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Abstracf-A state plane approach to the steady state 
analysis and design of the high-order hybrid resonant converter 
operated in the CCM and DCM is presented. The sampled-date 
approximated dynamic model is also obtained. A state feedback 
control technique that can be easily implemented i s  proposed to 
improve the stability and dynamic characteristic of resonant 
converters. A prototype unit has been built to verify the 
theoretical results. The experiment41 resuIts confirm the 
validity of the proposed control. 

I. INTRODUCTION 
Resonant converters have many advantages over the 

conventional pulsewidth modulation (PWM) converters such 
as low switching losses at higher switching frequencies, 
easier electromagnetic interference (EMI) filtering, smaller 
size and weight of components, etc.[l]-[7]. On the other 
hand, the presence of a high-frequency resonant tank circuit 
makes resonant converter operation more complex and 
control more difficult than PWM converters [3][6]. 

The proposed hybrid resonant converter will work in 
continuous conduction mode (CCM) or discontinuous 
conduction mode (DCM). When the switching frequency (ft) 
larger half of the resonant frequency (fo), that is I3 > I12 fo , 
it works in CCM; otherwise it works in DCM, that is ft < 112 
fo. Some results on the DC characteristic curves were 
reported in [1]-[8], assuming sinusoidal excitation. The 
analysis given in [2 ] [9 ]  is based on the time-domain state 
space approach in which the solution procedure is rather 
complex. On the other hand, in [4][7], using the state-plane 
diagram technique, but they never consider converter 
operating in DCM. In this paper, based on the steady-state 
response derived, we present a complete closed-form 
analysis for the hybrid resonant converter operated in CCM 
and DCM. 

A simple nonlinear discrete-time dynamic model for the 
proposed converter is derived using approximations to most 
power converters[b][lO]. In the proposed model the tank 
states are treated as discrete quantities and the filter states are 
treated as continuous time averaged states. The tank element 
circuit model consists in general of discrete energy states, but 
may be approximated by a low frequency continuous time 
model. These equivalent circuit models completely 
characterize the terminal behavior of the converters, and are 
solvable for any transfer hnction or impedance of interest. 
Closed form solutions are given for the equivalent circuit 
models of the converter. 

Resonant converters have two sets of energy storage 
elements. One is the output filter with a slow time constant, 
and another is the resonant circuit with a fast time constant. 
In the past, designers have used the slow output filter 
information to control the switching frequency [5],  [ I l l .  
Such a controller has a limitation on the control of the fast 
resonant circuit because of the slow output filter information. 
In this paper, a state feedback control technique that can be 
easily implemented is proposed to improve the stability and 
dynamic characteristics of resonant converters. Closed form 
expressions for the small signal models of proposed 
converters are obtained. The performance of the hybrid 
resonant converter and the effectiveness of the proposed 
design approach are demonstrated by some experiment 
results. 

11. STEADY STATE ANALYSIS 
Fig. 1 shows a schematic diagram of a hybrid resonant 

converter system. To simplify the analysis, we assume that 
the switch devices DliTl and D2/T2 are ideal. Thus, we may 
represent the equivalent source vg(t) with amplitudes equal 
to k E. Furthermore, the load current Io is considered 
constant since a large filtering inductance Lo is assumed at 
the output circuit. Consequently, the current input to the 
bridge rectifier io(t) has constant amplitudes +lo and - Io, 
depending on whether the voltage Vcp(t) is positive or 
negative, respectively. 

A set of typical steady state voltage and current 
waveforms for the hybrid resonant converter operated in 
CCM and DCM are shown in Fig. 2. 

fiq: 
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Fig. I. The half-bridge hybrid resonant converter. 
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Fig. 2. Typical waveforms of the proposed converter 

operated in (a) CCM (b) DCM. 

A. Steudy state trajectury 

The steady state response of the converter can be derived 
from the proposed circuit of Fig. 1. It represents a third order 
nonlinear system, which are difficult to solve by the 
conventional time domain approach. However, it can be 
shown that by proper transformation on its state variables, 
the steady state solution can be derived from a two- 
dimensional state plane analysis. Let us define a new state 
variable Vc(t) as shown in eq. (1). 
Y ,  0) = v, 0) + Y ,  0) (1) 

Using this transformation, the mathematical description 
for the circuit model of Fig. 1 can be simplified to the 
following. 

If we normalized the currents and voltages in eq.(2) and 
(3) by E/Zo and E, respectively, then in terms of the state- 
plane equation form, it can be written as follows, 

Eq. (4) can be solved by a piece-wise linear analysis over 

Case I : CCM 
the time intervals where i’Dn and V,, are constants[l]. 

Over a switching period Ts, it can be shown that there exist 
four time intervals where the solution of eq. (4) consists o f  
four circular arcs in the V, - iLs plane, The radii Rin can be 
expressed in terms of the boundary voltages and currents, i.e. 

2 .  
R$ =(Vcn(r,)f1)’+(iLn(to}~lonf) 1=172,3,4 9 where 

R P R ~ ~ ,  Rzn=h0 and I, = 1 - (-1 I , .  [ z2]  
Case II: DCM 
Over a switching period Ts, it can be shown that there 

exist six time intervals where the solution of eq. (4) consists 
of six circular arcs in the V, - ir. plane. The radii Rin can be 
expressed in terms of the boundary voltages and currents, i.e., 

R$ = Wm(t0)W2 + ( j L n ( f o ) ~ ~ o n ’ $  i = LL., 6 where 

R1nzRp,=&n=&n and Rzn=RSn. 

Under CCM and DCM steady state conditions, the typical 
state plane diagrams for the proposed converter over a 
switching period are shown in Fig. 3 (a) (bj, respectively. 
The portions of the trajectory shown by solid and broken 
lines represent the response over the half switching periods 
for Vcsn=l and Van=-l,  respectively. 

B. Steady state characteristics 
The converter DC output voltage can be calculated from, 

where the absolute magnitude sign is used due to the 
presence of the full bridge rectifier at the output circuit. 

It can be shown that by using eqs. (2 ) and (3 ) and with 
some mathematical manipulations, evaluation of the integral 
in eq. (5)  will derive the converter gain to following 
expression, 

(7) 

From the geometric properties of the state plane diagram 
given in Fig. 3, it can be shown that the following relation 
must hold 
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Fig. 3. Typical steady state trajectory in (a) CCM 

Substituting eq. (8 ) into eq. (6 ), the gain M becomes, 
(b)DCM. 

T 
2 

where P,=m,(t,-to) , y = o , . l  and U is the 

conduction angle of DI,  f l  is the conduction angle ofT1. 
Given operating mode, the converter gain M, the average 

diode current are plot in Fig. 4.(a) (b), respectively, as a 
function of switching frequency. 

It can be shown that under the Same loading conditions, 
the peak capacitor voltage across cp and the peak inductor 
current are lower than their counterparts in tho conventional 
PRC. 

111. DYNAMIC MODELING OF THE PROPOSED 

Due to the symmetrical operation of a resonant converter 
over a complete switching interval, the discrete time domain 
description needs only to be carried out over half the 
switching interval, Td2. If we consider only small 
perturbations of the states, inputs, and outputs superimposed 
on the corresponding operating point values then the state 
equations can be linearized. The result will be useful for 
modeling the small signal frequency response of systems 

CONVERTER 

whose loop bandwidth is much less than one-half the 
sampling frequency. Consequently, we can derived the 
dynamic equations of the proposed converter as follows from 
the previous process. 

04 P I  06 01 08 M I i n  12 13 

04 
Fig. 4. Characteristics curves for the proposed converter 

(a) voltage gain (b) the average input and diode 
current 

Case I CCM 
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IV. DESIGN OF PROPOSED CONVERTER SYSTEM 
For achieving more accurate system dynamic stability, a state 
feedback control technique is proposed in Section IV-A. Fig. 
5 shows the block diagram with state feedback controller for 
the hybrid resonant converter. In section IV-B, a closed-Loop 
voltage feedback controller i s  discussed. 

Controller 

Fig. c-+=+--$! 5 .  The block diagram for the proposed system with state 

feedback controller. 

A. Controllaw 
Firstly, by ignoring the large time constant of the output 

filter and considering the dynamic effects of the resonant 
circuit, the proposed control law for the proposed converter 
operating above resonant frequency can be viewed on the 
two-dimensional state plane. 
Since the control law determines the instant at which the Kth 
event is ended. It can be described as 

where vc is the control variabie from voltage feedback. 
From (LO ) and f 12 ) , the lhearized control law becomes 

kiZoi i+k2%=v,  (12) 

j j  = - knZoni I  +a21 - knZoatzfaz2 - xl- x z = - p k - q i 2  

P= Zoaii+k'.azi - &aiz+k'.az~~.-~~-~- x2 

h Z o h  ~ + b z l  knZohl+hi 
(for CCM) (13) 

zoh I + t n h l  zok t + pnhl 
(for DCM) (14) 

ki k where k,=- , k 'n=2  
k2 ki 

Substituting eq. (13), (14) into eq. (10 ) yields the equations 
governing the dynamics of controlled system as 
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The reduction of order is indicated by the zero eigenvalue, 
and the dynamics of the controlled system developed only on 
the choice of kn or k', . The stability range of kn or k', can 
be found from /z < 0 .  In the proposed converter, it can be 
calculated kn > -0.8954 or h < -1.4122 k'n<l or 
k', >2. For a given equilibrium state, the response of the 
proposed controlled system aAer a disturbance i s  
overdamped when kn is less than the critical kn and is 
underdamped when kn is greater than the critical kn. These 
critical kn curves are found by claiming A = 0 . 

and 

B. Closed-loop voltuge controller 
Generally , complete elimination of the effect of input 

voltage variation under various operating conditions is 
impossible. Although the effect of state variation on the 
output voltage is much faster than that of load current and it 
is neglected in the design of closed loop feedback voltage 
controllers. Fig. 6. shows the closed-loop transfer hnction 
block diagram of the proposed controller system. 

To characterize the module dynamic response 
systematically, a transfer function called control-to-output i s  

defined as g, (s) = I , another output-impedance Y O  

P 
vo 

g2 (S) = 7 
I o  

. The controller Cv shown in Fig6 i s  the PI 

k,s + kr 
S 

controller, Cv(s)= - . The closed-loop transfer 

function of V R  to io is derived from Fig6 as 

.d U2 ZE( s )  = q E s(- +-) 
. s+m s+n 
10 

For evaluating the regulating performance, the output 
voltage response due to unit-step load current change is 
found as 

Suppose that 6 1 and 6 2 are all positive real and 6 2 > 6 1,  
Using (9 ) , one can find the time at which the maximum dip 
of vR(t) occurred and the maximum dip to be 

vo(t)= (TI e-J'f -+ U2 (20) 

1 1 - a161 
L, = -In(- 

62-61 a262 
and 

respectively. According to the above analysis, the parameters 
kp and k, of the voltage controller Cv can be find using (21) 
and (22 ), In the design process described above, the 
minimum value of v, can be obtained by letting t,=O, i.e. the 
maximum dip is forced to occur at k 0 .  

I i. 

Fig. 6. Closed-loop transfer fmction block diagram of the 
proposed system. 

V. EXPERIMENT RESULTS 
In order to evaluate the validity of the theoretical results, 

the half-bridge hybrid resonant converter is implemented. 
This converter has the following parameters: 
L=3.64 uH ; Cs=0.68 uF ; Cp4.68  uF :Vg= 48 V ; IO= 5 A, 
Inductor current waveforms, parallel and series capacitor 
waveforms with respect to CCM or DCM are shown in Fig. 
(7 ) 4 9  ). To show the robustness of the controlled system 
with respect to the change in operating point, the step change 
of operating conditions are varied, as is shown in Fig. 10. It 
can be seen in this figure, the experiment shows that the 
dynamics of the system with this proposed control is 
insensitive to the variation of system operating point for 
considerable range. As is shown in Fig.10 the proposed 
control can provide much better dynamic response than the 
frequency control. 

(a) (b) 
Fig.7. Experiment results of inductor current (a) DCM (b) 

CCM. 
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Fig.8, Experiment results of CCM series and parallel voltage 
(a) Vcs (b) Vcp. 
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and the excellent static and dynamic characteristic of the 
converter can be obtained by selecting the design parameter 

, .  . ,  . . .  
: . ~ .  . .  . .  . .  ........................................... .................. ...* . .  
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(b) 
Fig.9. Experiment results of DCM series and parallel 

voltage (a) Vcs (b) Vcp. 

1 . . .  . ....... .............>.................- ’ .I , .............. ,. . 

I 1 

Fig.10. Experiment results ofoutput voltage for step 
dynamic responses. 

VI. CONCLUSIONS 
This paper has presented a technique to calculate the 

steady-state solution for a hybrid resonant converter using 
state-plane trajectory techniques. A complete closed-form 
analysis operated in CCM and DCM is derived. A discrete 
dynamic model for a hybrid resonant converter was derived 
using approximations which most practical DC-DC 
converters meet. A general analytical procedure for the 
equivalent circuit modeling of resonant converters is 
presented A state feedback control that can be easily 
implemented is proposed to improve the static and dynamic 
characteristics of resonant converters. The important 
characteristic of the system with this proposed control is the 
reduction of order due to the dependent nature of the state 
variables in the discrete time domain. The experimental 
results show good agreement with the theoretical analysis, 
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