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Abstract 

This paper proposes a new closed-form solution for iden- 
tifying the kinematic parameters of an active binocular head 
by using a single calibration point. This method is based on 
the complete and parametrically continuous (CPC) kinemat- 
ic model, and can be applied to any kind of kinematic param- 
eter identification problems with or without multiple end-ef- 
fectors, providing that the links are rigid, thejoints are either 
revolute or prismatic and no closed-loop kinematic chain is 
included. As a practical example, this paper focuses on the 
calibration of a binocular head having four revolute joints 
and two prismatic joints. Simulation and real experiments 
have shown that the proposed method of using point mea- 
surements can achieve much higher accuracy than that of us- 
ing pose measurements. 

I. Introduction 

Many computer vision problems that are ill-posed, non- 
linear or unstable for a passive observer become well-posed, 
linear or stable for an active observer[l]. Being able to ac- 
quire information actively, the active vision system has more 
potential applications than a passive one has. In an active 
stereo vision system, the cameras are able to preform func- 
tions such as gazing, panning and tilting. To perform experi- 
ments on active vision, we have built a binocular head (re- 
ferred to as the 11s-Head). This 11s-Head has four revolute 
joints and two prismatic joints, as shown in Fig. 1. The two 
joints on top of the 11s-Head are for camera vergence or gaz- 
ing (referred to as joint 5L and joint 5R). The next two joints 
below them are for tilting and panning the stereo cameras (re- 
ferred to as joint 4 and joint 3). All of the above four joints 
are revolute, and are mounted on an X-Y table which is com- 
posed of two prismatic joints (referred to as joint 2 and joint 
1). Qur goal is to calibrate its kinematic parameters for con- 
trolling the orientations and positions of the stereo cameras. 
Since the 11s-Head is built with off-the-shelf components, 
i t s  kinematic parameters are unknown. TherePore, we cannot 
directly apply those existing iterative methods requiring 
nominal model (initial values), e.g, [3][5][13]. 
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For practical reasons stated in [9], we chose to use a two- 
stage approach (including a head calibration stage and a 
headeye calibration stage) for calibrating the binocular 
head. This paper will focus on the first stage of the calibra- 
tion, i.e, the head calibration (however, the method can be 
applied to the kinematic calibration of general robots). At 
the head calibration stage, the two cameras on the 11s-Head 
are replaced by two small end-effector calibration plates. 
The positions of the calibration plates, or equivalently, of the 
end-effectors, can be estimated by using the stereo vision 
measurement system. The acquired positions of the calibra- 
tion plates are then used to calibrate the kinematic parame- 
ters. 

Due to the lack of a nominal kinematic model for our IIS- 
head, only those calibration techniques providing closed- 
form solutions are considered. Both the methods proposed 
by Zhuang[14] and Shih[8] give direct solution to the CPC 
kinematic parameters[ 131, by using the end-effector’s poses 
measurements. Lenz and Tsai[4] and Young et. a1.[12] esti- 
mate the joint axis from the measurements of the end-effec- 
tor’s poses. However, in practice, it is more difficult to accu- 
rately estimate the end-effector’s pose than to estimate the 

Fig. 1. A picture of the IIS-Head 



3D coordinates of a single calibration point on the end&effec- 
tor. Stone[ IO] and Sklar[ll] estimate the joint axis from the 
measurements of the 3D coordinates of a calibration point at- 
tached to the robot arm, while moving each robot joint one at 
a time. When moving a revolute joint, the trajectory of the 
calibration point forms a 3D circle. First, a plane is fitted to 
the measured calibration points by least-square technique. 
The resulted plane normal defines the orientation of the revo- 
lute joint axis. The measured calibration points are then proj- 
ected along the plane normal onto the plane. A 2D circle is 
then fitted, again by least-square technique, to find its center 
which defines the location of the joint axis. In this approach, 
the orientation and location of the joint axis are separately es- 
timated without using the information contained in the 
amount of rotation angles. 

In this paper, we shall present a closed-form solution 
based on the CPC kinematic model using single calibration 
point. The advantages of using the CPC kinematic model are 
describedin 1131 and [14]. 

This paper is organized as follows. The kinematic cal- 
ibration problem is formulated in section 11. The new cal- 
ibration method is described in section 111. Experimental re- 
sults are shown in section IV. Conclusions are given in sec- 
tion V. 

11. Problem formulation 

The CPC kinematic model we use for a revolute or pris- 
matic joint is as follows (see [I31 and [9] for more details). 

where 
iTj+t = Tit (1) 

Tic = Q i ,  (2) 
"Ti+l  = v,, ( 3 )  

(4) 
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Notice that for convenience we have introduced an inter- 
mediate coordinate system between ith and (i+P)st frame, 
i.e., the i' frame in equation (1). From the frame i to the 
frame i', it is either a rotational or a translational motion ma- 
trix depending on the joint type, and from the frame i' to the 
frame i+l, it is a fixed link matrix (referred to as "shape" ma- 
trix in [ 131) as defined in equation (6). 

Different coordinate systems associated with different 
joints of the 11s-Head are shown in Fig. 2 The coordinate 
frames { 6L)  and { 6 R }  are the end-effector coordinate sys- 
tems. As shown in Fig. 3, we have the following relations: 

where qj = [qti qZj q3j q4j qsRj q5Lj] denotes the joint val- 
ues for the jth robot configuration, iTk denotes the trans- 
formation matrix from frame i to frame k.  For convenience, 
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Fig. 2. The skeieton diagram of the IIS-Head. Fig. 3. Kinematic Reference Frames of the IIS-Head 
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each of the transformation matrix is written as a function of 
the joint value vector, qj , instead of qii. 

Suppose that the fixed coordinates of the calibration 
points mounted on the left and right end-effectors are yL and 
yR with respect to LECS (left endxffector coordinate sys- 
tem) and RECS (right end-effector coordinate system), re- 
spectively. Let "pjL and "pjR denote the coordinates of the 
calibration points, corresponding to the jth robot configura- 
tion qj , measured in the WCS. Transforming the coordinates 
of the calibration points, y, and y, , from LECS and RECS to 
the WCS, we have 

"i,L = "TrjL(qj) Y,, (9) 
and "i ,R = "Tm(qj) Y, 1 (10) 
where "SjL, w;jR, j L  and jR are the 3D homogeneous coordi- 
nates of "pjL , "pjR, yL and yR , respectively. 

With our new method, each joint is calibrated from the 
base toward the end-effectors. Consider Fig. 4. Without loss 
of generality, we assume that the kinematic parameters of the 
joints from the base to the ith joint have been known when 
calibrating the ith link matrix, i.e., V,. Only those joints with 
known kinematic parameters plus the (i+I)st joint are per- 
mitted to be moved. For example, when calibrating V,  , 
joints 1 , 2 , 3 , 4  and 5L are allowed to be moved. From equa- 
tions (8), (9) and (lo), we have 

(11) 
(12) 

i'i, = i'T, i + l  ( i  + 1)'- 

( i  + 1)'- 
IL r+l T(i+l), Y L  7 

and/or 'y. IR = "Ti+, i+l T(i+1)' Y R  9 

where i'Ti+l = vi 7 

"(i+1)' = Q i + 1  
i+l 

- 1  
(13) 

(14) 

i' p .  = "Tir(qj) 

i ' -  P ~ R  = "Ti,(qj) 

"ijL , 

" i j R  9 

IL 
-1  

( i + l ) ' -  y,  = (i+1)'T6,(Qi) jL  , 

and (i+l)'- Y R  (i+1)'T6,(qj) j ,  . 
Note that if the ith link is a common links, i.e., a link between 
the world reference frame and joint 4, then both of the above 
two equations are valid; otherwise, only one of the equations 
( 1  1) and (12) is valid. 

From equations (1 1) and (12), we have 
v-1 iyjL = Qi+,  (i+1)'- Y L  ' (15) 

(16) andlor vr1 'ijR = Qi+,  ( i +  1)'- y, . 

- 
{ i' 

Fig. 4. Relation between 3D coordinates of a 
calibration point at the jth configuration w.r.t. 

different reference frames 

If link i is shared by both the left and right kinematic chains, 
then we take the average of equations (15) and (16), which 
yields 

(17) 

where 
V;' i$jLR = Qi+,  (i+l)ym, 

iFjLR = (iFjL + iF jR) /2  
and ( i + 1 ) ' -  = ((i+l)yL + (i+1)yR)/2 . 

YLR 
( i + l ) ' j  = ( i+l) ' -  

YLR, 

if link i is shared by the left and right 
kinematic chains 

if link i belongs to the left branch only 

if link i belongs to the right branch only 

Let 

Then, equations (13, (16) and (17) can be unified as the fol- 
lowing 

(18) 
The unknown parameters to be estimated are the link matrix, 
vi, and the vector, ( i+l)y.  For the case of 11s-Head, our goal 
is to estimate the kinematic parameters: V,,, V,, V,, V,, V,, 
and V4R, using equation (1 8). In this case, we can set V5, = I 
and V5R = I .  

v:l iyj = Qi+, ( i+ l )y  . 

111. New method for the kinematic parameter 
identification 

Using equation (1 8), our new method will calibrate the ith 
link matrix by moving the (i+l)st joint (joints 1,2,  ..., i can be 
moved too). For convenience, let Rvi , Ri and Rotz(t3) be the 
3 x 3 rotation matrix of V i ,  Ri and Rutz(0), respectively, and 
let fv i  be the 3 x 1 translation vector of matrix Vi , and 

li = [Zi8 l i ,  Z i 7 I r .  Using equation (6), we have 

(19) 
(20) 

Rvi = Ri Rot$,) 7 

tvi = Rvi li t 

and vi = Jbi Trans(li), (21) 
which will be used in the following derivation. 

111.1 Kinematic parameter identification for a 
prismatic joint 

The redundant parameters and the unknowns for a pris- 
matic joint are listed below for clarity of our derivation: 
i). Four given redundant parameters (typically set to zero if 
not pre-specified for specific reason): / I i  and li  . 
ii). The unknowns: Ri , (i+l)y and the sign parameter, s i .  

Consider equation (1 8). For a prismatic joint, we have 

v:' 'F j  = Trans [0 0 q(i+l)l] 

R;i "pj - li = (i+l)y + [0 0 q(i+l l i ]r .  

(22) ( 
or, using (21), 

(23) 
Notice that the value of "pj depend on the movements of 
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joints 1, ..., i and can be computed using equations (13) and1 
or (14). 

Multiplying Rvi to both sides of equation (23) and notic- 
ing that 

where bi = [bi ,  bi, b, ]=is the third column vector of the 
rotation matrix Ri , we have 

(25) 
where a 5 Rvi (li + @+')y) is independent ofj. It is obvious 
that li is redundant, since li and (i+l)y can not be indepen- 
dently estimated. Therefore, Zi can be set to zero if it is not 
pre-specified for specific reason. 

Suppose there are M measurements from M robot config- 
urations, i.e., ' p j  and q(i+lu , j = I ,  2, ..., M. The kinematic 
parameter bi can be estimated by minimizing the following 
error 

i' Pi = a + q ( i + l u  bi 

j = l  

subject to bTbi = 1 .  
The solution is (refer to [9] for the proof) 

and 

Notice that if the third component of bi is negative, in or- 
der to be consistent with the CPC convention, we should 
change the sign of bi and let si = -1; otherwise, let si = +l. 
Once the unit vector bi is obtained, the rotation matrix, Ri, 
can be computed with equation (7). Finally, (i+l)y can be 
solved by using equation (23). However, we do not have to 
calculate (i+l)y if it is not of interest. 

111.2 Kinematic parameter identification for a 
revolute joint 

The redundant parameters and the unknowns for a revo- 
lute joint are listed below for clarity of the derivation: 
(1 ) .  Two given redundant parameters (typically set to zero if 
not pre-specified for specific reason): p i  and the z-compo- 
nent of li. 
(2). The unknowns: Ri , the sign parameter, s i ,  (i+l)y, and the 
first two components of li . 

For a revolute joint, the calibration equation can be 
derived from (1 8) that 

RFi ''pi - li = Rot,(q(i+lu) ( i+l)y,  (32) 
by using equation (21). For convenience, we decompose 
o+')y into two portions as follows. Let 

Q+I)y  = [ y ,  y ,  y ,  ]',and 
(i + 1)' Y = Y a  + Y b ?  (33) 

T 
where y ,  = [ y ,  y ,  0 3' and yb = [ 0 0 y 3  ] . Note that 
for any y 1  and y 2 ,  y :  + y i  f 0, there exist a scalar e and a 
rotation angle w such that 

(34) 
where e, = [ 1 0 0 ]', e = ,(m, w is the angle be- 
tween the vector y ,  and the x-axis. Substituting equations 
(33) and (34) into equation (32), we have (by noting that 

(35) 

Y, = e Rot,(o) el, 

yb = Rot,( ' ) yb) 
R uj + t = e v j ,  

where R E Rot,( - / I i  - w )  RT, uj 3 ' p .  I '  

t = - Rot,( - w )  li -y,and vi E Rot,(q(i+lu) e,. 

ror using the least square method. 
R,  t and e can be solved by minimizing the following er- 

M 

e = uj + t - e vj/12 (36) 
j = 1  

The procedures for calculating a closed-form solution to 
equation (36) are listed in the following (refer to [9] for more 
details). 

M M 
1 Step I :  Compute E = - X u j ,  B = 9 = ui - E 
N j 4  j=1 

and = vi - V. 
step2: Let A E [El ... 3 ... G] 

Step 3: Compute the matrix C = B AT. 
Step 4: Compute the singular value decomposition 

and B 3 [gl ... 3 ... h]. 

rsl 0 01 
C = U 0 S2 0 v', where s1 L s 2  2 s3 1 0. 

l o  0 
L A 

A 

Step 5: If det(V U') = +I ,  then compute R = V UT, 

otherwise, let I? = V [ !l]uT. 

Step 6: Compute e = 

. .  
Step 7: Computet = e V - R E. 

We now show how to compute the kinematic parameters, 
Ri and li , from R and t. Remember that 
R = Rot,( - /I i  - w )  RT, as defined following equation 
(35). It is obvious that the third rows of R and RT, i.e., bT, 
should be the same. Therefore, bT can be obtained from the 
third row of the matrix R. Notice that if the third component 
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Fig. 5. The positioning error of two 

end effectors versus the measurement 
Fig. 6 The positioning error versus 

the measurement number 
number (19 test points) 

of bi is negative, in order to be consistent with the CPC con- 
vention, we should change the sign of bi and let si  = -1 ; other- 
wise, let si = +l. From equations (6) and (7), we can compute 
Rvi from bi and p i .  Then we can compute Rot,(w) using the 
following relation: 

Remember that t = - Rot,( - 0) li - Y b  and 

y b  = [ 0 0 y 3 ]  , hence 
(38) 

where the z-component of li is a given redundant parameter, 
and y ,  should be determined to make the above three equa- 
tions of three unknowns consistent. 

Rot,(o) = R;i R T .  (37) 

T 

Zi + y b  = - Rot,(@) t , 

IV. Experiments 

To evaluate the accuracy of robot calibration, we use the 
positioning error defined below as the error measure. The 
positioning error is defined as the Euclidian distance be- 
tween the measured position of the end-effector (or more 
precisely, of the single calibration point) and its predicted 
position using the identified CPC kinematic model. The 3D 
measurement system we use is a stereo vision system with 
baseline of 0.5 meter, which provides the accuracy of 0.4mm 
in z-direction and 0.2" in x- or y-directions if the object 
distance is approximately 1.5 meters and the deviation of the 
2D observation error is 0.1 pixel. Each small calibration 
plate attached to the camera mount has nine white disks. For 
each measurements, the estimated 3D coordinates of the nine 
disks are averaged to obtain an accurate estimate of the end- 
effector's 3B position, which has approximately 0.05 milli- 
meter standard deviation in each direction. 

For comparison, we have also implemented a kinematic 
calibration method using pose measurements[S] . To obtain 
the pose measurements, a fixed coordinate system called the 

Computer Simulation: M = 20 
13 4 ~ Left end effector A 

r" 
Point-Method 

Std. Dev. of 2D Observation Error (in pixel) 
Fig. 7 The positioning error of two 

end effectors versus the 
measurement noise. 

left (right) calibration plate coordinate system (LCPCS, 
RCPCS) is defined on the left (right) calibration plate. The 
coordinates of the centroid of each disk on the calibration 
plate with respect to LCPCS or RCPCS are known a priori. 
The pose measurements are obtained by applying Arun's Al- 
gorithm[2] to the 3D coordinates of the nine disks measured 
in the LCPCS (RCPCS) and the WCS, respectively. For con- 
venience, the method using pose measurements[8] will be re- 
ferred to as the Pose-Method, and our new method will be 
referred to as the Point-Method. 

In the first experiment (real experiment), twenty measure- 
ments are taken for each joint. Also, for testing the calibra- 
tion accuracy we have taken extra nineteen measurements 
with arbitrary configurations . We then choose M from the 
twenty measurements to calibrate the robot and use all of the 
nineteen testing measurements to test the estimated parame- 
ters. The results are shown in Fig. 5 for M =  4,6, ..., 20. One 
purpose of this experiment is to determine a proper M such 
that the position error is less than lmm. Fig. 5 shows that the 
Point-Method can achieve higher accuracy than the Pose- 
Method. Notice that Fig. 5 does not show the potential that 
the position error decreases when M increases. We believe it 
is because the non-geometric error dominates and the ran- 
dom noise induced error is relatively negligible. However, 
whatever Mis ,  the error is less than 1 millimeter. We use M =  
20 in the following experiments. 

In the second experiment, we run simulations using the ki- 
nematic parameters obtained from the previous real experi- 
ment. We assume that the 3D stereo measurement noise is 
due to the 2D image observation noise of 0.1 pixel standard 
deviation. Each data points in Fig. 6 is the average of fifty 
random trials. Notice that in the real experiments, the test 
data also contain measurement errors. Also, the joints of the 
11s-Head are not ideal at all. Therefore, the real experimen- 
tal results (in Fig. 5) have larger position error than the simu- 
lation ones (Fig. 6). 



The last experiment is to test the robustness of the calibra- 
tion algorithm. The 2D observation error is assumed to be a 
normal random noise with zero mean and deviation um. Fig. 
7 shows the results from computer simulations with each 
point is obtained from the average of fifty random trials, for 
cm = 0.0-1.0 pixel. The number of measurements for each 
joint is set to 20 as in the real experiment. This experiment 
shows that the proposed method is robust against the ob- 
servation noise. 

V. Conclusions 

Active vision is attracting more and more research inter- 
est in the field of computer vision. Being able to acquire in- 
formation actively, the active vision system has more poten- 
tial applications than a passive one has. To control the posi- 
tions and orientations of the cameras, the kinematic parame- 
ters of the active vision mechanism have to be known. Un- 
fortunately, the exact kinematic parameters are usually un- 
known. In this paper we have solved the kinematic parame- 
ters identification problem for the 11s-Head based on the 
CPC kinematic model. Three main features of our new 
method are described below: 
1). With our new method, the kinematic parameters estima- 
tion problem is decomposed into many subproblems of 
single joint axis. Hence, the complexity is reduced and an 
easier implementation is derived. Also, this decomposition 
leads to a general solution for any robot with arbitrary com- 
bination of prismatic and revolute joints. Notice that this 
does not mean that only one joint can be moved at a time dur- 
ing the data collection phase. Instead, all the calibrated 
joints can be moved to gather more information. 
2). It is easier to obtain an accurate point measurement than 
an accurate pose measurement. Moreover, the calibration 
object can be of smaller size when using point measure- 
ments, instead of pose measurements, which allows larger 
range of joint movement in calibration and leads to more ac- 
curate and robust estimations of kinematic parameters. Our 
method, unlike others using single calibration point de- 
scribed in [SI, can provide the transformations from tool to 
end-effector and from world to base (refer to [9]). 
3). With our method, each joint is calibrated in the order of 
from the base to the end-effectors. Therefore, it is very suit- 
able for kinematic calibration of robots having multiple end- 
effectors. On the contrary, if we calibrate a multiple end-ef- 
fector robot from the end-effectors to the base as those meth- 
ods described in [SI and [14], then at the link having two 
branching kinematic chains, we need to estimate an addition- 
al transformation matrix for unifying the coordinates sys- 
tems from different end-effectors (as in [7]). 

The proposed closed-form solution method has been ap- 
plied to solve the kinematic calibration problem of a 
branched kinematic chain having two end-effectors. The 
proposed method has been tested and the results show that 
our method of using point measurements can achieve much 
higher accuracy than that of using pose measurements. 
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