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Minimax Design of Two-Channel
Nonuniform-Division Filterbanks Using IIR

Allpass Filters
Ju-Hong Lee and Yuan-Hau Yang

Abstract—The design of two-channel linear-phase nonuni-
form-division filter (NDF) banks constructed by infinite impulse
response (IIR) digital allpass filters (DAFs) in the sense of
error criteria is considered. First, the theory of two-channel NDF
bank structures using two IIR DAFs is developed. Then, the
design problem is appropriately formulated to result in a simple
optimization problem. Utilizing a variant of Karmarkar’s algo-
rithm, we can efficiently solve the optimization problem through
a frequency sampling and iterative approximation method to find
the coefficients for the IIR DAFs. The resulting two-channel NDF
banks can possess approximately linear-phase response without
magnitude distortion. The effectiveness of the proposed technique
is achieved by forming an appropriate Chebyshev approximation
of a desired phase response and then to find its solution from a
linear subspace in a few iterations. Several simulation examples
are presented for illustration and comparison.

Index Terms—Allpass filter, minimax optimization, nonuniform-
division filterbank.

I. INTRODUCTION

FOR many communication and signal processing systems,
quadrature mirror filter (QMF) banks have been widely

used to achieve the goals of subband coding and short-time
spectral analysis [1]–[4]. In these applications, a QMF bank
is used to decompose a signal into subbands and the subband
signals in the analysis system are decimated by an integer
equal to the number of subbands. However, two-channel QMF
banks are not appropriate systems to match the needs in a
great variety of applications. A typical example is critical band
analysis with a filterbank that can be utilized in spectral analysis,
coding, enhancement, speech recognition, and audio signals.
For the subband coding of speech and audio signals, the most
appropriate decomposition must consider the critical bands of
the ear. It has been mentioned in [5] that these critical bands
have nonuniform bandwidths and cannot be easily constructed
by conventional tree structure based on two-channel QMF
banks. Hence, it is worth exploiting the design problem of
two-channel nonuniform-division filter (NDF) banks with linear
phase characteristics.

Manuscript received August 20, 2003; revised November 12, 2003.
This work was supported by the National Science Council under Grant
NSC91-2219-E002-046. The associate editor coordinating the review of this
paper and approving it for publication was Dr. Xiang-Gen Xia.

The authors are with the Department of Electrical Engineering,
National Taiwan University, Taipei 106, Taiwan, R.O.C. (e-mail:
juhong@cc.ee.ntu.edu.tw).

Digital Object Identifier 10.1109/TSP.2004.836532

In the literature, the authors in [6] have presented the basic
theory regarding the principle and related conditions of perfect
reconstruction for NDF banks. Methods for designing the NDF
banks were also proposed in [6]. However, solving the resulting
design problem with nonlinear constraints is not an easy task.
A different structure for NDF banks was introduced in [7],
and a design method based on the use of pseudo-QMF was
also presented. The main drawback is that the resulting NDF
bank requires FIR filters with complex coefficients to reduce
the aliasing distortion. Recently, one of the authors proposed
a structure for two-channel NDF banks and presented design
methods for optimally designing FIR NDF banks using the
least-absolute error [8], [9], least-squares error [10],
[11], and minimax error criteria [12], [13], respectively.

Although the NDF bank designs in [9], [11] were developed
using IIR analysis filters, all of the designed NDF banks suffer
from the magnitude distortion as well as the phase distortion.
To alleviate the magnitude distortion, the design results for IIR
linear-phase QMF banks based on real allpass sections and com-
plex allpass sections have been reported in [14]–[17], and [18]
and [19], respectively. The main advantage of using allpass sec-
tions is that the designed IIR QMF banks can possess approxi-
mately linear phase response without magnitude distortion.

In this paper, a technique for the minimax design of two-
channel linear-phase NDF banks using real IIR digital allpass
filters (DAFs) is presented. We first develop the principle and
structure for the NDF banks using real IIR DAFs. Then, the
design problem is formulated by using the minimax error criteria
on the phase approximation to obtain an appropriate objective
function that leads to a nonlinear optimization problem. To
effectively tackle the resulting nonlinear minimax optimization
problem, we utilize a nonlinear minimax algorithm [20] to result
in a sequence of linear Chebyshev approximation problems.
Each of the linear Chebyshev approximations provides the
required increment for updating the filter coefficients during
each iteration. As a result, the key operation of the proposed
technique is to find the linear Chebyshev approximation of
a desired phase response from a linear subspace related to
the objective function. This can be easily solved by using a
variant of Karmarkar’s algorithm [21]. Several design examples
showing the effectiveness of the proposed technique are also
provided.

This paper is organized as follows. Section II presents the
principle of a two-channel linear-phase NDF bank using real
IIR DAFs. In Section III, we formulate the associated design
problem to obtain a nonlinear minimax optimization problem.
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Fig. 1. Two-channel nonuniform-division filterbank system. (a) Analysis system. (b) Synthesis system.

A design technique based on a nonlinear minimax algorithm
in conjunction with a variant of Karmarkar’s algorithm is
then developed to solve the resulting optimization problem in
Section IV. Section V presents several design examples for
illustration and comparison. Finally, we conclude the paper in
Section VI.

II. TWO-CHANNEL LINEAR-PHASE

NDF BANKS USING IIR DAF

A. Conventional Two-Channel NDF Bank Structure

Consider the two-channel NDF bank with a system archi-
tecture shown in Fig. 1 [8]. and designate the
lowpass and highpass analysis filters, respectively, and
and designate the lowpass and highpass synthesis filters,
respectively. and are two lowpass filters that are
responsible for achieving aliasing-free operation during the
rational decimation and interpolation. Using the modulations
of multiplying in a highpass subband channel leads
to the favorable result that can be lowpass filter with real
coefficients. The desired magnitude responses for and

with passband bandwiths equal to and ,
respectively, are shown in Fig. 2, where .
and denote the related band-edge frequencies satisfying

. Let the associated magnitude responses
be set to

(1)

Fig. 2. Desired magnitude specifications for the analysis filters.

and have zero stopband response. Considering the
design of linear-phase lowpass filters and , many
effective design techniques can be utilized in the literature, e.g.,
the well-known Parks–McClellan technique can provide very
satisfactory design results. Therefore, we focus on the problem
of designing the analysis filters and of the pro-
posed NDF bank. As shown in [10], the input/output relation-
ship of the NDF bank in the frequency domain is given by

(2)
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where and are the resulting group delays of the upper
and lower channels, respectively. .
Substituting

into (2) yields

(3)

where

(4)

(5)

(6)

The first term of (3) represents the response of a linear shift-
invariant system with input , whereas the other
two terms represent the resulting aliasing distortion. Therefore,
the perfect reconstruction for a group delay requires the
following conditions:

PR

PR

PR (7)

Assuming for simplicity, we can neglect the phase
term of (4) and express as

(8)

Moreover, we note from (5) and (6) and that the
aliasing distortion can be eliminated if

(9)

equals zero for . Following (8) and (9), we can
reformulate the conditions of (7) for perfect reconstruction as
follows:

PR for

PR for

PR for

PR

for

(10)

where .

Fig. 3. Proposed system structure for the analysis filters.

B. IIR DAF Based Two-Channel NDF Bank Structure

Let the frequency responses for two IIR DAFs be expressed
as

(11)

and

(12)

with orders and , respectively. Using these two IIR DAFs,
we construct the lowpass and highpass analysis filters and

of Fig. 1 as follows:

(13)

and

(14)

respectively. Fig. 3 shows the analysis portion of the proposed
two-channel NDF bank structure. Substituting (13) and (14) into
(8) yields

(15)
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Fig. 4. Constraints on the phase responses of the IIR DAFS.

Equation (15) reveals that the proposed two-channel NDF bank
structure possesses perfect magnitude response, i.e., there is no
magnitude distortion, and its phase is equal to the sum of the
phases of and . Moreover, comparing PR1 of
(10) and (15), we note that the two-channel NDF bank possesses
linear-phase response if the following condition is satisfied:

for (16)

In contrast, the other two conditions PR2 and PR3 in (10) re-
quire that the phase responses of (13) and (14) must satisfy the
following two conditions:

for (17)

for (18)

Fig. 4 depicts the required relationship between the two phase
responses and in the frequency band. As to the con-
dition PR4 of (10), we substitute (13) and (14) into the equation
shown by PR4 to obtain

(19)

which can be further simplified as follows:

(20)

Fig. 5. Proposed design specifications for the phase responses of the IIR DAFs.

Hence, the resulting condition for eliminating aliasing distortion
becomes

for (21)

Based on the above conditions given by (16)–(18) and (21) for
the proposed NDF bank, we can impose the ideal phase re-
sponses for and , respectively, as follows:

(22)

and (23)

where , and repre-
sent the three frequency bands in . Fig. 5 plots the ideal
phase responses and . Equations (22) and (23)
reveal that all of the conditions of (16)–(18) and (21) required
for perfect reconstruction can be satisfied. Moreover,
and satisfy the following stability constraints for the IIR
DAFs [22], [23]: is monotonically decreasing and

, for . As a result, the design
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TABLE I
SIGNIFICANT DESIGN RESULTS FOR EXAMPLE 1

problem of the proposed two-channel NDF bank of Fig. 3 is
finding the real coefficients for the IIR DAFs such
that the conditions listed in (22) and (23) can be approximately
met in some optimal sense.

III. PROBLEM FORMULATION OF LINEAR-PHASE

NDF BANK DESIGN

According to the IIR DAFs given by (11) and (12), their
phase responses can be expressed as

(24)

where is given by

(25)

represents the phase of in (11) and (12), for . The
coefficients , for , are set to one without loss of
generality. Substituting (24) and (25) into (15) yields the corre-
sponding phase response of the NDF bank as follows:

(26)

From (16) and (26), we observe that the proposed two-channel
NDF bank achieves the perfect reconstruction with group delay

and without magnitude distortion if the second
term of the right-hand side of (26) vanishes, i.e.,

(27)

As to the phase responses of the , the conditions shown
by (22) and (23) lead to the following conditions on to be
satisfied for perfect reconstruction

(28)

Utilizing the results of (27) and (28), we can formulate the
design problem as follows: Finding the real filter coefficients

of the IIR DAFs and ,
such that the resulting phase responses given by (25) ap-
proximate the desired phase responses, as shown by (27) and
(28) in the minimax sense. Therefore, the corresponding design
problem can be written as

Minimize

(29)

where denotes the Chebyshev norm of . The parameters
, and represent the relative weights between the three

peak error terms. However, we note from (29) that the overall
error function to be minimized is a highly nonlinear function of
the real filter coefficients . Directly minimizing (29) is not
an easy task.

IV. PROPOSED DESIGN TECHNIQUE

In this section, we present a design technique based on the
nonlinear minimax algorithm of [20] in conjunction with a
variant of Karmarkar’s algorithm [21] for solving the resulting
minimization problem of (29). This is through a frequency
sampling and iterative approximation scheme to find the op-
timal coefficients for the real
IIR DAFs shown by (11) and (12).

A. Frequency Sampling and Approximation Scheme

First, we perform some algebraic manipulations for the three
peak error terms in (29) to facilitate the design work. Consider
the first two peak error terms. Let

(30)

Then, the first two peak error terms can be rewritten as

(31)
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TABLE II
DESIGNED FILTER COEFFICIENTS FOR EXAMPLE 1

where . Using the addition for-
mula of inverse tangents, we obtain

(32)

Minimizing (32) is equivalent to minimizing the term
since the inverse tan-

gent function is a monotonic function. Plugging (30) into
and performing some algebraic manipulations on yields

(33)

Following the above procedure, we have that minimizing the
third peak error term is equivalent to minimizing the following
term in (34), shown at the bottom of the page. Consequently,
an equivalent minimization problem of (29) can be obtained as
follows:

Minimize (35)

The resulting nonlinear optimization problem given by (35)
can be solved through an approximation approach in conjunc-
tion with an iterative process as follows. At the th iteration, we
construct the following functions:

Apx

(36)

and the gradient vector of Apx given by

Apx (37)

where denotes the th gradient component of
Apx and is given in (38), shown at the bottom
of the next page, for , where

represents the filter coeffi-
cient vector obtained at the th iteration for the IIR DAFs

. Moreover, we construct (39), shown at the

(34)
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bottom of the page, and the gradient vector of
Apx , which is given by

Apx

(40)

where denotes the th gradient component of
Apx and is given as follows:

Apx

(41)

denotes the th gradient component of
Apx and is given as follows:

Apx

Apx

(38)

Apx

(39)
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(42)

Let
, and

represent the three dense
grid of frequency bands in . Each of them has grid points
uniformly distributed in the individual frequency band. The de-
sign process of the proposed technique is then performed on

with grid points. If the
number of grid points is sufficiently large, i.e., is sufficiently
close to , the obtained best approximation
solution of the objective function based on will be close to
the best solution found based on . This conclusion can be justi-
fied by the theorem due to Cheney [26, ch. 3]. Next, a lineariza-
tion scheme is utilized to approximate the related phase errors
of (36) and (39) due to a perturbation in the filter coefficient
vector in the linear subspace spanned by the gradient matrix as-
sociated with Apx and Apx . As a result,
the approximation for minimizing the above peak phase error,
as shown in (35), can be formulated as finding the increments

of the filter coefficient
vectors at the th iteration such that

Apx Apx

Apx Apx

Apx Apx

(43)

is minimized, where . For details, we can
rewrite (43) as follows:

Apx

Apx

Apx

(44)

We note that the minimization of (44) can be achieved by per-
forming the following minimization problem:

Minimize

(45)

where is an matrix with the th element given
by is an

matrix with the th element given by
is an column vector

with the th entry given by Apx
is an column vector with the th entry given by

Apx is an
matrix with the submatrices and having

the th elements given by
, and

, respectively. Equation (45) represents an equivalent form of
the following linear Chebyshev minimization problem:

Minimize

Subject to (46)

where is a vector with all entries equal to one. This leads
to the standard dual form of a linear programming (LP) problem
as follows:

Maximize

Subject to (47)

where
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The and in are zero matrices with sizes equal to
and , respectively, whereas and are vectors
with entries equal to one and zero, respectively. In contrast,
and are zero vectors with sizes equal to and ,
respectively. Using [24, Def. 3], we can easily obtain the stan-
dard primal form for (47) as follows:

Minimize

Subject to (48)

where and , respectively, denote the dual
variable and the corresponding primal variable for the above LP
problems. In the following, we describe how to adopt the primal-
form affine scaling (PAS) variant of Karmarkar’s algorithm of
[21] for solving (48).

Assume that an initial solution that satisfies the constraints
is given. Then, is mapped into a vector with all entries
equal to one as follows:

(49)

where denotes a diagonal matrix containing the entries of .
Based on the mapping, we create

and (50)

To satisfy the equality constraints, we project onto the null
space of to obtain

(51)

where

(52)

denotes the projection operator. Next, we move from the initial
to in the direction to reduce the transformed objective

function in the maximum rate according to

(53)

where the required step size is chosen so that
represents a vector with appropriate size and all entries

equal to one, and is a vector with appropriate size and the
th entry equal to one and the others equal to zero. After ob-

taining , we then find a new feasible solution for (48) by
performing the inverse mapping.

Consider the projection operator given by (52). Substituting
(50) into (52) yields

(54)

Accordingly, we have from (50), (51), and (54) that

(55)

Fig. 6. Magnitude responses of the designed analysis filters for Example 1.

Fig. 7. Phase error response of the designed NDF bank for Example 1.

Next, we define the following two vectors:

and (56)

where represents the dual variable vector associated with the
primal variable vector . Hence, the primal variable at the

th iteration is found by the following equation:

(57)

where

and

(58)

with being the th entry of .
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Fig. 8. Group delay deviation of the designed NDF bank for Example 1.

Fig. 9. Variation response of the design NDF bank response for Example 1.

B. Determination of Initial Guess for the Filter Coefficient
Vector

To initiate the design process, we have to find an initial guess
for the filter coefficient vector according to the nonlinear

minimax algorithm of [20]. An appropriate manner is to mini-
mize the squared value of the numerator of Apx given
by (36), i.e., minimize

(59)

To solve this minimization problem, we use a simple approach
as follows. Let be a matrix whose entries are given
by

(60)

TABLE III
SIGNIFICANT DESIGN RESULTS FOR EXAMPLE 2

Then, it is easy to show that minimizing (59) yields the required
initial guess as follows:

(61)

where the vector has entries given by
.

After finding the appropriate initial guess and setting the
initial filter coefficient increment to a zero vector, we present
an iterative procedure based on the above presentation for com-
puting the filter coefficient vector during the design process.

C. Iterative Procedure

Step 1) Determine the design parameters: the orders and
, passband edge frequency , and the stopband edge fre-

quency . Find an initial guess for the filter coefficient
vector from (61)
and set the iteration number .
Step 2) Perform a test for stopping the iteration process. We
set a stopping criterion as follows: If

, then the design process is terminated and the ob-
tained filter coefficient vector contains the designed
filter coefficients, where Apx

Apx Apx , and is a
preset small positive number. Otherwise, go to Step 3.
Step 3) Calculate the increment of the filter coefficient
vector at the th itera-
tion to minimize (43). Utilizing the PAS algorithm presented
above to solve the standard LP problem of (48), we perform
the following iterative procedure.
3.1) Choose an initial guess that satisfies the

equality constraints
of (48). We can simply choose

, where

, and each of has entries given by
. Set the

iteration number .
3.2) At the th iteration, compute

with diag according to the following
process.

Authorized licensed use limited to: National Taiwan University. Downloaded on March 25, 2009 at 02:32 from IEEE Xplore.  Restrictions apply.



LEE AND YANG: MINIMAX DESIGN OF TWO-CHANNEL NONUNIFORM-DIVISION FILTERBANKS 3237

3.2.1) Construct six vectors .
The th entry for each of them is, respectively,
given by

3.2.2) Compute diag , where
, for .

3.2.3) Compute

3.2.4) Compute the vector
as follows: Con-

struct
. Then, set

.
Step 4) Compute

, and
. Set the obtained equal to

, and go to Step 7 if
, and

,
where , and are preset positive numbers less than
one. Otherwise, go to Step 5.
Step 5) Compute according to
the following process.
5.1) Compute

,
where diag , for .

5.2) Set .
Step 6) Compute the step size from (58) with

, and update the primal variable vector according
to . Then, set , and go
to Step 3.2.
Step 7) Use the obtained optimal solution to find the
best increment such that

Apx Apx

Apx

(62)

is minimized. We adopt the Nelder and Mead simplex algo-
rithm [25] to perform the line search for finding the best value
of . Let the best value of be . We update the filter co-

efficient vector according to . Then,
set , and go to Step 2.

V. SIMULATION RESULTS

In this section, we present simulation results of designing
two-channel linear-phase NDF banks with the proposed real
IIR DAFs structure for illustration and comparison. These de-
signs were performed on a personal computer with Pentium-IV
CPU using MATLAB programming language. For comparison,
the design results of using the proposed technique and the
techniques presented by [11] are also presented. The perfor-
mance for each of the designed IIR NDF banks is evaluated in
terms of the perfect reconstruction error (PRE), the normalized
peak stopband ripple of NPSR , the maximal variation
of passband group delay of MVPGD , the maximal
variation of the group delay (MVGD) in , and the
maximal variation of the filter-bank response (MVFBR). They
are defined as follows:

PRE for

NPSR dB

NPSR dB

MVPGD GD

samples

MVPGD GD

samples

MVGD GD

samples

MVFBR (63)

where GD denotes the group delay of . The performance
for each of the NDF banks designed by using the technique of
[11] is evaluated based on the filter coefficients presented in
[11].

Example 1: This example is the similar to that given by [11,
Ex. 1]. We use the same specifications for this design: the real
IIR DAFs and with orders and equal to
21 and 22, respectively, the lowpass analysis filter with
a passband edge frequency and a stopband edge
frequency . The parameters used for this design
are listed as follows:

– ; and
. The significant design results, namely,

PRE, NPSR, MVPR, MVGD, and MVFBR designed by using
the technique of [11] and the proposed technique are shown in
Table I for comparison. Table II lists the filter coefficients ob-
tained after six iterations for and by using the pro-
posed technique. The corresponding magnitude responses of the
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TABLE IV
DESIGNED FILTER COEFFICIENTS FOR EXAMPLE 2

designed are shown in Fig. 6. The resulting phase error
and group delay deviation of the designed NDF bank are de-
picted in Figs. 7 and 8, respectively. Fig. 9 plots the variation of
the designed filterbank response. As to the stability of the de-
signed IIR DAFs and , we find that the values of

are about and for and , respec-
tively. This indicates that both the designed IIR DAFs and

are stable according to the stability constraints shown
in Section II-B. From the simulation results, we note that the
proposed technique provides very satisfactory design results as
compared with the results of [11].

Example 2: This example is the similar to that given by [11,
Ex. 2]. We use the same specifications for this design: the real
IIR DAFs and with orders and equal to
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Fig. 10. Magnitude responses of the designed analysis filters for Example 2.

Fig. 11. Phase error response of the designed NDF bank for Example 2.

Fig. 12. Group delay deviation of the designed NDF bank for Example 2.

Fig. 13. Variation response of the design NDF bank response for Example 2.

31 and 32, respectively, the lowpass analysis filter with
a passband edge frequency and a stopband edge
frequency . The parameters used for this design
are listed as follows:

– ; and
. The significant design results of using

the technique of [11] and the proposed technique are shown in
Table III for comparison. Table IV lists the filter coefficients
obtained after five iterations for and , respectively,
by using the proposed technique. The corresponding magnitude
responses of the designed are shown in Fig. 10. The
resulting phase error and group delay deviation of the designed
NDF bank are depicted in Figs. 11 and 12, respectively. Fig. 13
plots the variation of the designed filterbank response. As to the
stability of the designed IIR DAFs and , we find
that the values of are about and for

and , respectively. This indicates that both the designed
IIR DAFs and are stable according to the stability
constraints shown in Section II-B. Again, we note from the sim-
ulation results that the proposed technique provides very satis-
factory performance.

VI. CONCLUSION

This paper has presented a technique for the design of two-
channel linear-phase nonuniform-division filter (NDF) banks
based on real infinite impulse response (IIR) digital allpass fil-
ters (DAFs). First, the theory of two-channel NDF bank struc-
tures using two IIR DAFs and was developed.
The resulting two-channel NDF bank structure possesses per-
fect magnitude response, i.e., there is no magnitude distortion,
and its phase is equal to the sum of the phases of and

. The design problem was then formulated as a non-
linear optimization problem of an appropriate objective function
for the phase response using the minimax error criteria.
A nonlinear minimax algorithm is used to generate a sequence
of linear Chebyshev approximation problems. Solving each of
the linear Chebyshev approximations provides the required in-
crement for updating the filter coefficients during each iteration.
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This leads to that the linear Chebyshev approximation of a de-
sired response from a linear subspace related to the objective
function can be easily solved by using a variant of Karmarkar’s
algorithm. Computer simulations have been provided for con-
firmation and comparison.
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