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Abstract: A constant gain estimator is proposed to integrate the GPS and gyro measurements for attitude determination.
Through frequency domain approach, a pair of high pass and low pass filters are employed. Concerning GPS and gyros
errors, we apply Power Spectral Density (PSD) properties to select the cut-off frequencies. Once these values are determined,
we can derive the associated Kalman gains. Since the PSD specifications of gyros are provided by equipment manufactory,
the Kalman gains can be designed in advance. The reduction of the burdens of on-line computations, which are unavoidable
in the traditional Kalman, make our algorithms suitable for real systems. From the assessment of software simulations, the

proposed filter is sound and effective
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1 Introduction

The attitude of a flight vehicle is its orientation in
the air. A great deal of aircraft operations heavily de-
pend on the attitude. A constant covariance estimator is
proposed to integrate the GPS and gyro measurements.
The unity norm quaternion representation, which does
not cause singularity difficulty, is adopted to describe
the attitude. The attitude error is defined as the rota-
tion of the body frame from estimated values to true
values. The aim of attitude filter is to minimize errors
in the estimation.

The GPS satellites will broadcast their ephemeries
and the time, which allow GPS receiver to determine
its own position from simultaneous observations of any
four or more GPS satellites. Furthermore, if three or
more GPS receivers are installed on the edges of an air-
craft, the pitch, roll and yaw angle of the platform can
be computed by interfernometric processing of carrier
phase observables. The data rate is 1 Hz. On the other
hand, gyro measurements supply the angular velocities
directly at a higher data rate of 10 to 20 Hz. To combine
these measurements in different rates, an integrated ar-
chitecture is proposed. The attitude propagation opera-
tion is based on the gyro measurements after bias error
correction. The attitude updated operation is depend
on the GPS observables.

Assuming that the angular velocity of the vehicle
is constant, the steady state error covariance of Kalman
filter can be derived. Through the frequency domain ap-
proach, we can develop an appropriate transfer function
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to acquire the optimal attitude. According to the noise
characteristics of GPS and gyros measurements, the es-
timator can eliminate the low frequency gyro noise and
the high frequency GPS noise, respectively.

To check our algorithms, software simulations are
conducted. In scenarios of simulations include a two-
degree-of-freedom rotational platform with two alu-
minum bars. Four GPS antennae is mounted at the
ends of the two bars to form a non-colinear frame, and
three rate gyros are installed on the platform to obtain
the angular velocity. According to the results of the sim-
ulations, the proposed scheme is sound and effective.

2 Models and Kinematics

2.1 GPS and Gyro Models

After compensating the ambiguity values, the
double difference carrier phase observables become
ambiguity-free. The ambiguity-free double difference,

7, is the inner product of the i-th baseline vector and
the difference of the directional vectors to two satellites
(the 7+1)th and the 1st). Let g be the quaternion rep-
resentation of the body frame relation to the reference
frame. The attitude matrix A(q) transforms the co-
ordinates of vectors in the reference frame to those in
the body frame. Accordingly, considering measurement
noises, we have i

¥l = af A@)s +] (1)

—— J
=r; s’ +uwj,

PR0001/01/0000-1051 ¥400 © 2001 SICE



where the vectors a; and r; represent the i-th base-
line vector in the body coordinate and in the reference
frame, respectively: s/ equals the difference between
directional vector satellite 5 + 1 and satellite 1 repre-
sented in the reference coordinate system; ¢/ is the cor-
responding ambiguity-free double-difference phase mea-
surements; the error vector w! is assumed to be white
with distribution N(0. 0.01}).

The gyro output vector u is related to the true an-
gular velocity of the body frame, w by [1]

u=w+b+mn. (2)

where b(= by+b,,) is the gyro drift bias vector, in which
bg denotes a constant bias and b, denotes a random
walk, and 71 represents zero mean white Gaussian noise
with strength Q). The drift bias is assumed to satisfy

b=, (3)

where 7, is another zero mean white Gaussian noise with
strength Qa. The estimation of w is formed by taking
expectation of (2).

@=u-Db, 4)

where b is the estimation of b. In the later development,
the gyro drift bias b.

2.2 Attitude Kinematics

Let A be an attitude matrix, represented by the
quaternion @ defined as

(,
R HE = R
4

where L is a unit vector represents the axis of rotation;

@ is the angle of rotation about the axis L. It is obvious

that the norm of q and § are |sin(§)| and 1, respectively.
According to the relation

A®@) = (Jga® = [a)I+2aq” +2qllal].  (6)

where I is the 3 x 3 identity matrix and

0 @ - ‘
ldl=] - 0 a |, (7
@2 - 0
qTq=1 3

The kinematic relation between the attitude
quaternion and the angular velocity is

d_.. 1 PP )
S0 = s, )
where
0 wy  —wa Wy
N —w3 0 @y W -
Qw) = Cws —w S E (10)
—w; —we —ws 0

andw={ w; wy w3 |denotes the angular velocity of
the body.

To obtain the discretized model, we consider the
time interval tj to fxy1. In such a short period, & =
u(t) — b(¢) can be taken as a constant. Therefore, the
expectation of equation (9) can be integrated directly
from tg to tgp1: .

ﬁkﬂ = ©4qy, (11)
where

Q= m:p(é /;Lk“ 2(u - b)dr). (12)

3 Linearized Kalman Filter

3.1 Dynamic Equations

In stead of the G(t) itself, the aim of our filter is to
track its errors. Let define

ad) = [aod ], (13)

where A{ is the quaternion error between the true at-
titude and the estimated attitude.

The advantage of the quaternion error represen-
tation is that the fourth component will be close to
unity since the incremental quaternion corresponding to
a small angle rotation. Thus the attitude information of
interest is contained in the three tuple vector Aq, where
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The reduced representation of state error vector can be

defined by
01
x= [ d ] . - (15)

where d = b — b is the drift bias error. The dynamic
equations associated to the reduced state error repre-
sentation will be

%x(t) =Fx(t) + Gw(t), (16)



where

_I3><3
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and w(t) = [ m(t) -m(@) ]T'

O3x3 }
Isws |°
(17)

3.2 Measurement Equations

To avoid being overwhelmed by complex notations,
we consider the case of one baseline vector first. The
coordinates of baseline vectors represented in the body
frame and in the reference frame can be related by the
quaternion expression g as

ag ™

a e ro —k

v = A p

o | =%, | o1 (18)
0 0

T . .
where [ @, a, a, ] denotes the baseline vectors in

v
T

the body frame and [ 71 r2 73 | denotes the base-

line vectors in the reference frame. Based on (18), the

measurement equation can be shown as

a’x — Oy
ay—ay | =[[lal] Osxs ]lx]. ~ (19)
i, —a;

where [ 4, @, &, ]" is the predicted baseline vec-

tors.
Concerning m baseline vectors, the measurement

equations can be expressed as
z=Hx+v,

(20)

where x id defined in (15)

71
Z;
zZ = . y B = [éi - at] ) (21)
Zm
hl
h, .
H=| . = flail] Osxa |, (22)
b,

the subscript ¢ represents the i-th baseline. The mea-
sured noise, v, under assumption for simplicity, is as-
sumed a zero mean white noise with covariance matrix
R=o¢ 2I3m-
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4 Simplifications by Frequency
Domain Approach

The constant Kalman gain will assume the opti-
mal estimation performance in steady state. In such a
case, the computation load of Kalman filter is greatly
reduced.

4.1 Diagonal Forms of KH

Since the state x is a 6 tuple vector as known in
(15), the covariance matrix of the estimation error is

|

where Py, Py, P3, Py are 3 x 3 matrices. The observa-
tion matrix H can be written as H = [ Hy 03,43 ] .
where Hy is a 3m x 3 matrix (for m baselines, and
m = 3). Then the computed K yields

[

where R is the covariance matrix of measurement noises.
Note that P3, P4 do not appear in the expression of K.
The associated expressed of KH can be expressed as

(KH)attit'u.(lft ] . .

)dri St

The infinitesimal angle assumption is appropriate
since we are dealing with the error of quaternions. The
3 small rotational angles, which represent the true atti-
tude and the estimated attitude, can be considered as
independent random variables with the same variance.
Hence,P; = P,I3. The covariance of gyro drift bias er-
rors drift bias is assumed to be Py = PylI; for the similar
consideration. Then we have (KH),,.:y..4. = loI3,Where
lo = g%y and (KH),,p, = lals,where lu = 53y,
respectively

P
P

P;

P, (23)

], a 6 x 6 matrix,

P,H7(H;P,HT+R)™}
P,H? (H;P,HT+R)™*

] ,(6x3m), (24)

033

O3x3 (25)

KH:[

4.2 Transfer Functions in Terms of GPS

and Gyro

The frequency domain model can simplify the 6 or-
der state equations to 3 second order transfer functions.

A lo-s+1g 2
0= - Oc p:
2 +1a s+ apst

s
- Oyyr 26
24 lys+1g 9V° (26)
l¢ + 8
—_— 27
824+l -s+1g (27)
where O¢pgs is the measured attitude which is obtained
from GPS, 84y, is the predicted attitude which is ob-
tained by gyros, I, and [y, respectively, are the updating

’j = (()GPS - 0gyr-o)
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Figure 1: Frequency representation of the attitude esti-
mation filter

gain of attitude and drift on the considered axis. The
convergence time of the estimation filter can be related
to the gains [, and /; by considering the poles of the
above dynamic equation. Assuming I, >> [; we have

s?+lgs+1la = (s +1a) (e+§‘i) (28)
(3
Therefore, setting
T = L and Ty = &, (29)
la la

T and T are homogeneous to convergence time of the
estimation flter, respectively for attitude and for drift.

4.3 Mono-Axis Analysis

The attitude only estimation filter can be obtained
from (26) while ignoring the drift updating gain 4 :

é = dcps + Ggyro- (30)

Lo 8
s+, s+,

The attitude estimation error, based on (30) can be
assmmed as

0= écps + €oyro = §CI’S + ’quro‘ (31)

la S
s+ 1, s+,
where 0 = § — 0 is the attitude estimation error,
ecps is the GPS measurement error, €0 is the gyros
measurement error on attitude and [, is the Kalman
filter gain on attitude. This expression comprise two fil-
ters with the same cut-off pulsation l,: a low pass filter
which filters the high frequency GPS noise and a high
pass filter which filters the low frequency gyros noise.
The frequency representation of the attitude estimation
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filter is shown in Figure 1. In this figure, w, is the iden-
tical pulsation among which the high pass filter and the
low pass filter. The tuning process for attitude estima-
tion is to select a optimal /,:

1

-1

la we’

T, = (32)

where w, is in rad/sec.

5 PSD and Kalman Gain

5.1 PSD representations for Parameter
selecting

The estimate attitude error expressed in (31) con-
sists of GPS estimate attitude error and gyro estimate
attitude error, through use of a high pass filter and a
low pass filter which filter the GPS and gyro noises, re-
spectively. While assuming the two attitude errors is
uncorrelated, the PSD of the attitude error can be ex-
pressed as

’) “)

FaalSDors +

To minimize the PSD of the attitude error through

choose a optimal /., we differentiate (?7) with Iospec’r
to la:
d

d(l,)

PSD(®) =

PSDyyrg

_2§l_)_w_2_ (PSDgps — PSDgyro) -
(I3 +w?)

(34)
Equation (34) shown that the optimal selected parame-
ter of the [, is chosen as PSDgpg equal to PSDgyro.

£ _PSD@) =

5.2 GPS and Gyro Noises

Given a phase measured error of ,, applying rela-
tive positioning, the expected baseline error is calculated
using the following expression

= RG.DOP ' Op! (35)

where RGDOP which is described in [4], RGDOP =
V2PDOP.

The resulting total angular pointing error o4 may
be written as follows:

(36)

where L is the effective baseline length. From the de-
scription above, the attitude noise caused by GPS car-
rier phase observables is assumed equivalent to a white
noise which PSD is computed as

2% 4PDOP .o}

PSD¢ps = Tors

, (31

feps-Le



where fopg is the data rate of GPS observables .

The stochastic model of gyro noise is described in
[2]. According to the model, the PSD of gyro noises is
compted as

21 HNZ

25?2 o e

PSDgypo(w) = —2 + ——3" + 25, (38)
5.3 Selection of Kalman Gain K

In this Simulations, the noise standard deviation

of GPS carrier phase observables is chosen as 0.01\ =
0.19¢m and baseline length is 1m. Assuming PDOP =
1, from (37), we have PSD¢gps = 1.44 x 107 prad? /H z.

10 — e

PSD (rad%/Hz)

107" 10
Angular velocity tradls)

Figure 2: Preliminary tuning of GPS-gyro filter using
PSD representation

noise specifications, according to
= 0.2deg/hr, N,

1.9" /sqrt(Hz), K,

The gyros
[2], are asswmed to be B,
0.06 deg /sqrt(hr), &,
0deg /hr3/2,

From Figure 2, the estimation parameter of atti-
tude convergence time can be chosen as

]

1 = 100 s.

la

T,=—
W,

c
According to the descriptions of P, and [, in section 4.1,
we have .
lo
2(1—la)

Assuming that The convergence time of the drift es-

P, = o2 = 1.823 x 10 prad®. {39)

timation process is selected to T; = 200s, we have
Py = % = 91.15urad?. Then the computation of the

K, expressed in (24), yields

K= PlH:f(HIPIH',T+R)‘;
P;H (H;P,HI +R)~
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where P; = P,I3 and P, = P15,

6 Filter Operations and Simula-
tions

6.1 Operations of GPS-Gyro Filter

The filter design algorithms for attitude determi-
nation is built up in Figure 3. The system propagation
operation is based on the gyro measurements with 16 Hz
data rate. The estimate of state vector, which is used
to correct the attitnde quaternion, is updated by GPS
measurements with 1 Hz data rate .

= +
Y1 b/,,.1

iip State Vector
1| Propagation i

Update
Apphication

Ges b

Innovation
Compmzation

Measurement
Prediction

H H

6.2 Simulations

To verily the filter algorithm for attitude determi-
nation, a pratical simulation is used to assess the perfor-
mance of our method. The scenario of the simulations
are assumed to be

(1)There are 3 orthogonal baselines which are coin-
cided with the 3 axes of body frame are chosen. In other

word, they area; =[ 1 0 0], aa=[0 1 0]7
andag=[0 0 1], respectively.
(1)The angular velocities:

w=[0 0 10x107® ]T rad/sec.
(2)Gyro output data: - data rate: 16 Hz.
- constant. drift error: 30 deg/hr. .
- constant scale factor error: 750 ppm.
(3)GPS output data: - data rate: 1 Hz.
- noise (1o): 0.11 deg on roll/pitch/yaw axes.

Figure 4 shows the estimations of attitude errovs
with initial constant drift biases, The main part of the
attitude errors are invoked by gvro measurements due
to the time need for filter convergence on drift biases
estimation. The estimated gyro drift biases are shown



in Figure 5.

be accurate estimated. The attitude errors in steady

gtate are shown in Figure 6.

After calibrating drift. bias, the attitude can .
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Figure 4: Attitude errors in simulation with initial con-

stant gyro bias errors
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Figure 5: Estimated gyro drift biases

7 Conclusion

In this paper, we propose a constant Kalman gain
method for filter design in attitude determination sys-
tem using GPS and gyros measurements. The design
procedures are listed below:

1.Analyzing noise PSDs of GPS and g gyros measured

errors.
2.According to PSDs, determine the cut-off fre-

quencies.
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Figure 6: Attitude errors in simulation after the estima-
tion of gyro bias errors being convergence

3.Calculating parameter P, (equation (39)).
4.Selecting convergence time of drift bias estimator,

Tu, and computing Py,

5.Computing Kalman K (equation (24)).
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