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Absfracf: Algorithms using multi-frequency for GPS 
positioning and receiver autonomous integrity moni- 
toring (RAIM) are proposed by the authors. In the 
conventional algorithms, only single frequency L1 is 
applied. After the LZ and L5 signals are applied, the 
ionospheric delay can be removed. Therefore, the vari- 
ance of the measurement error is reduced, the position- 
ing accuracy is improved, and the detection time of sat- 
ellite failure is decreased. In addition, a cleaner parity 
vector is obtained, so the incorrect exclusion rate (IER) 
will he significantly reduced. This paper provides a sys- 
tematic way to  derive the algorithms of the positioning 
and RAlM for multi-frequency GPS receiver. Simula- 
tion results show that, in comparison with the conven- 
tional single frequency method, the proposed 
multi-frequency algorithms not only possess more ac- 
curate positioning results, hut also demonstrate higher 
performance in detecting small failures and, in detect- 
ing large failures, demonstrate a similar level of per- 
formance. Moreover, simulation results also verify that 
the proposed method has lower IER than the conven- 
tional single frequency method has. 
1. lntroduction 

To improve the performance of the current navigation 
system, a GPS (global positioning system) modernization 
policy has been approved by US government. In March 30, 
1998, the White House announced that the Block IIR-M 
GPS satellite carrying L2 signal will he launched in the 
near future. Furthermore, the Block IIF GPS satellite car- 
rying L2 and L5 signals will he launched in 2005. The 
main advantages of multi-frequency GPS receiver are per- 
formancc enhancement in positioning accuracy and re- 
ceiver autonomous integrity monitoring (RAIM). In addi- 
tion. the new signal can bc regarded as a backup, and thus 
will significantly incrcase the safety of navigation [3]. The 
carrier frequency of LI ,  L2 and L5 signals [3][10] are 
1575.42MH2, 1227.6OMHz and 1176.45MH2, respectively. 
The CIA code in L5 sigma1 is as precise as P codc in LI (or 

Conventionally, the algorithms of the positioning and 
RAIM are based on single frequency only. The purpose of 
RAlM is to detect the presence of unacceptably large posi- 
tion error and, further, to exclude the error source, thereby 
allowing the GPS navigation to continue [4]. To achieve 
this goal, a number of useful algorithms havc becn pub- 
lished over the last few decades. Parkinson and Axelrad [6] 
suggested a least-squares residual method for GPS posi- 
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tioning and autonomous satellite failure detection and ex- 
clusion. Sturza [SI proposed the standard panty space algo- 
rithm to dctect the satellite failure and further to exclude 
the failed one. Pervan [7] used the same algorithm hut re- 
placed the code measurement by more accuracy carrier 
phase measurement. 

Algorithms using multi-frequency (LUL2ILS) for 
GPS positioning and RAlM are proposed by the authors. 
The ionospheric delay is highly related to frequency and 
can be removed by adopting multi-frequency. Therefore, 
the variance of the measurement error is reduced, the posi- 
tioning accuracy is iniproved, and the detection time of 
satellite failure is decreased. In addition, a cleaner parity 
vector is obtained, so the incorrect exclusion rate (IER) 
will be significantly reduced. Simulation results show that, 
in comparison with the conventional single frequency 
method, the proposed multi-frequency algorithms not only 
possess more accurate positioning results, but also demon- 
strate higher performance in detecting small failures and, in 
detecting large failures, demonstrate a similar level of per- 
formance. Moreover, simulation results also verify that the 
proposed method has lower IER than the conventional sin- 
gle frequency method has. 

The remainders of the paper are organized as follows. 
Section 2 describes the conventional single frequency al- 
gorithms for positioning and RAIM. Section 3 proposes the 
multi-frequency algorithms for GPS positioning and RAIM. 
Section 4 verifies the proposed algorithms by conducting 
simulations. Section 5 concludes this paper. 

2. Conventional Single Frequency Algo- 
rithms for Positioning and RAIM 
The conventional single frequency algorithms for 

GPS positioning and RAlM are given in this scction. As- 
sume the number of the visible satellites is n ,  and thcn thc 
GPS measurement equation can be represented as 

where y is the measurement residual vector, H is the oh- 
servation matrix, x is the state vector including the posi- 
tioning deviation and user clock bias deviation relative to a 
nominal vector, and e is a zero mean Gaussian noise vcctor 
with covariance matrix c*ln [9][10]. The least-squares cs- 
timate of the state vector is 

y = H x + e ,  ( 2 J )  

i,,s = n'y , (2-2)  
where H' denotes thc pseudo inverse of H, and is defined 
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as H' j (H'Hf'H'. Obviously, the positioning accuracy 
is affected by the value U' of the noise. The 
least-squares-rcsidual method for fault detection is derived 
as follows. The estimate of the range is 

j. = Hi,, > (2-3) 

w = y - j . .  (2-4) 

S E W T W ,  (2-5)  

and the pseudorange residual vector is 

By defining the sum of the squares of the range residual 
errors (SSE) as 

Parkinson and Axelrad [6] showed that the distribution of 
s l u 2  is x 2 ( n 4 ) ,  where x2(v)  represents the chi-square dis- 
tribution with v degrees of Freedom. s will be compared 
with a threshold Td to judge whether the system is failed or 
not. The threshold value under a specified false alarm rate 
can be obtained directly through the cumulative distrihu- 
tion function ofX'(n-4). 

The parity space method can also perform the fault 
detection, and more, can exclude the Sailed satellite. Ac- 
cording to [2], there exists a parity matrix P satisfying the 
following equation 

(2-6) 
After the parity matrix P i s  found, the parity vector, P, can 
be defined as 

PH = 0 and PP' = In-d .  

p = P y .  (2-7) 

Brown 111 showed that 

PTP = s I 

and thus, as in the least-squares-residual method, the parity 
space method can also he used to perform the failure detec- 
tion. In order to maintain sufficient redundancy, at least 
five visible satellites are required. 

After the detection of satellite malfunction, the failed 
satellite must he excluded to ensure unintermpted naviga- 
tion. Given the event of a failure vector h, then (2-1) he- 
comes 

y = Hx t h + e .  (2-9) 
Based on the standard parity vector exclusion algorithm [I], 
the algorithm to idcntify the failed satellite is as follows 

,=I. ,n 

where n,is the channel number of the failed satellite, and Pi 
i s  the i-th column vector of the parity matrix P. p, is also 
called the i-th channel vector since it is related to the i-th 
satellite. In order to perform the failure exclusion, at least 
six visible satellites are required. Figure 2-1 gives the plot 
of a parity space, in which the number of the visible satel- 
lites is assumed to be six. In this figure, six channel vectors 
corresponding to the six visible satellites arc shown, and 
the parity vector is closest to the channel vector associated 
with the failed satellite. This cpincides with the criteria 
stated in (2.10). 

4 

i-th channel vector 

nf-th channel vector 
(failed satellite) 

Figure 2-1 Parity space plot with six visible satellites 
3. Multi-Frequency GPS Receiver Position- 

ing Algorithms and RAlM 
In this section, algorithms based on multi-frequency 

are proposed to perform the air navigation and receiver 
autonomous integrity monitoring (RAIM) According to [SI, 
the ionospheric delay can he obtained as follows 

(3-1) 

where f is the camcr frequency, TEC, is the total electron 
content (TEC) in the path where the signal of the i-th satel- 
lite go through, is 40.3TEC. 
3.1. Dual Frequency (LlILZ) Algorithms 

The algorithms for dual frequency are given in this 
subsection. The linearized GPS measurement equations can 
he expressed as 

group delay = 40.3/-'TEC, = f - ' 5 ,  

where yr, and yL2 are the linearized GPS measuremenis of 
LI and L2, respectively; x is the positioning deviation and 
user clock bias deviation relative to a nominal vector; x is 
defined as K-[x, ... 'c, ... K"], where h-! is as in (3-1);fLI 
andf,, are the carrier frequencies for L1 and L2, respec- 
tively; e,, and e,, are zero mean Gaussian noise vector 
with covariance matrices utll. and u.',,l., respectively, and 
are mutually independent. The weighted least squares es- 
timated is 

Then the estimated value is 
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where yrl2 =(f2 -L'F'~;;Y~, -fhL2) and 
Y:,~ =p- ' (u ; : f ;~y I ,  +u$f;:yL2) . According to [IO], 
there exists a parity matrix PDF satisfying the following 
equation 

p Di - (  - O L , f L ,  - 2  -4  + U J L 2  -2 ) Y [  2 , 2 p ( ;: , U' ) p ] 3 (3-5) 
where P is defined in equation (2-6). After the parity ma- 
trix PDF is found, the parity vector for dual-frequency can 
he obtained as 

where2 = a;:u;:Cf;: -f;iK~;;f;+ +u;;f;;)-X and 
prli  = Py,,, . Then, according to (2-S), the test statistic is 
selected as 

$"I. =pb,sm =AzPL12 (3-7) 
The distribution of S D ~  is ~ ~ ( n - 4 ) .  The threshold value un- 
der a specified false alarm rate can he calculated directly 
through the cumulative distribution function ofX2(n4) .  

Represent the column of the parity matrix PDF as 
PDF =[pY ... py p:' ... p:']. Then the i-th channel vec- 
tors for L1 and L2 measuremcnts are 

p;' =( -2 ..I + C.zf.4)-x -1 -2 

py =-( . . . -4)-X -1 -2 
ULIf l l  L i  L i  aJL2p, , (3-8) 

+ U,:f,, auf,.,, P, 
where pi is the i-th column vector of the matrix P. Accord- 
ing to the standard parity vector exclusion algorithm [I], 
the satellite failure exclusion algorithm based on the 
multi-frequency is as follows [9] 

where niis the channel number of the failed satellite. Since 

= !!!$d= w, (3-9) can be simplified as 

(P& P, I 
n/ =argmax- 

,=I I ,  Ip,I 
(3-10) 

where pi is the i-th column vector of the matrix P. 

3.2. Triple Frequency (Ll/L2/L5) Algorithms 
The algorilhms based on triple frequency GPS rc- 

ceiver are given in this subsection. The linearized triple 
frequency GPS measurement equations can be expressed as 

(3-1 1) 

where yi,, yL2 and yLs are the linearized GPS measure- 
ments of L1, L2 and L5, respectively; x is the positioning 

deviation and user clock bias deviation relative to a nomi- 
na1vector;xisdefinedas .E[., ... K, ... ~ , ] , w h e r e ~ , i s  
as in (3-I);h,,L2 andf,, are the carrier frequencies for L1, 
L2 and L5, respectively; ell, eL2 and eLs arc zero mean 
Gaussian noise vector with covariance matrices =:,In, 
&In and &, respectively, and are mutually independ- 
ent. The weighted least squares estimated is 

Then the estimated value is 

(3-13) 

where P i s  defined in equation (2-6) and 

Afler the parity matrix PTF is found, the parity vector for 
triple frequency can be obtained as 
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The distribution of sTr is X2(n4). The threshold value un- 
der a specificd false alarm rate can he calculated directly 
through the cumulative distribution function of X'(n-4). 

Represent the column of the parity matrix PTF as 

PTF =[pp ... p,"' p y  ... p:' pt' ... p:'], (3-17) 

then the i-th channel vectors for LI ,  L2, and L5 measure- 
ments are 

(3-18) 

where p, is the i-th column vector of the matrix P, U, is the 
unit vector with all elements zeros except the i-th element 
is one. According to the standard parity vector exclusion 
algorithm [I] ,  the satellite failure exclusion algorithm 
based on the triple frequency is as follows [9] 

where n,is the channel number of the failed satellite. 

4. Simulation and Analysis 
Monte Carlo simulations are conducted to verify the 

proposed algorithms. The software package "Satellite 
Navigation TOOLBOX for Matlab by GPSoA LLC is 
adopted in the simulation. It assumed a 24-satellite con- 
stellation with perfectly circular orbits. The thermal noise, 
tropospheric delay, and ionospheric delay are added to the 
pseudoranges of all satellites. In addition, the receiver 
mask angle is set as 7.5". 
4.1. Positioning 

Positioning error 

east error (m) 
(h) Dual frequency 

Positioning error 
12, Y 

':I2 -8 4 0 4 8 12 
east error (m) 

(c) Triple frequency 

Figure 4-1 Positioning error 

To verify that the proposed algorithm can improve the 
positioning performance, a total of 1440 sample points 
were produced. The simulation time is every minute for 24 
hours starting at midnight at the beginning of the GPS 
week, and the location is selected at the latitude 0"N and 
longitude ODE. The simulation results of the positioning are 
plotted in Figure 4-l(a), Figure 4-l(h) and Figure 4-l(c), 
respectively. I t  can he seen that, in comparison with the 
conventional single frequency method, the proposed 
multi-frequency algorithms possess more accurate posi- 
tioning results. The positioning error of multi-frequency is 
more concentrated around the origin due to the reduction of 

-12 -8 4 0 4 8 12 measurement error since the ionospheric delay is removed 
by adopting multi-frequency. eas t  error (m) 

(a) Single frequency 4.2. Satellite Failure Detection 
To verify that the proposed algorithm can reduce the 
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detection time, both ramp-type and step-type failures are 
used to simulate satellite malfunction. A total of 1152 
(24x48) space-timc sample poinLs were produced accord- 
ing to the user locations and simulation times mentioned in 
1111. The user locations covering the 24 geographic loca- 
tions are listed in Table 4-1, and the simulation timc is 
every half hour for 24 hours starting at midnight at the he- 
ginning of the GPS week. A detection time (DT) can be 
obtained for each point. DT is defined as the timc needed 
from the onset of the failure to the annunciation of an 
alarm signal. The average detection time (ADT) is the 
sample mean of the 1152 values of thc DT. 

Awnge Detection l m e  

, I , , , , , , , , , , ,  , , I , , , , , , , ,  , 

0.5 1 2 5 10 20 

Figure 4-2 ADT for ramp-type failure 

Slope (m/s) 

The simulation result of ADT for ramp-type failure is 

plotted in Figure 4-2. The value of slope ranges from 0.5 to 
2 0 d s .  The percentage of improvement can be obtained 
through the following equation 

where ADT(SF) is the ADT when the single frequency (LI) 
is applied, ADT(MF) is the ADT when the multi-frequency 
(dual frequency or triple frequency) is applied. The best 
improvement percentage for dual frequency and triple fre- 
quency are 48.3% and 55.9%, respectively. 

~ . ~ . r ~ . . _ ~ . r ~ . ~ ~  

Bias (m) 
(a) Single frequency V.S. multi-frequency 

15 20 25 30 35 40 45 

(b) Dual frequency V.S. Triple frequency 
Bias (m) 

Figure 4-3 ADT for step-type failure 

The simulation result of ADT for step-type pseudo- 
range failure i 5  plotted in Figure 4-3(a) and (b), respec- 
tively. The value of bias ranges from 15 to 80m. The per- 
centage of improvement can he obtained through (4.1). 
The best improvement percentage for dual frequency and 
triple frequency are 99.1% and 99.2%, respectively. Simu- 
lation results show that. in comparison with the conven- 
tional single frequency method, the triple-frequency algo- 
rithms demonstrates higher performance in detecting small 
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failures and, in detecting large failures, demonstrates a 
similar level of performance. 
4.3. Satellite Failure Detection 

To show that the proposed algorithm can reduce the 
incorrect exclusion rate, the step-type failure is used to 
simulate satellite malfunction. The value of bias ranges 
from 15 to 50m. In order to evaluate the performance of 
the proposed algorithm, the concept of incorrccl exclusion 
(IE) is introduced. An IE occurs when the receiver per- 
forms a valid detection, but the failed satellite remains in 
the solution after the exclusion operation [4]. The incorrect 
exclusion rate (IER), which is used as a performance index, 
is defincd as 

(4-2) 
no. of incorrect exclusion 

no.of totalexclusion 
/ER = xino%. 

IER can he used to verify the superior exclusion capability 
of the proposed algorithms. Simulation results are plotted in 
Figure 4-4. Simulation results show that the IER obtained 
through the dual frequency is lower than the one through 
the conventional single frequency, and the IER obtained 
through the triple frequency is lower than the one through 
the dual frequcncy. In conclusion, simulation results verifi 
that the proposed method has lower IER than the conven- 
tional singlc frequency method has. 

0’ 1 
15 20 25 30 35 40 45 50 

Bias (m) 

Figure 4-4 Incorrect exclusion rate 

5. Conclusion 
Algorithms using multi-frequency (LI/L2/LS) for 

GPS positioning and RAlM are proposed by the authors. In 
the conventional algorithms, only single frequency L1 is 
applied. After the L2 and L5 signals are adopted, the iono- 
spheric delay can he removed. Therefore, the variance of 
the measurement error is reduced, the positioning accuracy 
is improved, and the detection time of satcllite failure is 
decreased. In addition, a cleaner parity vector is obtained, 
so the incorrect exclusion rate (IER) will he significantly 
reduced. Simulation results show that, in comparison with 
the conventional single frequency method, the proposed 
multi-frequency algorithms possess more accurate posi- 

tioning results. The positioning error of multi-frequency is 
more concentrated around the origin due to the reduction of 
measurement error. The simulation results of ramp-type 
failure detection show that the best improvement percent- 
age for dual frequency and triple frequency are 48.3% and 
55.9%, respcctively. As for the case of step-type failure 
detection, the hest improvement percentage for dual fre- 
quency and triple frequency are 99.1% and 99.2%, respec- 
tively. Moreover, the incorrect exclusion rate (IER) oh- 
tained through the dual frequency is lower than thc one 
through the conventional single frequency, and the IER 
obtained through the triple frequency is lower than the one 
through the dual frequency. 
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