conducted
hen the timing jitter is zero-mean Gaussian distributed
ith variance of 
t

2. The performance of the system is de-
ermined by the variance of 
t

2 and the SNR, maybe to-
ether with some parameters of the signal. Both the SNR
f E /N0 and the variance of the timing jitter of 
t

2 are
unctions of the fiber link configuration. Although the cal-
ulation of the SNR is a standard procedure for system
esign, the variance of 
t

2 further depends on the method
f timing-jitter control.

The simulated error probabilities are shown in Fig. 2
ith 
t normalized to the FWHM of the soliton. Figure 2

hows that the MLD for a soliton with timing jitter has a
mall SNR penalty for 
t comparable with the FWHM of
he soliton.

ig. 2. Simulated error probability of the MLD for a soliton with
iming jitter. Various markers (except the two five-point stars)
re the error probability from an importance sampling simula-
ion. The two five-point stars are from a Monte Carlo error count
or 
t=1. The dashed line is the theoretical error probability
ithout timing jitter. Solid curves include the walk-out probabil-

ty that the timing jitter is outside the bit interval.
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To investigate those cases with small error probabili-
ies around 10−9, a numerical simulation cannot be con-
ucted directly using the method of Monte Carlo error
ount. The simulation of Fig. 2 uses importance sampling,
imilar to the methods of Refs. 19, 23, and 24. The re-
eived signal is a soliton with different timing jitter ac-
ording to the Gaussian distribution with variance of 
t

2.
he noise sample after the optical matched filter of Fig. 1
ith a time corresponding to the peak optical intensity is
enerated on the basis of uniform distribution. Other
oise samples are generated by Gaussian distribution
ith a correlation depending on the optical matched filter.
ach error count is weighted according to the probability
ifference between the actual Gaussian noise samples
nd the generated noise samples.19,23 Other than adding
biased noise sample after the optical matched filter of

ig. 1 instead of the actual signal with amplifier noises
efore the filter, the numerical simulation followed closely
he decision rule of expression (8). The sampling time be-
ore the comparator is chosen by the optimal time to
aximize the signal power for the case without both noise

nd timing jitter.
The error probability calculated from the simulation is

hown in Fig. 2 using different markers for a timing-jitter
tandard deviation of 
t from 0.1 to 1.0 of the FWHM of
he soliton. Even with a soliton having a large timing jit-
er of 
t=1.0, the SNR penalty is just about 0.2 dB com-
ared with the case without timing jitter (dashed line).
Figure 2 also shows the error probability, taking into

ccount the probability that the soliton may have a tim-
ng jitter outside the bit interval when 
t=0.8, 1.0 and the
it interval is ten times the FWHM of the soliton. The bit
nterval of T=10 is chosen for convenience.1 For 
t�0.8,
he walk-out probability does not affect the overall error
robability and is not shown in Fig. 2. From Fig. 2, a soli-
on with a large timing jitter is mainly affected by the
alk-out probability, especially for a system with a bit in-

erval just four to six times the FWHM of the soliton. Un-
ike the receiver with widening decision window, the
imulation results of Fig. 2 show that the receiver sche-
atic of Fig. 1 does not give a large SNR penalty.
The importance sampling method biases the noise sam-

ling after the optical matched filter to speed up the
imulation. With noise samples independent of one an-
ther, the biasing of only one noise sample before the op-
ical matched filter does not speed up the simulation. The
iasing of all noise samples before the optical filter speeds
p the simulation, but the evaluation of weighting is not
s simple as the biasing of only one noise sample. In ad-
ition to importance sampling, simulation is also con-
ucted the raw method of Monte Carlo error count. The
onte Carlo error count and importance sampling match

ach other until the error probability of about 2�10−5,
ostly limited by computation resources. Figure 2 shows

wo simulated points for the case of 
t=1 using raw
onte Carlo count. Each Monte Carlo simulation counts

t least 40 errors to ensure a narrow confident interval.24

igure 2 shows that the method of importance sampling
s accurate, at least up to the limitation of the raw Monte
arlo count.
Figure 3 shows the SNR penalty as a function of a nor-
alized timing jitter of 
 . For lengthening the decision
t
indow, the window width must be about 12
t to ensure
hat the probability of the soliton’s walking-out of the de-
ision window is less than erfc��w / �2
t

�2��=2�10−9.1 The
ecision window of 12
t gives 10� log10�12
t� of SNR pen-
lty when 
t�0.1. For example, 
t=0.5 requires a deci-
ion window width of �w�6, corresponding to approxi-
ately 7 dB of SNR penalty. Figure 3 shows that the

ptimal detector is able to greatly reduce the SNR pen-
lty. For the standard deviation of 
t�1, the system is
ominated by the walk-out probability. With the MLD,
alk-out probability is important when 
t�0.8. For

engthening the decision window, walk-out probability is
ignificant when 
t�0.1.

The MLD of expression (8) or Fig. 1 has an electrical
lter with an impulse response the same as the probabil-

ty density of pT�t0�. The walk-out probability depends on
he tail of pT�t0�, but the left-hand side of expression (8)
epends on the center part of pT�t0� around its mean of

0=0. Although the MLD of expression (8) depends weakly
n the timing-jitter variance of 
t

2, the walk-out probabil-
ty depends strongly on 
t

2 as from Fig. 2.
MLD is an operation in the receiver. Soliton timing jit-

er is not reduced by using MLD, but the error probability
s reduced owing to better soliton detection. The MLD is

ore applicable when soliton control is used to allow long-
istance transmission. Passing through more optical am-
lifiers than systems without soliton control, the SNR for
ong-distance systems is reduced. With reduced SNR, the
eceiver does not allow a large SNR penalty.

. CONCLUSION
he MLD of a soliton with timing jitter is derived, to our
nowledge, for the first time. The MLD uses an optical
atched filter preceding the photodetector and followed

y nonlinear signal processing. The MLD is a process at
he receiver that detects the presence or absence of a soli-
on to minimize the error probability.

With MLD, other than the walk-out probability that
he soliton has a timing jitter outside the bit interval, a

ig. 3. SNR penalty as a function of a normalized timing-jitter
ariance of 
t. The solid curve is using a widening decision win-
ow. The square and circle markers are from simulation with and
ithout including the walk-out probability, respectively.
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oliton is not affected by timing jitter. Even with a timing-
itter standard deviation the same as the soliton FWHM,
he SNR penalty is just about 0.2 dB. The MLD has a sig-
ificantly smaller SNR penalty than a detector with a
idening decision window.

K.-P. Ho, the corresponding author, can be reached by
-mail at kpho@cc.ee.ntu.edu.tw.
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