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Eigenvalues and Singular Value Decompositions of
Reduced Biguaternion Matrices
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Abstract—In this paper, the algorithms for calculating the eigen-
values, the eigenvectors, and the singular value decompositions
(SVD) of a reduced biquaternion (RB) matrix are developed. We
use the SVD to approximate an RB matrix in the least square sense
and define the pseudoinverse matrix of an RB matrix. Moreover,
the RB SVD is employed to implement the SVD of a color image.
The computational complexity for the SVD of an RB matrix is
only one-fourth of that for the SVD of conventional quaternion
matrices. Therefore, many useful image-processing methods using
the SVD can be extended to a color image without separating the
color image into three channels. The numbers of the eigenvalues
of an n x n RB matrix, the n  roots of an RB, and the zeros of
an RB polynomial with degree n are all finite and equal to » , not
infinite as those of conventional quaternions.

Index Terms—Quaternion, reduced biquaternion (RB), singular
value decomposition (SVD) and eigenvalue of reduced biquater-
nion (RB) matrix.

I. INTRODUCTION

HE well-known concept of the quaternion was rst intro-
duced by Hamilton in 1843 [1]. The quaternion is a gen-
eralization of the complex number. It has four components, i.e.

q=qr + qt+q;7+ qk Q)
where g,, ¢;, g;, and gy, are real and ¢, j, and k satisfy

=5 =k’=-1, ij=—ji=k
jk=—kj=1i, ki=—ik=j. )
From (2), the multiplication of quaternions is not commutative.
Owning to this, many operations, such as Fourier transforms
[47] and convolutions, are different from those of the complex
algebra [25] and the eigenvalues of a quaternion matrix boil
down to two categories, left and right eigenvalues [5]

(Left)
(Right). @)

Qo) T(q) =AM~ Z(q)
Q) Z(q) = Z(q) * Ar

In (3), A\, and A, can be quaternion numbers and \;
may not be equal to A.. Moreover, the eigenvalues of a
quaternion matrix are in nite. If A is an eigenvalue of
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a quaternion matrix @, then every element of the set
I' = {g\¢~! : ¢ is any unit quaternion with |g| = 1} is also
an eigenvalue of Q) [5].

On the other hand, the concept of reduced biquaternions
(RBs) was rst introduced by Sch tte and Wenzel [2]. The
major difference between RBs and quaternions is the multi-
plication rules, which are commutative for RBs. Thus, many
operations of RBs are simpler than those of quaternions. More-
over, both the quaternion and RB matrices can be employed to
represent color images. The SVD of a conventional quaternion
matrix was proposed in [36], [37]. In this paper, we propose the
SVD of an RB matrix. Each of these two SVDs can be utilized
to decompose color images. Compared to that of the quaternion
matrix SVD, the complexity of the RB matrix SVD is reduced
to a smaller factor of one-fourth.

In [3], we discussed the de nitions and properties of RBs
and developed their fast Fourier transform for signal and image
processing. A brief review is given as follows.

Definition of RBs:

q=qr + gt + q;7 + @k,

where
ij=gi=k, jk=kj=1
ik =ki=—j,i" =k =—1
%=1, and ¢, ¢, qj, and g, are real. 4)

This setting produces two special numbers, e; and e,, where

e1 =(1+7)/2, ea=(1—-7)/2, andejes =0
r=eTh = =e2=¢

n_ n—1__ _ 22

ey =ep = ...... = e5 = ea. (5)

Therefore, e; and e, are both idempotent elements (e? = ey,
e3 = ey) and divisors of zero. Any RB with the form c;e; or
coes is also a divisor of zero and does not have a multiplicative
inverse (where ¢; and co are any complex numbers). Thus, for
RBs, there is no solution of the variable 2 in the following equa-
tion:

ur =1, if u = c1eq1 or caen (6)
and there are in nite solutions to the following equation:

ur = 0, if u = cieq or caen. @)

Hence, the RB system is not a complete division system.
Three Useful Representations of RBs: We introduced three

useful representations of RBs in [3]. These three representations

are (a) e; — ey forms, (b) matrix representations, and (c) polar
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forms. Each representation has its advantages. The complexity
of many operations can be reduced when applying e; —es forms.
The matrix representations are helpful in de ning the norm and
conjugation. We can understand the geometric meaning of RBs
from polar forms. We give a brief review of these representations
as follows.

a) e; — eo forms: A RB number ¢ is often represented in
the following form:

q=(q: +iq:) + (g +iq) = qa + Jao
= q(c),1€1 + G(c),2€2 (8)

where g, = ¢ +igi, @ = ¢; + Gk, 4(c),1 = Ga + q», AN
q(c),2 = qa — qb, are all complex numbers.

b) Matrix representations: The matrix representation of 1,
1, 7, and k are

10 0 0
01 0 0
I=Li=1, 91 ¢
o0 0 0 1
0 -1 0 0
. 1 0 0 0
=M=y g o9 _1
0 0 1 0
0 0 1 0
. 00 0 1
I M=\ 5 o o
001 0 0
00 0 —1
0 0 1 0
k—>Mk_0_100 9
(1 0 0 0

where ]\4]-2 = 1y, ]\4L2 = ME = —1y, ML'MJ' = MjML' = M,
M]'Mk = Mij = M;, and M;My, = MpM,; = —Mj.
Therefore, the matrix representation of an RB ¢ = ¢, + iq; +
jq]' + qu is

qr —q; q; —dqk
. . _ qi qr qk qj
=qr + g+ q;) + k— M, = 7
4= TG A e 4G —a @& —G
9 49 ¢ Gr
(10)
The four eigenvalues of M, are
e=(gr+q;)+i(gi+ar), € =(a+q;)—i(q+ar)
n=(¢—q;)+i(gi—ar), n"=(¢—q;)—i(gi—qr). (11)

Moreover, the determinant of M, is the product of the above
four eigenvalues.

qr —qi q; —qk
5= qi qr qk q;
q; —4k 4r —4;

qk q; ' qr
(g +45)% + (@i + a1)?) ((ar — 45)* + (0 — r)?)
2
=(G+¢+C+aq) —Maewg; + )’ >0, (12)
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¢) Polar forms: An RB can be uniquely represented by a
polar form if 6 # 0

q=a-+ ib + jC + kd = Aewiekak ejgj (13)
where ¢ is de ned as in (12), and
A=lq|=V5>0, gi=tan"(b1/a1) € (—7,7]
Gk:tan_l(ch/al) € (—71'/2./71'/2]7 Hthanh_l(f/e)

\/1+(a2+b2+c2+d2)/\/3
e= , [
2 e\/g
a1 =ae —cf, by=be —df, ci=ce—af, di=de—bf.

(ac+ bd)

The proof of (13) can be found in [3].
An interesting thing is
¢1% = coshfy + jsinhfy, (j2 =1)
where cosh( ) and sinh( ) are the hyperbolic cosine and sine
functions, respectively.
RB Matrix: Similar to the RB number, the RB matrix has

four components [45] and it is often represented by the linear
composition of two complex matrices using e; — e5 forms

(14)

QmB) = A(e) T iB(e) = Qo) 161 + Qo) 262 (15)

where

Aoy = Qq).r +1Q(q) 5
Qe),1=A(e) ti B
=QrB)r+QrB),j+i (Qrp)i+QrE) k)
Qe),2=Ae)—3B(e)
=Q(rB)r—QrB),j i (QrB),i—QrB)K) - (16)

Bey=0Q(q),; +1Q(q) k-

and Q(rB),r Q(rB).i» Q(rB).j» aNd Q(rp) i are the real, i-, j-,
and k-parts of an RB matrix, respectively. By this e; — es form
representation, the addition and multiplication of RB matrices
can be easily calculated by two additions and two multiplica-
tions of complex matrices. Moreover, the transpose T, conjuga-
tion and Hermitian transpose “ of an RB matrix can be de ned
as
Ql(jRB) = Ql(:l),lel + Ql(:l),QeQ 17

where ™ canbe T, —, or . The conjugation used here is different
from the de nition in [3], but this conjugation is more suitable
for calculating the SVD of an RB matrix. Some algebraic oper-
ations of the RB matrices are listed as follows.

@) (Qirp)Q2rnr)" = QZRB)QMRB)PH-

(b) (Qurs)PQawB)P)" = Qawre) P’ Qire)P"

(©) (Qurp)PQ2ms)P) = Qirp)P Q2rB) P

(d) (QurB)PQowp)P)™" = Qomp) P 'Qirpy P~ if

Q1(re) P’ and Qo(rp) P are invertible.

(e) (Q1(RB)PH)_1 = (Ql(RB)P_l)H'

) (Q1(RB)PT)71 = (Ql(RB)P_l)T'

(9) (Ql(RB)P)_1 = (Qiwrp)P™).
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These properties can be easily proved by (17) and the corre-
sponding properties of the complex matrices. In general, (b),
(c), (f), and (g) are not satis ed by quaternion matrices [5].

In Section 1, we introduce the ways to derive the eigenvalues,
eigenvectors, SVD, and inverse of an RB matrix. One applica-
tion of the RB matrix eigenvalues for calculating the zeros of an
RB polynomial is discussed in Section I11. Three applications of
the RB SVD for the least square error problem, the pseudoin-
verse of an RB matrix, and color image processing are given in
Section IV.

Notation and Definition List: Throughout this paper, we use
the following notations.

4, 9, 4, 4 the real part, -part, j-part, and k-part of a
quaternion or an RB number ¢ = g, + ig; + jq; + kqx.
Qo) Q(q)r @(rp): COMPplex, quaternion, and RB matrices.
Qo) .r Qe),i» (o). Qo) & thereal, i-, j-, and k-parts of
a quaternion (or an RB) matrix. Q(s) = Q(e),» +1Q(e),i +
]Q(.) j + kQ ek, Where (4y can be (,) or (gp) P

m(c) m(q),z:(RB)P complex, quaternion, and RB vectors.
(conjugation): For both the quaternion and the RB, § =
¢ — 10 — 395 — kq.

H (Hermitian): conjugation + transpose of a matrix or
vector.

= [@w)"

|| (Norms): In this paper, for both the quaternion and the
RB

— T
QZ) Q(F,II) =(Qu) , QmeP"=

1/2
=+ +a@+a)"

+ (addition): p + ¢ = (pr + ¢») + i(pi + ;) + j(p; +
q;) + k(P + ax)
Multiplication for quaternions:

—Dili — P4 — Pkdk) +i(Pr @ +0iGr +Djqk — PrG;)
—Dilk + Dt +Pr@i) + E(Prarx +pid; — P +Prar)-

pq = (prar
+J (pr q;

Multiplication for RBs:

Pq = (Prgr —Diti +piq; — Prqk) +i(pr(h‘+pi(]r+qu}c +Pk(Ij)
+3(praj — Pidk +Pjqr — PrGi) + k(Prar + pid; +pjqi +Prar).

Eigenvectors and Eigenvalues: For quaternions,
Q(q):l?(q) = A\ - :E(,I (left form) and Q((I Z(q) = Z(q))\
(right form). For RBs, Qwp)PZ®r)P = AT®wp)P =
T(rp) P

ey, e idempotent elements of RBs.

(L=j)/2

Q(c): the equivalent complex matrix of Q).

Q(c)(RB) : the equivalent complex matrix of an RB matrix
(RB)

Ay, By: the real + i parts and the 4 + & parts

of a quaternion (or an RB) matrix, respectively.

Ay = Qoy,r T1Q(e),i aNd By = jQa),j + kQ (o) k-

where () can be (,) or (gs)P.

e1 =(14j)/2and es =

2675

Q(c),lv Q(c),Z: For RBS, Q(c),l = A(c) + _]B(c) and
Q)2 = Ae)—=JBe), 1.6, Q)P = Qc), 111+ () 2€2-

Il. EIGENVALUES, EIGENVECTORS, AND SVD OF AN RB
MATRIX
A. Algebraic Structures of RB

In this subsection, the inherent group structure of RBs is in-
vestigated in a way for giving itself a character similar to the re-
lationship between quaternions and the rotation group SO(3).
Note that for every RB ¢ = a + bi + ¢j + dk, we have

q=(a+bi)+ (c+di)j
=(a+ bi) <1ﬂ+1—> + (c+ di) (ﬂJrl;‘])

=(a+bi)(er +e2) +
=((a+e)+ 0+ d)i)er+((a—c) +

(c+ di)(e1 — e2)
(b — d)i) es.

Moreover, if there are two complex numbers ¢; and ¢, such that
cie1 + coea = 0,then by ejes = 0, €2 = eg, and €3 = e
multiplying the equation with e; gives cie; = 0and multiplying
it with es gives coes = 0. Thus, ¢; = ¢ = 0 and consequently

w1 and es are linearly independent over complex numbers. In
(Q(RB)P) other words, the set of RBs can be denoted as the following

direct sum:
Ce1 @ Cey

where C stands for the complex number eld. Let Q* be the
group consisting of all RBs with unique multiplicative inverse.
In order to set a group representation of *, we recall a simple
representation of C' as follows:

C — Ms(R), a+bin—>[_ab Z}

where R. stands for the real number eld. Therefore, we get an
alternative representation of any RB element ¢ = a + bi + ¢j +
dk € Q* as follows:

a+c b+d 0 0
L —(b+d) a+c 0 0
@+ bi+tcj+ dk 0 0 a—c b-—d
0 0 —(b-d) a-c
Let
M=V0a+c)2+0+d)? M=+(a—c)?+(b—-d)?

91 :tan_l <b+d> , and 92:tan_1 <b_d>
a+c a—c

the above formula can then be further simpli ed to

a+bi+cj+dk

)\1 COS 01 )\1 SinHl 0 0
—A1sinf;  Ajcosf; 0 0
0 0 Ao cosfly  Agsinfs
0 0 —Aasinfly Ao cos s
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One can easily see that this mapping is a group homomor-
phism, because an RB ¢ = a + bi + ¢j + dk has its unique
multiplicative inverse ¢~ = x + yi + zj + wk if and only if
the following linear system is nonsingular:

a —-b ¢ —d T 1
b a d ¢ y| |0
c —d a —b z| |0 (18)
d ¢ b a w 0
ie.,
a —-b ¢ —-d
b a d ¢
det c —d a —b
d ¢ b a

=((a+c)?* + (b+d)?) ((a—c)* + (b—d)?*) >0

which guarantees that Ay, A> > 0, i.e., the matrix

)\1 COS 01 )\1 SinHl 0 0
—/\1 sin 191 /\1 COS 191 0 0
0 0 Mg cosfy  Aasinfy
0 0 —Aosinfly Ao cos s

is of full rank. In summary, this representation tells us that the
geometric meaning of Q* is a decomposition of the four-dimen-
sional Euclidean space into two independent planes, and each of
their coordinates is transformed by a rotation plus a contraction
or expansion SO(2,2).

B. Eigenvalues and Eigenvectors of a Quaternion Matrix

The eigenvalues and eigenvectors of a quaternion matrix were
discussed in [4], [5]. Let Q(,) be an n x n quaternion matrix and
Qg) = A) + B(oyJ (19)
where Ay = Q(q),r + Q)i ad B(e) = Q(q),j + 1Q(q) -
Note that A,y and B, are two complex matrices. Then the
eigenvalues and eigenvectors of Q(,y can be calculated by the
eigenvalues and eigenvectors of the corresponding equivalent
complex matrix [4], [5]

A A
Q c) = |: _(C)
@ | -Be

If X\ is an eigenvalue of Q(c), then X will be another one. Both
of these two numbers are the eigenvalues of the quaternion ma-
trix Q). There are 2n eigenvalues of the complex matrix Q((,).
Thus, we can get n complex eigenvalues with nonnegative imag-
inary part of Q) [4]. However, the quaternion eigenvalues of a
quaternion matrix are in nite. If X is an eigenvalue of a quater-
nion matrix, then g\q is an eigenvalue, too (g is any quaternion
that satis es |¢| = 1). This proof can be found in [5].

Furthermore, if (., = [flT(C),fQT<C)]T is an eigenvector of
the complex matrix for Q((), then 7 () = [#1(s)] — [53(6)] g
is an eigenvector of the quaternion matrix @, for A, where
the superscript * represents the complex conjugation, 7. and
Ta(c) are two n x 1 complex column vectors, 7. isa 2n x 1
complex column vector, and 7,y is ann x 1 quaternion column
vector.

B

(20)
Ae)

:|2n><2n
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C. Eigenvalues and Eigenvectors of a RB Matrix

For RBs, the multiplication is commutative. Thus, gA\q =
Agq = X for |q| = 1(gq = qq = |q|?> = 1). Consequently, the
eigenvalues and eigenvectors of an RB matrix are nite. Here,
we illustrate two different ideas to compute the eigenvalues and
eigenvectors. The results of these two methods are identical.

Method 1: Using the Equivalent Complex Matrix of an
RB Matrix: Similar to the quaternion matrix, an RB matrix
Qre)P = A(c) + jB) has its equivalent complex matrix,
too. If

QrB)P = A(c) + B()j where Aoy = Q(rp),r +1Q(rB),:
and B(.) = Q(rB),; +1Q(rB)k (21)

the equivalent complex matrix of the RB matrix Q g, P is

A Q(c).l 0
Q ¢)RB = |: ’
© 0 Q(C)72 2nX2n

where Q.1 and @), are de ned in (16). The relations be-
tween Qrp) P’ and Q. rp are shown as follows:
(@ If Q@B)P = I, where [, is an n x n identity matrix,
then Q(c),RB = I,.
(b) f Qre)P = Qure)POQyre) P, then Q) rp =
Ql(c),RBDQZ(c),RBi where [0 = + or X.
©) (Q).rp)~" is the equivalent complex matrix of
(Qre)P)™".
(d) If A = Ay + jAy is an eigenvalue of Qgrp) P’ and 7 =
Z, + jp, are the corresponding eigenvector, then

(22)

)\a+b =X+ XN and Mg_p =g — N
are the eigenvalue of the complex matrix Q. and
Q(c),2, respectively, and (7, + 73) and (7, — 7) are the
corresponding eigenvectors.

Moreover, the converse is also true. If Ao and Ao—p (Zats
and 7, ;) are the eigenvalues (eigenvectors) of the Q (., and
Q(c),2. respectively, then [Aq 15+ Aa—p + 7 (Aot — Aa—p)]/2 08
the eigenvalue of the RB matrix Q rp)P = A() + jB(.) and
Zogb+Za—p+7J(Tars—Za—p) is the corresponding eigenvector.

The proof of (2) (c) is very easy by (22). Here, we only give
the proof of (d).

(Proof of (d)): Assume Qrp)P’ = A(.) + jB() to be an
n x n RB matrix, and A = A\, + X is an eigenvalue of Qrp) P
where )\, and A, are two complex numbers and # = #, + jZ
is the corresponding eigenvector of A with Z, and ', being two
complex vectors. Then

Q(RB)PLE - )\J_,"
= (A@Ta + Boys) +J (AT + B(o)Ta)
= ()\afa + )\bfb) + j()\afb + )\bfa)- (23)
We have

A(C)f,,, + B(c)fb = Ao + M@y (3)
Ao + BeyTa = Aoy + NoTa (D)

A B z Aa A Z
(c) (c) a | _ a b a
= N = - . 24
[B«) A<c>] [:::J [Ab Aa} Lb] 24

Authorized licensed use limited to: National Taiwan University. Downloaded on January 21, 2009 at 22:51 from IEEE Xplore. Restrictions apply.



PEI et al.: EIGENVALUES AND SVDs OF RB MATRICES

In addition

(a) + (b) = (A(C) + B(C)) (fa + fb)
=(Aa + M)(To + 25)

(a) = () = (A0 = B(e)) (Ta — )
=(Aa — o) (70 — )

Q1 0 } |:fa+fb:|
= ’ - -
|: 0 Q(c),Z La — Tb

At 0 Zo + T
[ 0 Aa—Abea—f,,]' (26)

Therefore, (A, + Ay) and (A, — \p) are the eigenvalues of the
complex matrix Q.1 and Q.).2, respectively, and (Zo4s +
Za—p) and (Za4p — Za—p) are the corresponding eigenvectors.
We can calculate the eigenvalues and eigenvectors of an RB
matrix by calculating the eigenvalues and eigenvectors of the
two complex matrices Q)1 and Q(.).»-

Moreover, if

(25)

Qo) 1Tatb = AatdTatbs  Q(c)2Ta—b = Aa—bTa—b

and Q(RB)P = A(C) + JB(C), then

QrB)P [Tags + Tap + J(Tagp — Tasp)]
= [Qo)161 + Qo) 262] [2Tatper + 2Tq—pe2]
= 2Za1pAarpe1 + 2Za—pAa—ve2
= (Aagve1r + Aa—pe2)[28qqp + 2Z0—s)
_ Aatb+ Ao + J(Aats — Aa—b)
2
X [Zagp + Taep + J(Zags — Ta—b)]

(27)

and the converse of (d) is also true. Q.E.D.

From (d), because there are n eigenvalues (eigenvectors) of
a complex matrix, there are n2 eigenvalues (eigenvectors) of an
RB matrix.

Method 2: Using e; — eo Forms of RBs: Alternatively, we
can represent an RB matrix using the two idempotent elements
e and e, as in (8)

Q)P = A(e) + jB(e) = Qey,101 + Qo) 262-  (28)
Therefore, if Aoyp and Ao—p (Zats and &,_p) are the eigen-
values (eigenvectors) of the Q) ; and Q. », respectively, then
(Aaxbe1+Aa—pe2) will be the eigenvalue of the RBs matrix and
(Zatpe1 + Za—pe2) Will be the corresponding eigenvector. The
proof is shown as follows.

Q)P (Tats €1+ Tap - e2)
= [Q(e)ae1 + Qo) 2€2] (Fays - €1+ Tap - €2)
= Qe),1%a+b - €1+ Q) 2Ta—b - €2
= AatbTatb - €1+ Aa—pTab - €2

= (/\a+b61 + /\a—beZ)(fa-l—bel + ja—b62)~ (29)

The results obtained by method 1 and method 2 are identical.
Again, using e; — es forms can simplify the analysis of RB ma-
trices. A comparison between the eigenvalues and eigenvectors
of a quaternion matrix and an RB matrix is shown in Table I.

2677

TABLE |
COMPARISONS BETWEEN THE EIGENVALUES AND EIGENVECTORS OF A
QUATERNION AND RB MATRIX

nxn quaternion matrix nxn RB matrix

Numbers of

' Infinite n2
eigenvalues

Calculate the eigenvalues
and eigenvectors of a

2nx2n complex matrices
Aoy Bo

Calculate the eigenvalues
and eigenvectors of two

nxn complex matrices

Ow.1and Q)
(defined in (16))

Calculation
method (Equiva-
lent complex
matrix)

Q0=

—1_3(c) Z(c)

2nx2n

The complexity of computing the eigenvalues of an RB matrix
is much lower than that of the conventional quaternion matrix.

D. SVD of a RB Matrix

The algorithm for calculating the SVD of a quaternion matrix
using its equivalent complex matrix was developed in [36], [37].
We can obtain the SVD of an RB matrix using steps similar to
those of quaternions and the equivalent complex matrix of an
RB matrix. However, using the e; — e, form representation can
simplify the steps. Thus, we only discuss the method of e; — e5
form representation. Assume that the RB matrix Qgp) P is

Qre)P = Ac) + 1B() = Q(o),1061 + Qo) 262 (30)
where Q)1 and Q. » are de ned in (16). The SVDs of Q) 1
and Q.2 are in fact the SVDs of two complex matrices. Sup-
pose that

Qo)1 = U[A]V1]7 and Qo 2 = Us[Ao][Vo]? (31)
where
U U1JE =iV = Da[Un)? = W) =1,  (32)

[A1] and [A2] are two diagonal matrices with real elements oy ;
and o2 ;, respectively, (i = 1,2,...,n) and the superscript 7
means the Hermitian transpose. Then the SVD of an RB matrix
is

Qe P= (U1 [A]VA]7) ex + (Us[A2][Vo] ") e
=(Ure1 + Uzea)(Arer + Agea)
x ([Vi]"er + [Va]Tes)
=Utre) PAwe) P [Vire) 7]
( erey =0,ef =ej,e5 = 62) (33)
where Arp)P = (A1)er + (A2)ez, UrpyP = Urer + Usey
and Vigp) P = Vie; + Vaeo. (34)

By (32), Urn) and V(g are unitary matrices, too.

Urn) PUrp) P" = Ug{B)U(RB) = V(RB)V(gB) = V(gB)V(RB)
:Inel + Ineg = In (35)

Note that diagonal matrix A(gp) is not a real matrix unless
(Az(e)) = (Ay(e))- Usually, it has real and j parts.
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TABLE Il

COMPARISONS BETWEEN THE SVDS OF A QUATERNION MATRIX AND AN RB MATRIX

nxn quaternion matrix

nxn RB matrix

diagonal matrix.

H H
SVD Q(q) U A(q) V(q) Q(RB) - U(RB) A(RB)V('RB)
Unitary matrix Uy and ¥y, Urs) and Vgp,
Diagonal matrix A(C) is areal A(RB) is a non-real

diagonal matrix

Calculate the SVD of a
2nx2n complex matrices

Calculate the SVD of two

original color
image

Caleulation A B nxn complex matrices
method S @) (©)
Q((\) =l — = O and O
_B(‘) A((,) 2nx2n
Complexity of 3
gvgty (2ny'= 8n’° 2n

No. of real mul-

tiplications for
reconstructing the 87° on’

Therefore, using the two elements e¢; and e, we can calcu-
late the SVD of an RB matrix by the SVD of two complex ma-
trices without developing a new algorithm. The complexity of
the SVD of an RB matrix is one-fourth of that of the SVD of a
quaternion matrix. Moreover, the original matrix is usually re-
constructed by the sum of the outer products

H
=) N Uite) vy

=1
(36)

Q) =Uw) [Aw] [Vi)]”

where z =q or RB.

The complexity of (36) using the RB matrix will be only
three-fourth of that of using the quaternion matrix, because
six (eight) real multiplications are necessary and suf cient
to compute the product of two RBs (quaternions) [38] [42].
Consequently, using RB matrices for the SVD of a color image
is more ef cient than using quaternion matrices.

The comparison between the SVDs of a quaternion matrix
and an RB matrix is illustrated in Table II.

E. Inverse of a RB Matrix

For an RB matrix Qrp)y = A() + jB) = Q)€1 +
Q(c),2¢2 the inverse of Q(rp) exists, if and only if the inverses
of Q(),1 and Q.o exist. Moreover, the inverse of Qrp) is
[Qe)1]7 e1 + [Q(e),2] ' e2. The deviations are as follows.

(@) —: Suppose that the inverse of Qgrp) exists and is de-

noted as [Qrp)] "t = Pie1 + Paey. Then

Qwp) [Qmp)] = [Quo,1P1] e1 + [Qo2P2) €2 = I,

= Q1P =Q) 2P =1, (37)
Thus, the inverses of Q.1 and Q) » exist and they are
-1 —1
[Qa] =P and  [Qu)2] =D

(b) «: Suppose that the inverses of Q.1 and Q(.) o exist
and are denoted as [Q)()1]~* and [Q(.) 2] 7*. Then

Q(rB) ([Q(c),1] e+ [Q(c),z]_l 62)
= Qo)1 [Q(c),l]_l e1+ Qo2 [Qo) 2]

Therefore, the inverse of Qrp) exists and it is
[Qe)1]™ e +[Q (),2 2] e

I11. APPLICATIONS OF EIGENVALUES OF AN RB MATRIX FOR
FINDING ZEROS OF RB POLYNOMIAL

Lo, (39)

We can use the eigenvalues of an RB matrix to calculate the
zeros of an RB polynomial. Before discussing the zeros of an
RB polynomial, we rst review the n'" roots of a conventional
quaternion and then discuss the n*" roots of an RB.

A. The nt" Roots of a Conventional Quaternion: z" = ¢

To nd the »*" roots of a quaternion [8], [9], it is useful to
represent quaternions in the polar form as follows.

q=a+bi+cj+dk=|qle" (39)

where |q| = (a® + b2+ % + d2)1/2, cos = afl|q|, sinf =
(02 + 2 +d?)?/|q|, and if b2 + ¢ + d? # 0, then
bi + cj + dk

H= (b2+02—|—d2)1/2

is a pure unit quaternion and 2 = —1. The n*® roots of a
quaternion ¢ = |q|e”? are

1/n, 2k

ai = o] #(k=012.......n=1). (40)

Therefore, for a nonreal general quaternion, the number of n"
roots is n. However, a positive real quaternion has just two
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TABLE IlI
COMPARISON BETWEEN THE *! ROOTS OF A QUATERNION AND AN RB

A quaternion

A reduced biquaternion

= uo 0, j6, kb
Polar form q=lqle g = Aeel®eM
(a) n, for non-real quaternion
Number of b) Infinite. f . 5
1 roots (b) Infinite, for real quater- 12, for any RBs

nion except for n = 2

square roots but infinite n*® roots for » > 2. In addition, a
negative real quaternion has infinite n** roots, both for n = 2
and n > 2. The real quaternions have in nite roots because the
choice of the number 1, of a real quaternion can be arbitrary pure
unit quaternions [8], [9].

B. The nt"* Roots of a RB z™ = g:

For an RB number, the nth roots can be computed by two
different methods. The rst method is using polar forms of an
RB and the other is using the e; — e, forms.

Method 1: By Means of the Polar Form of an RB: For an RB,
its polar form is

g=a+bi+cj+dk = Ae?1ei% M0

The parameters A, 61, 62, and 65 can be calculated by (13). We
can calculate the nt® roots of an RB using this polar form. Let
q = Ae'¥1e792¢49 then the " roots of ¢ are

(01+27-11) . 05
n J

(03+427.ly) |
6 n ek n Jlg

AY/met (41)
where [, 1o € {0,1,...,n — 1}, and if nis odd, I3 = 0, else
I3 = 0 or 1. Therefore, there are n2 nt® roots of an RB if n is
odd; and there are 2”2 n'? roots of an RB if n is even. However,
there are n2 duplicate roots when n is even due to the following
property
. . i(eliﬁ) k(egi”%)
ezelek03 _ el(ﬁlzl:w)ek(93:|:7r) —e n e n )
(42)
Therefore, if niseven, (I1,12), (1 +n/2,la+n/2), would give
the same duplicate roots. If we set the range of the value [, as
following equation,

if n is even

ifnisodd ()

there are n? n'® roots of an RB for any value of n. However, for
n = 4 m, each root still has two duplicate roots because
. sf(27n/4 (27n/4
J= ik o — () ()

() R _ () (220)

Method 2: By Means of the e; — es Form Representation of
an RB: On the other hand, we can represent an RB using the
two numbers e; and es as in (8)

(44)

q=(qr +1iq;) + j(q; +iqr) = qatve1 + qa—pe2.  (49)

By (5) and (45), the solutions of ¢" = Q(rp), i.€., the nth roots
of Q(rp), can be obtained from the following:

q" = qg+z,61 + qq_pe2 = Q(c),161 + Q(c),262

Ty = Qo)

= {QZ_b = Q)2 (46)
where Q)1 and Q. » are de ned in (16). Note that q;,, =
Qatv and ¢, = Q. are problems of the nt® roots of a
complex number. Thus, there are n n'" complex roots of each
equation. Therefore, there are totally n2 n*" roots of an RB. This
result is the same as that obtained from the polar form of an RB.
The comparison between the nth roots of a quaternion and
the nth roots of an RB is shown in Table I11. The following two
examples are given to demonstrate the correctness of our results.

Example 1: Calculating the square roots of any RB number

0= qr +iq; + jg; + ka, = Ae™ 1% M0

In [2], the authors showed that the square roots of an RB ¢ are

g{(1+_j)va11+z’a12+(1—j)va11 — a2} (47)

2
where o = {1, —1,4, —j}, a11 = q, +iq;, and iais = q; +igy.
In fact, these solutions are the same as ours in (41) or (46). We
can show that (47) and (41) are equivalent,

a1 = qr+ig;
= (Ae®1e1%2 k0 4 Aei¥1pmi020k02) 19 (48)
ta12 = q; + iqx

=j(Aer etk _ peif1emi02¢7k03) /9 (49)

a1 +iaiz = ((1+j)Aewlejezeka3
H(1— j)Aciieit k) f2, 0

a1 —iars = ((1—j)Aei® ci% ko3
+(145)Aet =% k05) /2. ®1)

Assume that

VAT i ehls = AV [21:/2ck0/2 (59)
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and use the fact that (1 + j)(1 — j) = 0, then

(1+j)Vair +iars

= \/(1 + §)3 Aei®r eib2ek0s /2

— (1 _|_j)A1/26i01/2€j92/26k03/2 (53)
(1 —=j)Vai1 —iarz

— \/(1 — §)3Aei® ¢ifa ek 2

— (1 _j)A1/2ei91/2ej92/2ek03/2 (54)
[(1 + Va1 +ia2 + (1 — j)Varr — z'alg] /2

— A1/20901/2,002/2 k65 /2 (55)

C. The Zeros of a RB Polynomial

Definition 1—A RB Polynomial: Given a series of RB coef-
cients qo, q1 . . ., gn—1, @ monic RB polynomial of degree n is

expressed as the function of the with RB variable z
p(z) = 2™ 4+ gro1a" " + @17 + qo. (56)

Definition 2—A Zero of an RB Polynomial: Given an RB
polynomial p(z), we say that A is a zero if p(A) = 0. For
quaternion polynomials, the fundamental theorem of algebra
was rst considered by Eilenberg and Niven [10], [11]. They
prove that every quaternion polynomial has at least one zero.
Niven s algorithm can be found in [11]. A simpler method mod-
i ed from Niven s algorithm was developed in [12] for com-
puting the zeros of a quaternion polynomial. A companion ma-
trix associated with the polynomial is proposed herein for calcu-
lating the information about the trace and the norm of the zero.
For a quaternion polynomial with degree n, the number of zeros
may be n or in nite.

On the other hand, for RB polynomials, we will develop two
methods for calculating the zeros. The rst method is using the
companion matrix which is similar to the biquaternion one. The
second one is using the e; — e form representation as in (8) that
divides an RB polynomial into two complex polynomials.

Method 1: By Means of Companion Matrices:

Definition 3—Companion Matrix: Given an RB polynomial
as (56), the matrix

0 1 0

c,=1 - - 57
» 0 0 ) (57)
—¢o —q1 —(qn—1

nxn

is called the companion matrix associated with the RB polyno-
mial p(z).

Theorem 1: If X\ isan eigenvalue of the companion matrix CEF,
then (a) A is a zero of p(z), and (b) v = [1, X, \2,..., A" 1]
is an associated eigenvector.

Proof:
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TABLE IV
COMPARISONS BETWEEN THE ZEROS OF A QUATERNION AND RB POLYNOMIALS

A quaternion polynomial | A reduced biquaternion

of degree n polynomial of degree n

Number of zeros n or infinite n?

Companion matrix Companion matrix

Calculation method

and Niven’s algorithm or the e1-¢; form

(@) Assume that v = [vg,vs,...,v,]T is the associated
eigenvector of ), then
0 1 0 U1 U1
. .. V2 V2
’ ’ =X 58
0 0 1 8)
—qo —q1 —Qn—1 Un, Up,

Multiplying both sides yields the following equations

vi=Mi_1 = v =A"to (1=2,3,...,n) (59)
— qoU1 — q1V2 — -~ — Qn—-1Un = )‘/Un- (60)
Substituting (59) into (60), we obtain
—qoV1 — LAV — ... — qn_l)\n_ll/l = )\)\n_ll/l =4
CERAED ot S + @A+ qo)v1. (61)

Since vy # 0, as v cannot be the zero vector, we conclude

A 4 g N +qaA+qgp=0 (62)
and the eigenvalue \ is a zero of the polynomial p(z).

(b) If we choose v1 = 1, then by (59) we obtain

vo= [LAAE ), A”—l]T and we conclude that v is

an eigenvector associated with the eigenvalue A\. Q.E.D.

In Section 11, we know that an n. x n RB matrix has exactly
n? eigenvalues. Consequently, there are exactly n? zeros of an
RB polynomial with degree n.

Method 2: By Means of e; — e; Forms: Given an RB poly-
nomial p(z) = @, + qn_12" "1 + ...+ q17 + qo, We can divide
this RB polynomial into two complex polynomials p; (2 ) and
p2(z_) as

p(z) =p1(z4)er + pa(z-)e2 (63)
where p1(z4) =277 + comra’} 4L + 1y + ¢
po(x_) =2 + 1™ P +diz_ +dy

T =xye1+T_e9 (64)

and ¢; =cie1 +diea (i=0,1,...,n—1). (65)

By the complex algebra, we know that both p;(z,) and
p2(z_) have exactly n complex zeros. Therefore, there are
n? zeros of an RB polynomial. This result is the same as that
obtained by method 1. The comparison between the zeros of
a quaternion polynomial and an RB polynomial is shown in
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Table IV. The following example is employed to demonstrate
the correctness of our methods.

Example 2: Then we try to calculate the zeros of the fol-
lowing two RB polynomials.

(a)
pi(z) = 23+ (=3—j+k)2? +(=2+5i— 15)z + (4 —2i—5k)
(b) 0

pa(z) =2 + (i+j+k)2®+ (L+j—k)z* + (1 +i—j)a®
+(i+j—k)a® + (=i + )z + (1 —k). (67)
(a) The companion matrix [see (57)] corresponding to (66) is

0 1 0
0 0 1 = A(c)—l—jB(c)
44245k 2-5i415] 34j—k
(68)

(b) The eigenvalues of the companion matrix can be calcu-
lated by the following steps.
1) First, we divide the companion matrix into two com-
plex matrices (A () +B.)) and (A(.) — B(.)) and cal-
culate their eigenvalues. The eigenvalues of (A +
B(c)) are 6.5188 — 1.17134, 0.3194 — 0.27834, and
—2.8381 + 0.4496:, and the eigenvalues of (A —
B(c)) are 1.7599 — 3.05754, —0.3277 — 0.08634, and
0.5678 + 4.1438s.
2) The nine eigenvalues of the companion matrix, that
is the nine zeros of the RB polynomial, are shown in
Table V.
(c) The companion matrix associated with py(z) in (67) is
shown in (69) at the bottom of the page.
We follow the steps as (a) to calculate the eigenvalues of
the companion matrix. Here, we only show the six eigen-
values of (A(c) + B(c)) and (A(c) - B(c)) in Table VI.
The 36 zeros of po(z) in (67) can be computed from
(Aatver + Aa—pe2).

IV. APPLICATIONS OF THE SVD OF AN RB MATRIX

A. Pseudoinverse of an RB Matrix

2681
TABLE V
ZEROS OF THE POLYNOMIAL OF EXAMPLE 2(A), o456 1 a—b 2
WHERE .45 AND ,_; ARE THE EIGENVALUES OF () (c) AND
©) (¢) » RESPECTIVELY
1 4.1393 —2.1144i +2.37945 + 0.9431%
2 3.0955 — 0.6288i +3.4232j — 0.5425k
3 3.5433 + 1.4863i +2.9755j — 2.6575k
4 1.0396 — 1.6679i — 0.7203; + 1.3896k
5 —0.0042 — 0.1823i + 0.3235/ — 0.0960k
6 0.4436 +1.9327i—0.1242j - 22110k
7 —0.5391 — 1.3040i — 2.2990; + 1.7536k
8 —1.5829 +0.1817i—1.2552j + 0.267%
9 -1.1352 +2.2967i— 1.70305 — 1.8471k
TABLE VI

EIGENVALUES OF THE TWO COMPLEX MATRICES DERIVED FROM THE
COMPANION MATRIX ASSOCIATED WITH THE POLYNOMIAL OF EXAMPLE 2(B)

Eigenvalues of (A + Byc)), Aq+p|Eigenvalues of (4() — Be)), Aab
1 -1.1695 - 2.6861i 1.5415 - 0.9264i
2 -0.0229 +1.1089i 0.5220 + 1.4092i
3 0.7835 + 0.4689i -1.2538 +0.4075i
4 0.4871 —0.8832i -0.6431 -0.5513i
5 -0.6065 +0.4230i 0.4258 - 0.7218i
6 -0.4715-0.4314i 0.4076 +0.3828i

Then the pseudoinverse matrix is

+
Q?—RB) = Vir) [Awn)] " Uk (71)
We can use the SVD of an RB matrix @ rp) to compute its
pseudoinverse. Assume that Q rp) = U(RB)A(RB)V("’];B), asin where
(33), and N
g1 0 01 0
+
Arn) = (70) [Awp)]” = (72)
0 On nXxn 0 J: nxn
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0 _ .
0 0 0 0 0 1
14k i—j —i—j+k —1—i4+j —1—j+k —i—j—k
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Fig. 1. Selected eigenimages of Mandrill baboon: (a), (b), (c), (d) using RB SVDs. (e), (f), (9), (h) using quaternion SVDs. (a) (e) original image. (b), (f) the rst

eigenimages. (c), (g) the fth eigenimages. (d), (h) the twenty- fth eigenimages.

if o, = crie1 + coie9
and cy; X co; 75 0

_ -1 -1
1/0; = cj; exr + ¢y ea

Jj— = cilel ifcy; Z0butey; =0
C2_i ey if c1; = 0 but ¢, 7é 0
0 ifc1; =co =0

(73)

B. Least Square Error Problem for RBs

Suppose that there is an RB matrix @ rp) and an RB vector
brp). We want to  nd an RB vector #(gp) such that

square error of approximation

- 2
= ‘b(RB) - Q(RB)x(RB)‘(RB) (74)

is minimized. Here, the norm of an RB vector is de ned as

1/2
| = (z 21+ Y 2+ Y z?[n1+zaz[n1)

where 2., Z;, Z;, and Zj, are real and correspond to the real-i-,
j-,and k-parts of Z, respectively. The problem to minimize (74)
can be solved by the SVD of Qrp). Assume that Qrp) =
U(RB)A(RB)V&B), as in (33). Then #gg) can be solved from

T(rB) = Q(RB = V(rB) [A(RB)] U(RB b(RB (76)
where the pseudoinverse [Agp)|™ is de ned in (71) and (72).
The RB vector (g solved from (76) will be the solution to
minimize the square error in (74). _

Proof: Suppose that Z(rp) = brp) —
Z(rB) can be expressed as

Q(RB)j(RB) . Then

[(Zr + Z5) +i(Z + Zp)] er +[(Zr — Z5) +i(Z — Zi)] e2

Z(RB) =

where Z., z;, Z;, and zj, are the real-i-, j-, and k-parts of Z(gp),
respectively. Note that

|(Zr 4 25) +i(E + 217 + (2 = 2) + (5 = 2

Z (Z.[n] + Z;[n]) +Z (Ziln] + Zk[n])®
+5 (Zn] - Zn)) +Z (Ziln] = Z[n))?

Z (2] + 2 [n]Zj[n] + Z7[n] + 27 [n] + Zi[n]Zi[n]
+ 2 [n] + Z[n] — Z[n]Z[n] + Z[n] + 27 [n]
—~Zi[n)Zk[n] + Z[n])
=2 e @
Thus, if both |(Z.+Z;) +i(Z; +2¢)|? and | (2, — Z;) +i(Z; — ) |2
are minimized, then |Z(rp)|? can also be minimized. Note that
if we use (15) and (16) to decompose E(RB), Q(rB) and T (rp)
as the e; — eq for:

[_;(RB) :l_;(c),lel + 5@),262, Q®B) = Qo),161 + Q) 262
TRB) =T (c),1€1 + T(c) 262 (78)
then
2+ 2+ i(F 4 2 =bey1 — QT
and Z, — Z; + (% — Zx) = 5'( .2~ Qe)2T(e)2-  (79)
From (76)
- + .7 7
Fo)1 =Viop1 [Ae] " Uley abeon
" + >
Feyz =Vie2 [Mo2] Uy abie)2 (80)
where

I/(C) = ‘/(c) 1e1 + WC),2627
Uy =Ue) 11 + Ue) 262

Ay = Aeyie1 + Aoy 2€2

(81)

Authorized licensed use limited to: National Taiwan University. Downloaded on January 21, 2009 at 22:51 from IEEE Xplore. Restrictions apply.












