
Time and Frequency Split Zak Transform for Finite 
Gabor Expansion 

Soo-Chang Pei and Min-Hung Yeh 

Department of Electrical Engineering 
National Taiwan University 

Taipei, Taiwan, R. 0. C. 

Abstract 

The relationship between finite discrete Zak transfor- 
m and finite Gabor expansion are well discussed in this 
paper. In this paper, we present two DFT-based algo- 
rithms for computing Gabor coefficients. One is based 
upon the time-split Zak transform, the other is frequency- 
split Zak transform. These two methods are time and 
frequency dual pairs. Furthermore, we extend the rela- 
tionship between finite discrete Zak transform and Gabor 
expansion to the 2-D case and compute 2-D Gabor ex- 
pansion coefficients through 2-D discrete Zak transform 
and 4-D DFT. Four methods can be applied in the 2- 
D case. They are time-time-split, time-frequency-split, 
frequency-time-split and frequency-frequency-split. 

I. Introduction 

A time-frequency mapping, Zak transform, has been 
be used to calculate Gabor coefficients efficiently in crit- 
ical sampling [l]. Recently, Zibulski and Zeevi have pro- 
posed a method which is based upon Zak transform and 
frame concept [4] to  calculate the Gabor coefficients in 
oversampling case. The work of this paper is extending 
the theories proposed by Zibulski and Zeevi to  discrete 
case and developing DFT-based algorithms for comput- 
ing Gabor coefficients efficiently in oversampling scheme. 
One is based upon time-split Zak transform , the other 
is based upon frequency-split Zak transform. The time-. 
split algorithm is the same as that  proposed in [7], but it 
is independently developed. The two-dimensional Gabor 
expansion has been widely used in image analysis and 
compression [2]. But the problem of computation bur- 
den is a more serious case. In this paper, we present four 
DFT-based algorithms for computing 2-D Gabor coeffi- 
cients to  compute Gabor coefficients in oversampling case 
through Zak transform. 

11. Review of Gabor expansion and finite discrete 
Zak transform 

The discrete version. for the finite or periodic se- 

quences is defined as [3] : 

m = O  n = O  

where 
L-1 

i = O  

L,+(i) = L(2 - m A M ) T q y  

Tm,n(i)  = ?(i - m 
w;ANi - - ej2nnLWiJL 

where f(Z)] h(Z) and T(z) indicate the periodic extensions 
of f(i),  h(i) and ~ ( i ) ,  respectively. L is the number of 
sampling points in original signal. M is the number of 
sampling points in time domain. AM is time sampling 
interval. N is the number ofsampling points in frequency 
domain. AN is frequency sampling interval. M A M =  L ,  
N A N  = L. The condition 0M.AiVs L must be satisfied 
for a stable reconstruction. The critical sampling occurs 
when M . A N = M . N  = L. A M A N  < L (or M N  > L) 
is oversampling case. Define Q = = & = & = 

and p,q  are relative prime integers. The values, and 
y, are integers. The above defined finite discrete Gabor 
expansion is called (MI N)-point Gabor expansion in our 
further discussion. 

The discrete Zak transform for discrete signal is de- 

L = ,'. where CY is called the oversampling ratio, 

fined as [l]: 

M 

where 0 5 b < B ,  0 5 a < A.  For convenience of further 
discussion, the index in definition of discrete Zak trans- 
form has been changed to integers in this paper. If the 
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signal is L = A x B periodic or finite with length L ,  its 
definition becomes 

B- 1 

r=O 

where 0 5 b < B, 0 5 a < A and W L  = e%.  We call this 
transform to be ( A ,  B)-point finite discrete Zak transform 
(FZT) in this paper. The discrete signal f ( z )  performed 
by ( A ,  B)-FZT is denoted by j f A , ~ )  in the following dis- 
cussions. The discrete signal f( i)  can be recovered from 
by inverse finite discrete Zak transform (IFZT). 

B-I 

where 0 5 a < A ,  0 5 T < B.  
111. Relationship b e t w e e n  1-D discrete Gabor ex- 
pansion and 1-D FZT 

In the critical sampling case, the discrete ( M ,  N ) -  
point Gabor expansion can be obtained through ( N ,  M ) -  
point 1-D FZT [l]. The numbers of time and frequency 
samples are interchanged for Gabor expansion and FZT. 
The FZT of analysis basis function is 

( 5 )  

In general case, the Gabor coeEcients can be evaluated 
through the following equation: 

where 0 5 m < M , O  _< n < N .  Equation (6)  indicates 
the Gabor coefficients can be evaluated through a 2-D 
D F T  from FZT of analysis basis and signal, 

Applying the frame operator in [4] and [5], Zibulski 
and Zeevi have deveioped an algorithm for computing 
Gabor coefficients of continuous signal in oversampling 
case from continuous Zak transform dom-ain. 

y = S-lh (7) 

Now two methods for computing discrete Gabor analy- 
sis basis function and coefficients will be introduced for 
oversampling scheme. The discrete ( M ,  N)-point Gabor 
expansion can be evaluated by two methods: ( N , A N )  
and (MI M)-point FZT. The time-split method is to  u- 
tilize ( N ,  AN)-point FZT. Thus the FZT of analysis basis 
function for the case p = 1 is equal to  : 

where 0 5 a < N ,  0 _< b < AV. We can calculate the 
IFZT for ~ ( N , M ) ( U ,  bf to get y(i). The  Gabor expansion 
coefficients in general case are: 

~ N - 1 M - I  

where m = u . q + u ,  0 Lm< M ,  0 I n <  NI O < u < A N / p ,  
0 5 v < (I. The equation 9) indicates that the Gabor 
coefficients in time-split met 6 od can be obtained through 
q amount of operations, which are (NI AN/p)-point 2-D 
DFT. The v-th 2-D DFT is to compute the (uq + v)-th 
time slice of Gabor coefficients. (0  5 U < D N / p , O  5 
v < q )  Analysis algorithm of time-split method is listed 
below: 

Compute the (N,LW)-point FZT of analysis basis $i). 
Compute the (N, LW)-point FZT of signal f(i). 
for J = 0 to  q - 1 

q a , b )  = O, o 5 a < N ,  o 5 b < AN 
€or t = 0 t o p  - 1 

r ( a , b ) = r ( a , b )  + f ; N , w ) ( d + t - ) .  AN 

~ ~ N , m , ( a - ~ A M , b + t $ $  ,O<a<N,  O < b < y  
end 
Compute a (N, AN/p)-point 2-D DFT of the results r ( a ,  b )  

end 

The reconstruction of function from its Gabor coefficients 
is given by 

M-1N-1  

m=O n = O  

where 0 5 a < N I  U 5 b < LW 

n = O  m=O 

where 0 5 a < N ,  0 5 b < x, 0 5 d < p. Synthesis 
algorithm of time-split methoJ is  liseted below: 

Compute the (N, LW)-point FZT of synthesis basis h(i) .  
f o r s = O t o q - 1  

Compute the 2-D DFT of Cmq+*,n, 
F ( a ,  b ) =  fft2(Cm&s,n)(qn)->(qb) O < m <  T y  Lw O<n<N 

I'(a,b) = 0 ,  0 5 a < N, 0 < 6 < 7 AN 
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fort  = 0 t o p -  1 
I?( a ,  b+t$f )  = r(a,b+t+) + %N, m ) ( a -  SAM b+ q} 

F(a,b) ,  0 5 a < N ,  0 5 b < 
end 

end 
Compute (N, AN)-point IFZT of r ( a ,  b )  to obtain the 

reconstructedsignd f(i). 

The frequency-split method is to utilize (AM, M)-point 
?ZT. The FZT of analysis basis function for p = 1 in 
frequency-split method is: 

(11) 
where 0 5 a < AM, 0 5 b < M .  The Gabor expansion 
coefficients in general case are: 

AM-1M-1 

G p =  1 c l ; A M f l j ~ b f i ( & w & f ) ( - ~ l  b-M)WGna  
a d  b=O 

. AMlP-lM-1 p - 1  

(12) 
bm M l p -  a u M  

3;AM,M)(al b)J47igaiYI ' w, 
where 0 < m < MI 0 5 n < N ,  n =  U .  + v ,  0 5 v < q 
and 0 <% < A M / p .  The equation (127 indicates that 
the GaEor coefficients in frequency-split method can be 
calculated through q amount of operations, which are 
(AM/p,M)-point 2-D DFT. The v-th 2-D D F T  is to  
compute the (U. q + v)-th frequency slice of Gabor coef- 
ficients. (0 5 U < e ,O < v < q )  Analysis algorithm of 
frequency-split met6od islisted below: 

Compute the (LUM,M)-point FZT of analysis basis ~ ( i ) .  
Compute the (LUM,M)-point FZT of signal f(i). 
fors = 0 to q - 1 

r ( a , b )  = 0, 0 5 a < y, 0 6 b < M 
for t=O top  - 1 

r(a, b)= r ( a , b ) + f i : a M N l ( a + t y ,  b ) .  
fj'aM,M,(a+-;;-, hM b f s A N ) ,  05 a <  Y, O <  b < M  

end 
Compute an (&W/p,M)-point 2-D DFT of the results r ( a ,  6 )  

end 

The reconstruction of signal f ( z )  can be obtained from 
the Gabor coefficients. 

M- 1N- 1 

f ; A M , M ) ( a ,  b)  = C m , n & A M , M ) ( - m ,  b-f l)Wi? 
m = O  n=O 

where 0 5 a < AM, 0 5 b < M 

where 0 5 a < y, 0 5 b < M and 0 5 d < p .  Synthesis 
algorithm of frequency-split method is listed below 

Compute the (aM,M)-point FZT of synthesis basis h( i ) .  
fors = 0 to q - 1 

Compute the 2-D DFT of Cm,uq+a, 

r ( a ,  b )  = 0, 0 < a < AM, 0 5 b < M 
for t = 0 to p - 1 

F(a,b)  = ~ f t z ( c ~ , ~ , ) ( ~ , u ) - > ( = , b ) ,  O < m < M ,  o<u<+ 

r(a + ty, b )  = r ( a  t 7, a) +$-&a+ t%b - s AN). 
F(a,b)WL-, O < a < - - ,  A d  O<b<M 

end 
end 
Compute (AM,M)-point IFZT of r ( a , b )  to obtain the recon- 

structed signal f(i). 

Example: L = 64, M = 16, N = 8, AM = 4, LW = 8. 
The oversampling ratio in this example is 2. The G a  
bor coefficients in time and frequency split methods be 
obtained through two 2-D DFT. In time-split method, 
(8,8)-point D F T  and FZT are used. The first D F T  com- 
pute CO,O, C O , ~ ,  CO,,, C0,7r G,o, CZJ, . .  ., c14 ,7 .  The 
second DFT compute c l , O i  cl , l~  C1,Zi " ' I  c 1 , 7 ,  c3,0~ 
C3,1r  . . ., c 1 5 , 7 .  In frequency-split method (4, 16)-point 
DFT and FZT are used. The first D F T  compute CO,o, 
CI,O, G,o, . .  ., c15,0~ C O J ,  CIJ, . .  ., c15,6. The second 
DFT compute COJ, CI,I, CZJ, . .  ., c15,11 cl,& ..-, 
c15,7. 

In oversampling scheme, although the processes of 
time and frequency split methods are different, the re- 
sults in these two methods are identical. Both methods 
are based upon the least square norm criterion. 

IV. A n  extension to two-dimensional  case  f o r  Zak 
t r a n s f o r m  and Gabor expansion 

The two methods that are proposed in the previous 
section for computing Gabor coefficients is suitable for fi- 
nite signals. Image data  is an example of two-dimensional 
finite signal. Now we will extend the above theories to 
the two-dimensional case. 

The 2-D finite discrete Gabor expansion is defined as: 

F(x, Y) = cnan¶,my~h(.-m~, Y - m y W ) J + p z + r 4 y :  

a, Ik 
->4 

(14) 
where f(x, y) is periodic extension of f(=,  y), h(z ,  y) is 
the synthesis basis. 0 5 m, < M,, 0 5 m, < M y ,  0 5 
n, < N,  and 0 5 ny < Ny. M, and My are the numbers 
of sampling points in time domain for x direction and 
y direction, respectively. N, and Ny are the numbers 
of sampling points in frequency domain for x direction 
and y direction, respectively. AM, are the time sampling 
intervals in z direction and y direction, respectively. ANz 
and arV, are frequency sampling intervals in z direction 
y direction, respectively. M, . AM, = L,, My . AMM, = 
L y ,  N ,  . ANz = L z ,  Ny . AN, = L,.  The conditions, 
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AM, AN, 5 L ,  and AMy A Ny 5 L,,  must be satisfied 
for a stable reconstruction. The  critical sampling case 
occurs when M, N ,  = L, and My Ny = L,. Define a, = 

= I= to  be the oversampling ratio in 2: direction, 

and a, = to  be the oversampling ratio in y 
direction. 2-D FZT be extended from the definition of 
1-D FZT directly. The  2-D FZT is defined as 

--Y P. 
= 

k=O 1=0 

(15) 
where 0 5 b, < B,, 0 5 by < By, 0 5 a, < A,  and 0 5 
ay < A,. This 2-D FZT is called ( A s ,  A,, B,, B,)-point 
2-D FZT, and it is denoted by ~ ( A , , A , , B , , B , ) .  For criti- 
cal sampling case, ( M ,  , My , N ,  , N,)-point 2-D Gabor ex- 
pansion can be obtained through ( N ,  , N,,  M,, My)-point 

In 1-D case, two methods based upon FZT for com- 
puting finite Gabor coefficients in oversampling scheme 
are presented. Thus,  there exists four methods based 
on FZT for computing 2-D Gabor coefficients in over- 
sampling scheme: ( N , ,  Nyr AN,, AN,), ( N , ,  My, AN,, 

point 2-D discrete Zak transform. They are named time- 
time-split, time-frequency-split, frequency-time-split and 
frequency-frequency-split, respectively. Their analysis 
bases and Gabor coefficients can be attained through the 
following equations: 

2-13 FZT pi. 

My), (AM,, Ny, M,, My) and (L”1M,, My, M,, My)- 

time-time-split method : 
The Gabor coefficients in this method can be ob- 
tained through ( N ,  , Ny , AN,, ANy)-point FZT and 
(q, . qy)  operations, which are ( N , ,  N, ,  A N , / p , ,  
lrlNy/py)-point 4 D  D F T  calculation. 

time-frequency-split method : 
The Gabor coefficients in this method can be ob- 
tained through ( N , ,  AM,, AN,, My)-point FZT 
and (4, q,) operations, which are ( N , ,  M y / p y ,  
AN,/p,, My)-point 4 D  D F T  calculation. 

The Gabor coefficients in this method can be ob- 
tained through (AMs, Ny, M, ,My) -po in t  FZT and 
(qx.qy) operations, which can be ( A M , / p , ,  Ny, M,, 
ANy/py)-point 4 D  DFT calculations. 

frequency-time-split method : 

frequency-frequency-split method : 

The Gabor coefficients in this method can be ob- 
tained through (AM,, AM,, M,, My)-point FZT 
and (q, . q,,) operations, which are ( M , / p , ,  
M , / p , ,  M , ,  My)-point 4 D  D F T  calculations. 

Similar to the 1-D case. the above four methods will 
result the same analysis basis function and Gabor coeffi- 
cients. 

V. Conclusion 

According to  the above discussion, several conclusions 
can be made: First, the (MI N)-point finite Gabor expan- 
sion can be obtained by using ( N ,  M)-point FZT in crit- 
ical sampling case. In oversampling case, ( M ,  N)-point 
finite Gabor expansion can be obtained by two methods: 
One is calculated by ( N ,  M ) - p o i n t  FZT, the other is ob- 
tained by (AM, M)-point FZT. These two methods will 
result the same analysis bases and Gabor coefficients. If 
the oversampling ratio increases, the analysis bases will 
be more similar to  the synthesis bases. The  Gabor co- 
efficients in the proposed two methods can be achieved 
through q 2-D DFT operations. 

2-D Gabor expansion has been widely used in im- 
age analysis and compression. We can extend the the- 
ories from I-D case to the 2-D case and compute 2-D 
Gabor coefficients efficiently. Four DFT-based algorith- 
m for computing 2-D Gabor coefficients are attained to 
compute them efficiently. 
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