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Abstract 
A nonlinear missile guidance controller with 

Thrust Vector Control (TVC) inputs for the 

interception of a theater. ballistic missile is presented. 

In this paper, the midcourse phase of the missile is 

investigated, during which many non-ideal conditions 

must be considered, such as variation of the inertia of 

the missile and existence of the aerodynamic force, 

and an effect controller is designed take into account 

the properties of TVC. 

Specifically, a 3 DOF optimal midcourse 

guidance law is designed to minimize the control 

effort and the distance between the missile and the 

target. The asymptotic stability of the overall system 

is proved by Lyapunov theory. Extensive simulations 

are conducted to validate the effectiveness of the 

proposed guidance law for TVC. 

Nomenclature 
a' Acceleration vector 

d' Disturbances 

d p  Pitch angle of propellant 

d,, Yaw angle of propellant 

F Thrust vector 
- 

Gravitational acceleration vector 

J Moment of inertial matrix 

J, Nominalpartsof J 

AJ Variation of J 

m Mass of the missile 

e Distance between node  and gravity center 

Zb:,=[-e 0 01' Displacement vector 

N Magnitude of thrust 

F Position vector 

i Theunitvectorof 7 

t The present time 

Z The intercepting time 

tg=r-t Time-to-go until intercept 

T Adjustable time parameter 

T Torque 

3 Velocity vector 

0' Angular velocity 

Subscripts 
b The body coordinate frame 

d Desired 

i The inertial coordinate frame 

M Missile 

p Perpendicular to LOS 

T Target 

1. Introduction 
Based on the concept of the PN guidance law, 

the constant bearing guidance is often employed on 

the Bank-to-Tum (BW) missiles [1,2], whereas a 

different kind of guidance law, namely, zero-sliding 
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guidance law aims at eliminating the sliding velocity 

between the missile and the target in the direction 

normal to LOS [3]. Ha and Chong derived a new 

command to line-of-sight (CLOS) guidance law for 

short-range surface to air missile via feedback 

linearization [4] and its modified version [5 ]  with 

improved performance. 

In order to utilize the prior information on the 

future target maneuvers or on the autopilot lags, 

optimal guidance law based on the optimal control 

theory [6] has been investigated after 196O’s, although 

that guidance law requires more measurements than 

the PN guidance law [8,9,10]. A new optimal 

guidance law without the estimation of the 

interception time is proposed to deal with situation 

where the accurate time-to-go is unavailable [l 11. 

On the other hand, attitude control is another 

important issue to be addressed for successful missile 

operation. It is quite often that quaternion 

representation has been adopted to describe the 

attitude of a spacecraft [12,13], because it is 

recognized as a kind of attitude global representation. 

To account for with the non-ideal factors of the 

spacecraft under attitude control, the sliding mode 

control has been employed by Chen [ 151, whereas the 

adaptive control has been employed by Slotine[ 161. 

2. Equations of Motion 

parts as follows 

Translation: PM =iiM + Z M ,  FM =PM (1) 

Rotuting: Ji=-Ciix(JCii)+F (2) 

The motion of a missile can be described in two 

. .  

Referring to Fig. 1, the force and torque exerted 

on the missile can be expressed as 

cos d cosdp 

(3) 

and 

(4) 

_Vehicle axis 

Figure 1 : TVC Actuator with Single Nozzle 

One can accomplish the transformation of 

vectors from the inertial coordinate system to the body 

coordinate system as follows 

+BbC ( 5 )  

From eqs.(l) to (5 ) ,  the dynamic equations of 

the missile can then be formulated as 

?M =? /m+gM =( BbFb)/m+ZM (6) 

3. Guidance System Design 
A modified optimal guidance law without 

estimation of time-to-go is designed by not 

considering the relative motion along the line of sight. 

The equations of relative motion perpendicular to the 

LOS are as follows 

”( t)=-Zw( t ) , ;p( t ) = 5  ( t  ) 

The proposed optiamal guidnce law is then given as 

zb,p(t) = [ 3 h 2  Y T ]  [!!:::I . (9) 

Substituting (9) into (S), we get a new state 

equation without input 
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Therefore, by [7] we b o w  that for any positive 

definite matrix Q we can always find a matrix P 

such that A P+P A=-Q and P is a-positive 

definite matrix. Thus, we define a Lyapunov function 

-7'- - - 

C/](:], whose time derivative of the 

Lyapunov function is derived as 

If we define e=&,,,, then we can get the 

matrix P with the following form as follows 
r 

which can be verified to be a positive definite matrix 

by checking its eigenvalues. Therefore, the system (10) 

can be shown exponentially stable. 

4. Autopilot System Design 
From Eq.(2) and quatemion, the mathematical 

model of a missile can be derived as 

(14) 
1 -r- 

4e4=-Tae q e  

Jk=-Gx( JG)+f+z  (15) 

whereGe=G-Gd is the error between angular 

velocities at the present attitude and the desired 

attitude, respectively. 

Let us choose the sliding manifold as 

sa =me +Ge (16) 

where P=diag[p, p2 p 3 ]  is a positive definite 
c 

diagonal matrix. According to the derivations by Fu et 

al. [3 1. the system origin ( a,Q)=(4&d) can be shown 

to be exponentially stable. 

From the fact that J is symmetric and 

positive definite, the candidate of Lyapunov function 

is set as 

1 V, = - Si JS, 
2 

Taking the first derivative of V, , we have 

Let the control law be 

?=-J,P ( i -  -(qexhe+-q - e4 6 e)  

+ 6 X (  J06)+JOkd +s" 

sgn(.) is a sign function, then (1 8) becomes 

where 

Assume the extemal disturbances 3 and 

uncertain parameters AJ are all bounded, then the 

upper bound of ISi] can be found and denoted as 

6,!"=. It is evident that if we choose ki=Si- for 

i=1,2,3, then (20) becomes 

for Sa+O. Therefore, the reaching and sliding of the 

sliding mode S,=O is guaranteed. 

Generally, the stability of an integrated system 

cannot be guaranteed by the stability of each 

individual subsystem of the integrated system, and 

thus the closed-loop stability of the overall system 

must be re-evaluated. In other words, if the desired 

acceleration is ZMp +J , the actual acceleration 

applied on the missile is 
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- -  

F=J(N/m)2-IzMpfi ,  then we get a new state 

equation as follows 

Then, the time derivative of the Lyapunov function 

can be derived as 

where E=g(Zw+7), and ZL=$i?-, e is a matrix 

of the form as follows 

Note that we use the fact that i%,,=O, and 

B( q e  )=(qex)( e x ) + q e 4 (  e x )  . 

We define the Lyapunov function candidate of 

the overall system as 

(26) 
v=-s:.rs,+v,, 1 

2 

The time derivative of the Lyapunov function can be 

derived as 

To guarantee the stability of the overall system, 

the following assumption is introduced to specify the 

requirement of the adjustable parameters: 

Assumption Through the entire course of midcourse 

phase, we can alwaysfind appropriate gain p and 

convergence time such that 

By the assumption, (27) can be written as 

( ~ ~ ~ ( ( ~ x ) + q e 4 1 3 ~ 3 , ( 6 x ) 6 e )  Q - is a 
where Q-2 

positive definite matrix. 
P 

The Lyapunov function V, = - 1 T  Sa JS, is used 
2 

to check the stability of the autopilot system. Then, 

(29) can be written as 

and <=S,'[gz+f'], where 
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= 6 x ( A l 6 ) +  li + U&?, 

1’ 
Thus the upper bound of /6111 and 16211 can be 

found and we define6,-=max()6,,~,]6,,~). Then, (30) 

becomes 

According to Lyapunov stability theory, the 

stability of the overall system and the autopilot system 

is proved at the same time. 

5. Simulations 
The validity of the guidance and the autopilot 

systems of the integrated midcourse systems proposed in 

sec.3 and sec.4 will be verified through various 

simulations in this section. Here, we consider the 

variation of the inertia of the missile and the disturbance 

resulting from the aerodynamic force. Thus, the inertia 

matrix we use here is as follows 

J=J, +Lw( k g d )  

where 

867 0 0 
.Io= 0 1926.3 [ 0 0 &.j 
(AI,,(<693.6(80% ofJ,,) 

/Uz2 Id54 l(80% of J Z 2 )  

14/,,1<1541(80% ofJ,,), 

Finally, we use the ending condition in the 

midcourse as the initial condition for the subsequent 

terminal guidance and control, and then check 

whether the final intercept due to Fu et al. [3] may be 

successful. Thus the midcourse phase offer applicable 

ending conditions to ensure the interception of the 

missile. And the remarkable success combining the 

midcourse and terminal guidance laws have been 

verified in Figure 2. 

IDE~wgmml 

6. Conclusions 
The overall process of intercepting a ballistic 

missile includes two parts: the midcourse phase and 

the terminal phase. In this paper, we focus on the 

midcourse phase of the interception, which is a period 

of time lasted until the missile is close enough to the 

target such that the sensor located on the missile can 

lock on the target. Considering the properties of the 

TVC and the non-ideal conditions during the 

midcourse phase, we employ the controller integrated 

by the optimal guidance law, where the time-to-go of 

the missile is unnecessary to estimated, and the sliding 

mode autopilot system, which can adjust the attitude 

of the missile even when considering the uncertainty 
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of the inertia of the missile and the aerodynamic force 

exerted on the missile. 

Various simulations have been adopted to 

verify the feasibility of the integrated midcourse 

guidance system. Simulations base on the terminal 

guidance law by Fu [3] have been adopted, too. 
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