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ABSTRACT

The purpose of this paper is to give a necessary and
sufficient condition under which for a given plant of de-
scriptor system model there exists a normal, internally
stabilizing controller of order no greater than rankE that
satisfies a closed-loop H,, norm bound. The approach
used in this paper is based on a generalized version of
Bounded Real Lemma, thus the proofs are simple.

1. INTRODUCTION

Hy (sub)optimal control has become one of the most
important notions in the field of automatic control theory.
It has drawn considerable attention of many researchers
from around the world. Although H, control theory has
been perfectly developed over the last decade, however,
most of the results were developed based on state space
equations[6][11][12]. State space models are very useful,
but the state variables thus introduced often do not pro-
vide a physical meaning[13]. In addition, state space e-
quations cannot represent algebraic restrictions between
state variables. Besides, some physical phenomena, like
impulse, hysterisis which are important in circuit theory,
cannot be treated properly in the state space models|8].

Descriptor systems representation provides a suitable way
to handle such problems and it has been proven in the lit-
erature that descriptor systems have higher capability in

1To whom all correspondence should be addressed.

describing a physical system[7][10][15]. In fact, descriptor
system models appear more convenient and natural than
state space models in large scale systems, economics, net-
works, power, neural systems and elsewhere [8][9][10].

The control theory based on descriptor system models
has been widely developed for many years: Cobb first
gave a necessary and sufficient condition for the exis-
tence of an optimal solution to linear quadratic optimiza-
tion problem[2] and also extensively studied the notions
of controllability, observability and duality in descrip-
tor systems[3]. Lewis[7], Bender et al.{l] and Takaba
et al.[13] constructed different kinds of Riccati equations
for solving linear quadratic regulator problems based
on certain assumptions. Some excellent results on pole
placement[17] and robust control[16], to name only a few,
were also obtained.

Recently, Copeland and Safonov used the descriptor-
system-like models to solve the singular H; and Hu
control problems in which the plants have pure imagi-
nary(including infinity) poles or zeros [4].

Most recently, Takaba et al.[13] gave solutions to H
control problem for descriptor systems. They dealt with
the problem using a J-spectral factorization, thus their
proofs were involved. Moreover, only sufficient conditions
for solutions to exist were given. Also, only controllers of
descriptor system model were presented; this cause diffi-
culties in implementation.

The purpose of this paper is to give a necessary and suffi-
cient condition under which for a given plant of descriptor
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system model there exists a normal, internally stabilizing
controller of order no greater than rank® that satisfies a
closed-loop Hy norm bound. The approach used in this
paper is based on a generalized version of Bounded Real
Lemma, thus the proofs are simple.

This paper is organized as follows: In section 2 we first
review some notions of descriptor systems and give some
preliminary results which are useful in our proofs. In
section 3, we formulate the H,, output feedback control
problem for a descriptor system. In section 4, the main
results are given. Finally, some concluding remarks are
given in section 5.

2. PRELIMINARIES

In this section, we will review some basic notions con-
cerning descriptor systems. Consider a descriptor system
described by the state equations

Ez = Az-+ Bu
y = Cu

(12)
(1b)

where z € IR™ is the state, and v € IR™ and y € IRP are
the input and output signals respectively. A, B, C and
D are constant matrices with compatible dimensions and
E is a square matrix of rank r < n. The pencil (sE — A)
is assumed to be regular. It is well known that a descrip-
tor system contains three different modes: finite dynamic
modes, impulsive modes and nondynamic modes. For a
detailed definition, see [1]. Briefly, suppose that {E, A}

is regular with rank E = r < n and ¢ = deg det(sE — A).
Then {E, A} have g finite dynamic modes, r — ¢ impul-
sive modes and n — r nondynamic modes. Furthermore,
if » = g, then there exist no impulsive modes and the
system is said to be impulse-free.

The stability definition of descriptor systems is similar:
{E, A} is called stable if there exist no finite dynamic
modes in Re[s] > 0. {E, A} is admissible if {E, A} is
regular, impulse-free and stable.

Based on some basic assumptions, Takaba et al.[14] de-
veloped the following theorem related to linear quadratic
regulator problems and generalized algebraic Riccati e-
quations(GARE).

Proposition 1 Consider the descriptor system (1) and
suppose that the system is regular.  Suppose that
{E, A, B} is finite dynamics stabilizable and impulse con-
trollable and {E, A, C} is finite dynamics detectable and
impulse observable. Furthermore, assume that the Hamil-

tonian system

E 0 z | A BBT z
0 ET M| 7| -cTc -4AT pY
s regular, impulse-free and has no finite dynamic modes

lying on the imaginary azis. Then there exists an admis-
sible solution X io the GARE

{XTA +ATX +CTC+ XTBBTX =0,
ETX = XTE
O

Recall that a solution X to the GARE is called an ad-
missible solution if {E, A + BBT X} is admissible. 1t is
noted that X might not be unique, but XTE = ETX is
unique.

The following proposition is an extension of Lyapunov
stability theorem for descriptor systems and is taken from
[14] but with some further modifications.

Proposition 2 Consider the descriptor system (1). Sup-
pose that {E, A} is regular. Then we have the follow-
ing (1) Suppose that {E,A,C} is finite dynamics de-
tectable and impulse observable. Then {E, A} is stable
and impulse-free if and only if there exists ¢ mairiz X
satisfying the generalized Lyapunov inequality:

ATX +XTa+cTc<o0, XTE=ETX>0

(i) Suppose there exists a nonsingular matriz P satisfying

the generalized Lyapunov inequality:
ATP+PTa<o, PTE=ETP>0.

Then {E, A} is stable and impulse-free. o

Proposition 3 Given two constant matrices By, Cy and
a positive real number «. Then we have y2I —
BT CTCyB; > 0 if and only if there exisis a antistabi-
lizing solution Xt salisfying the ARE

1
X+X+C“2TC'2+;5XBzB§"X:0

provided that By and Cy are multiplicable. a

Proof. Consider a linear dynamical system of the form,

z 4+ Bou
Cg:ﬂ

@
Y

It is easy to verify that y2I — B CTC,B; > 0 if and
only if the system is strictly Bounded Real with an upper
bound v. This completes the proof.
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Figure 1: Standard Block Diagram

3. PROBLEM FORMULATION

The system considered in this paper is described by
the standard block diagram shown in Figure 1, where G
is the plant and K is the controller.

Assume that G has a realization of the form

E: = Az+ Biw+ Bsu (2a)
= Clill + Dlzu (2b)
y = Chz+ Dyw (2¢)

where z € IR® is the state, and w € IR™ represents a
set of exogenous inputs which includes disturbances to
be rejected and/or reference commands to be tracked.
z € IRF is the output to be controlled and y € IR?
is the measured output. u € IR’ is the control in-
put. A, B;, By, Cq,C4, D43, and Dy; are constant ma-
trices with compatible dimensions. FE € IR"*™ and
rankF = r < n.

The objective of this paper is to find a controller K of
the normal form

fi1€1 + Bly
Ci&y

&1 =
U = (2¢)
where A; € IR"™%", B; € IR"*? and C; € IR'*", such that
the resulting closed-loop system is internally stable and
Ty, the closed-loop system from w to z, has He norm
strictly less than a prescribed positive number v. Here
closed-loop internal stability means that the closed-loop
system is regular and impulse-free, and that the states of
G and K go to zero from all initial values when w = 0.

The following assumptions are made throughout the pa-
per(see also[13]).

Assumptions:

(A1) {E, A} is regular.

(A2) {E, A, By} is finite dynamics stabilizable and im-
pulse controllable.

(A3) {E, A, Cy} is finite dynamics detectable and im-
pulse observable.

(A4)[A—wa B

Cy Dy } has full row rank Vw € IR

~jwE B,
C1 Dya

(A6) Ry £ DL,Dy; > 0, By £ ;1D > 0.

(as5) | 4 } has full column rank Y € IR

4. MAIN RESULTS

In this section, we first give a generalized version of
Bounded Real Lemma for descriptor systems. Based on
the generalized Bounded Real Lemma, a necessary and
sufficient condition is provided for the existence of a con-
troller of the form (2c) that achieves closed-loop internal
stability and H, norm bound.

All proofs are omitted due to space limitation.

Lemma 4 (Generalized Bounded Real Lemma)
Consider the system (1) given by a Weiersirass form:

I 0 A4, 0 B,
s=[o w]a=l% 0] 2= 5]
and C = [ Cl Cz ]

(24)
where N is a nilpotent matriz. The following statements
are equivalent.

(1) {E, A} is stable, impulse-free (i.e. N =
|G(8)l|lo < ¥, where

0) and
G(s) £ C(sE - A)"'B.

(2) {E, A} is stable, impulse - free and %I —
BICTC,B, > 0. Furthermore, the Hamiltonian system

E o0 z | _ A 7—1,~BBT z
0 ET AT [ -cTc AT A
is regular, impulse-free and has no finite dynamic modes

on the imaginary azis.
(3) There ezists an admissible solution to the GARE:

{XTA +ATX +CTC+ 5XTBBTX =0
ETX=XTE>0
(4) There ezists a nonsingular matriz P, satisfying the
generalized algebraic Riccati inequality
{ PTA+ATP4+CTC+ LPTBBTP <0
ETp=PTE >0
m]

Remark. The nonsingular matrix P can be further se-
lected to be a block diagonal matrix.
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Next, we give a prelimilary result which is essentially tak-
en from [13] and is useful in the subsequent development.

Lemma 5 Consider (2). Suppose that the assumptions
(A1) to (A6) hold. Suppose also that the following con-
ditions are satisfied.

(i): There ezists an admissible solution X, to the GARE

Ri(X) =
+C{I(I — D12R1—1D’il‘2)01
—I-XT(:yl,—BlBir — Ble_lBér)X =0,
ETX =XTE

(2¢)
with ET X, = XZ E > 0.
(ii): There ezists an admissible solution Yo, to the GARE
Ro(Y) = (A—-BiDRR;'C,)Y + YT(A— BiDLR1C,)T
+YT(HC{C1 — CF R7' )Y
+B1(I — D3, Ry D1 )BY =0,

BY =YTET
(2f)
with EY, = YZET > 0,
(iil): p(XooYoo) < 72.
Then the controller
E£ = fif + ]§y
vo= ¢ (2e)
internally stabilizes G and render ||Tyy||co < v, where
A = A+BC—BCy+5(Bi— BDy)BY Xop
B = (I-%YZXL) Y(YSCT +BiDY)R;?
¢ = —RYBfXe +DEC1)EF,, o

We are now in a position to give our main result, which
is summarized in the following statements.

Theorem 6 Consider the system (2). Suppose that as-
sumptions (A1)-(A6) hold. Suppose also that the follow-
ing hypothesis holds.

Hypothesis (H1): There exisis a constant matriz K
such that if we set u= Ky +v then the system (2) would
be regular and impulse-free with the new control input v.
Rename the input v as u, and now the descriptor sys-
tem is regular and impulse-free. Hence we can find two-
nonsingular matrices which transform the system into the
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(A= B:R'D5,C)TX + XT(A — B,R{' D%Cy)

following form.

I 0 1!'1 _ Al 0 T1
0 0 Lo - 0 I T2
By, B;,
+ 0 ]w—i- [ Bz U
S e’
Ba
z
z = [Cn 0][m2]+D12U
21
y = [Cn C’zz][mz]+D21w

- (2h)

where Ay 18 an r X r matriz, r = rankE.

Then there exists a controller of the form (2¢) achieves
closed-loop internal stability and Ho, norm bound if and
only if there ezist two matrices X~ > 0 and Y~ > 0
which are the unigque positive semidefinite stabilizing so-
lutions to the AREs

(A1 — Bz],Rl_lDiPzCn)TX + X(A1 - BglRl_lD;frZCn)
+Cﬁ (I — D12R1—1 Df‘z)Cu
+X(;1,-B11.B]?1 — leRl_lBérl)X =0,
(2i)
and respectively
(Al _— B11 D'{]_Rz_l Czl )Y + Y(Al - Bll Dg].R;ICZI )T
+Y(711:‘C111 Cll - C;I; R;ICM )Y
+B11(I - DngR«;IDn)B{Fl =90,
(2)
and satisfy p(X~Y ™) < v2. In this case, one solution is
given in the form (2c) with

Ay = A+ 3216'1 - 13’1021 + ;li'(Bll - BID21)B¥11X_
By = (I-3Y X7)"'(Y~Cf + BuDf)R;"
Ci = —-R{Y(BRLX- + D},Cu)

5. CONCLUDING REMARKS

We have given a necessary and sufficient condition for
the solvability of the H, output feedback control prob-
lem for a descriptor system. It is noted that a preliminary

transformation is needed. We make some comments on
this:

1. In hypothesis (H1), a static output feedback matrix
K can always be found since the descriptor system is as-
sumed to be impulse controllable and observable(see [5])
2. Form (2h) is just a standard Weierstrass decomposi-
tion [5] with Blz =0 and 012 = 0.

3. Bis 0 implies that the disturbance has no influ-
ence on the nondynamic modes. If By, # 0, we can form



an equivalent problem with B2 = 0 by considering the
output signal of the form

z = [ Ci1 O ] [ :; ] + Dyiw + Drigu.

The general Hy, control problem in which Di; # 0 for a
descriptor system is not done in this paper and is left for
future work.

4. Similarly, the case in which C1; # 0 does not pose any
problem since it is easy to form an equivalent problem
with Ci2 = 0 by suitably adjusting Di,.

Finally, it should be pointed out that the controller thus
found is in the normal state space model. It is much eas-
ier to be implemented than a controller in the descriptor
system model.

References

(1] J. Bender and A. J. Laub, "The Linear-Quadratic
Optimal Regulator for Descriptor System,” IEEE
Trans. on Automatic Control, Vol. AC-23, No. 1,
672-688, 1987.

[2] D.J. Cobb, ”Descriptor Variable Systems and Opti-
mal State Regulation,” IEEE Trans. Automatic Con-
trol, Vol.AC-28, No. 5, pp. 601-611, 1983.

(3] D.J. Cobb, ”Controllability, Observability, and Du-
ality in Singular Systems,” IEEE Trans. on Auto-
matic Control, Vol. AC-29, pp. 1076-1082, 1984.

[4] B. R. Copeland and M. G. Safonov, A General-
ized Eigenproblem Solution for Singular Hy and H,
Problems,” Control and Dynamic Systems, Vol. 50,
pp- 331-394, 1992.

[5] L. Dai, Singular Conirol Systems, Lecture Notes
in Control and Information Sciences, Vol. 118,
Springer-Verlag, New York, 1989.

[6] J. C. Doyle, K. Glover, P. P. Khargonekar and B.
A. Francis, "State-Space Solutions to Standard H,
and H,, Control Problems,” IEEE Trans. on Auto-
matic Control, Vol. AC-34, No.8, pp. 831-846, 1989.

[7] F. L. Lewis, A Survey of Linear Singular Systems,”
Circuits, Systems, Signal Process, Vol. 5, No. 1, pp.
3-36, 1986.

[8] F. L. Lewis, ”A Tutorial on the Geometric Analysis
of Linear Time-invariant Implicit Systems,” Auto-
matica, Vol. 28, No. 1, pp. 119-137, 1992.

[9] D. G. Luenberger, ”Dynamic Equations in Descrip-
tor form,” IEEE Trans. Automatic Control, Vol
AC-22, No. 3, pp. 312-321, 1977.

[10] R. W. Newcomb, ”The Semistate Description of
Nonlinear Time-Variable Circuits,” IEEE Trans. on
Circuits and Systems, Vol. CAS-28, No. 1, pp. 62-
71, 1981.

[11] I. R. Petersen, B. D. O. Anderson and E. A. Jon-
ckheere, ” A First Principles Solution to the Nonsin-
gular H,, Control Problem,” Int. J. of Robust and
Nonlinear Control, Vol. 1, pp. 153-170, 1991,

[12] M. T. Sampei, T. Mita and M. Nakamichi, "An Al-
gebraic Approach to Hy Output Feedback Control
Problem,” Systems and Control Letters, Vol. 14, pp.
13-24, 1990.

[13] K. Takaba, N. Morihira, and T. Katayama, "H
Control for Descriptor Systems - A J-Spectral Fac-
torization Approach,” Proceeding of 33rd Confer-

ence on Decision and Control, Lake Buena Vista,
FL, pp. 2251-2256, 1994.

[14] K. Takaba, N. Morihira and T. Katayama, A Gen-
eralized Lyapunov Theorem for Descriptor System,”
Systems and Control Letters, Vol. 24, pp. 49-51,
1995.

[15] G. Verghese, B. C. Levy and T. Kailath, ” A General-
ized State-Space for Singular Systems,” IEEE Trans.
on Automatic Control, Vol. AC-26, No. 4, pp. 811-
831, 1981.

[16] Y. Y. Wang, P. M. Frank and D. J. Clements, " The
Robustness Properties of the Linear Quadratic Reg-
ulators for Singular Systems,” IEEE Trans. Auto-
matic Control, Vol. AC-38, No. 1, pp. 96-100, 1993.

{17] X. Xu, and X. Xie, "Eigenstructure Assignment by
Output Feedback in Descriptor Systems,” IMA J.
Math. Control and Information, Vol. 12, pp. 127-
132, 1995.

2119



