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ABSTRACT

Based on discrete Hermite-Gaussian like functions, a dis-
crete fractiona Fourier transform (DFRFT) which provides sam-
ple approximations of the continuous fractional Fourier trans-
form was defined and investigated recently. In this paper, we
propose a new nearly tridiagonal matrix which commutes with
the discrete Fourier transform (DFT) matrix. The eigenvectors of
the new nearly tridiagonal matrix are shown to be better discrete
Hermite-Gaussian like functions than those developed before.
Furthermore, by appropriately combining two linearly independ-
ent matrices which both commute with the DFT matrix, we de-
velop a method to obtain even better discrete Hermite-Gaussian
like functions. Then, new versions of DFRFT produce their
transform outputs more close to the samples of the continuous
fractional Fourier transform, and their application isillustrated.

1. INTRODUCTION

Thea™order continuous fractional Fourier transform (FRT) of
X(t) is defined as[4]

X4 (1) = &, X(OK, (. u)et, @
wherethetransform kernel K, (t,u) isgiven by

K (t U) =m)ejp(tzcota-21ucsn(a)+u2cota) (2)
a\bs y

in which a@=az/2. It is known that the transform kernel
K, (t,u) canalsobewritten as[4]
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is the nM-order Hermite-Gaussian function with H,, being the nth-
order Hermite polynomial.
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TheN" N DFT matrix F is defined by
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In [5], Dickinson and Steiglitz introduced an N N nearly tridi-
agonal matrix S whose nonzero entries are;

Sin = ZCOS(EXFI), OE£n£(N-1)

Sn,n+1 n+1n - 1! 0£nE (N 2) (6)

SN-l,O = SO,N-l = 1
With S defined above, S commutes with F, i.e, SF=FS. There-
fore, the DFT matrix F and the above marix S share a common
eigenvector set and we can find the eigenvectors of F from those
of the matrix S[3].

Analogous to the spectra expansion of the continuous FRT

kernel K, (t,u) in (3), and from thefact that the eigenvectors of
S can be used asthe discrete Hermite-Gaussian like functions, in

[2], Pei et a. defined the a™-order DFRFT matrix FS by
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where T denotes the matrix transpose the matrix
V=[v,|v,|L|Vy ,|Vy,] for odd N and

V =[v,|v, ||V ,]|Vy] for even N, D is a diagond ma
trix with its diagonal entries corresponding to the eigenvauesfor
each column eigenvectors in V, and vy is the Kh-order discrete
Hermite-Gaussian like function with k zero-crossings and is
obtained from the corresponding normalized eigenvector of S.

The S-based DFRFT of x can beeasily obtained by y, =FZx .

2. ANEW NEARLY TRIDIAGONAL
COMMUTING MATRIX T

In [1], Griinbaum introduced an exactly tridiagonal matrix com-
muting with the centered discrete Fourier transform matrix of
even size. Inspired by the work of Griinbaum, we propose in this
section a novel nearly tridiagonal matrix which commutes with
the ordinary DFT matrix of any size, even or odd. Moreover, we
will demondrate that its eigenvectors approximate samples of
the continuous Hermite-Gaussian functions better than those of
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