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A n  Efficient Method for Determining the 
Chromatic Dispersion Characteristics of 
Nonlinear Single-Mode Optical Fibers 

Hoang Yan Lin, and Hung-chun Chang, Member, ZEEE 

Abstract-To determine the dispersion characteristics of non- 
linear single-mode fibers, the various orders of derivative of 
the propagation constant with respect to frequency must be 
calculated. Recently, it is under study that high nonlinearity 
changes the guided modal field and then modifies the chromatic 
dispersion characteristics. However, up to date, the methods 
proposed either are approximation ones or are based on rigorous 
formulation but with dependence on numerical differentiation. 
We introduce a rigorous method which eliminates the need of 
numerical differentiation entirely. It is based on a variational 
finite-element formulation. The propagation constant and the 
modal field are obtained from solving a set of nonlinear alge- 
braic equations and this part predominates in the computational 
efforts of the present method. The derivatives of the propagation 
constant can be easily obtained by solving sets of linear algebraic 
equations. Careful arrangements makes the present method an 
efficient one for saving computer memory and CPU time. Several 
examples are examined to see the change of chromatic dispersion 
characteristics resulting from the change in the modal field under 
the influence of nonlinearity. 

I. INTRODUCTION 
SIDE from the losses, chromatic dispersion is the most A important factor for determining pulse propagation in 

conventional optical fibers. The chromatic dispersion param- 
eters, such as the group velocity, group-velocity dispersion, 
and higher order dispersion, are related to the various orders 
of derivative of the propagation constant with respect to fre- 
quency. For numerical accuracy and computational efficiency, 
several solution procedures have been proposed to calculate 
these quantities, for example, in [1]-[4]. During the last 
two decades, fibers operated in the nonlinear regime have 
stimulated much research interest, since the interplay between 
the chromatic dispersion and the material nonlinearity has 
been found to result in quite different propagation behavior 
[5 1. There are potential applications in ultrahigh-bit-rate long- 
distance communication systems and ultrafast all-optical signal 
processing. In early analyses, nonlinearity was considered as 
such a small perturbation that the modal field would not be 
perturbed and the dispersion parameters could be calculated 
from their linear limits. However, under high nonlinearity, 
the perturbation results are no longer valid. The change 
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of the modal field should be calculated from fully solving 
the nonlinear wave equation and can affect the dispersion 
characteristics in turn. Such further influences of nonlinearity 
have been studied recently in [6]-[lo]. 

Since the solution of the propagation constant and the 
modal field for nonlinear fibers depends on numerical methods 
which are uneasy, some approximation methods based on the 
Gaussian approximation [6]-[8] and the equivalent-step-index 
approximation [8] were proposed. Although these methods 
result in quick and sometimes analytic solution, errors are 
inevitable when the trial fields deviate from the true modal 
fields. The change of dispersion characteristics due to the 
change of modal field at high nonlinear level was estimated in 
[9] for the first time. In that paper, the propagation constant 
and the modal field were solved rigorously by a numerical 
method, but the formula for the first order of derivable of 
the propagation constant and hence the calculated results up 
to the second order are incorrect. In [lo], the correction for 
that formula and some of the results are presented. However, 
the corrected formula involves the derivative of the modal 
field with respect to frequency. Using the procedure proposed 
in [9] and [lo], numerical differentiation must be partially 
used in calculating the first derivative and is necessary in the 
evaluation of the higher order ones. This is no better than to 
obtain the derivatives by numerically differentiating the data 
on the curve of the propagation constant versus frequency. The 
first disadvantage of using numerical differentiation is its error- 
susceptibility. Hence, error tolerance in the calculation must be 
stringent. The second disadvantage is its requirement of much 
computational effort. To obtain a single nth order derivative 
of the propagation constant, the eigenvalue problem for the 
propagation constant and the modal field must be solved for 
n + 1 adjacent frequencies. This is undesired especially for the 
nonlinear cases since solving the nonlinear problem repeatedly 
is very time-consuming. 

For fibers operated in the linear regime, we have pro- 
posed an algorithm which eliminates the need of numerical 
differentiation entirely and is efficient in computer memory 
and computational effort [4]. In the present paper, we aim 
at the same goals but for analyzing nonlinear fibers. The 
frame of the method is based on a variational finite-element 
formulation. First, we derive a nonlinear variational problem 
for the propagation constant and the modal field. This problem 
can be transformed into a nonlinear eigenvalues problem 
by applying the finite-element method (FEM) and then be 
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solved by certain iteration procedure. This first part of solution 
procedure is similar to that adopted in [9] and is predominant 
in the computational effort of the present method. To obtain 
the governing equations for the derivatives of the propagation 
constant up to the second order, we differentiate the original 
differential equation, boundary condition, and normalization 
condition once and twice, respectively. From these equations, 
we form two variational problems and then transform them 
into two systems of linear equations by applying the FEM. 
The advantage of using the present method is that for a 
certain nth order derivative of the propagation constant, only 
one eigenvalue problem at that frequency along with n linear 
deterministic problems of analysis [ 11 J need to be solved. The 
former is time-consuming but unavoidable, while the latter can 
be solved relatively easily by some simple matrix operations 
and numerical differentiation is totally circumvented. The 
principles behind the present method and that in [4] are the 
same, but the algorithms developed are different. Although the 
present method is not so simple as that for linear cases, some 
desired features for numerical computation are still preserved. 
The procedure in [4] can be looked as a simplified version of 
the present one in its linear limit. Detailed description of the 
numerical procedure and comparison with that in [4] will be 
presented. 

We organize the remainder of this paper as follows: the 
mathematical formulation, including three variational prob- 
lems, is presented in Section 11. The detailed numerical proce- 
dure is described in Section 111 where we also point out some 
careful arrangement tailored to save computational effort and 
make comparison with the algorithm in [4]. In Section IV, 
some examples are analyzed by using the program based on 
the numerical procedure in Section 111 and comparison with 
those results recently reported is made. Finally, we give brief 
conclusions in Section V. 

11. FORMULATION 

In this paper we deal with the circularly symmetrical fibers 
by which we mean that their structural and material parameters 
are functions of the radial coordinate only. The dielectric 
constant of the material in the optical fibers is expressed as 
E = E L  + E N L .  The linear part is related to the linear part of 
the refractive index defined as 

E L  = n i (R)  ni + (nf - n i ) f (R)  

= { (4 -n; ) f”(R) ,  R 5 1 
(1) 

R > 1  

where R is the radial coordinate normalized with respect to 
the radius a of the region R bounded by the outer uniform 
cladding wi_th index 722, n1 is the maximal refractive index 
within R, f ( R )  defines the shape of profile within R, and 
f ( R )  equals to f”(R) inside R and zero outside R. Assume that 
the third-order nonlinearity of the material leads to the Kerr- 
type nonlinearity. Under the weakly guiding approximation, 
we consider the lowest order circularly symmetrical scalar 
mode, i.e., the nonlinear LPol mode (NLPol mode) [12], of 
the optical fibers. The nonlinear part can be approximately 

expressed as 

where nNL is the distribution of the nonlinear Kerr coefficient 
in the unit of m2/W and 170 = (po /~o )1 /2  with po and EO being 
the permeability and permittivity of free space, respectively. 
The modal field E(R) of the NLPol mode satisfies the 
following nonlinear scalar wave equation: 

where the normalized frequency V and the normalized prop- 
agation constant w are related to the free space wavenumber 

1/2 ko and the propagation constant 0 by V = Icoa(n5 - n;) 
1/2 . and w = k ~ a [ ( P / k o ) ~  - n;] 

Define the normalized modal field $(R) as 

so that it satisfies the normalization condition 
CO 1 $‘RdR = 1. ( 5 )  

0 

The normalization constant A can be determined and is related 
to the total power P, which is defined as the integration of the 
Poynting vector over the transverse plane, by 

The normalized modal field satisfies the scalar wave equation 

f [ V 2 f ( R )  - w2]$(R) 

+ V2h(R)$3(R) = 0,  

R 10, ..) (7) 

where h(R) = n z n ~ ~ P / ~ a ~ ( n :  - n;). 
For the sake of numerical treatment, we restrict ourselves 

to a finite region R’ : R E [0, D ] ,  where RI is chosen to be 
sufficiently larger than R such that for guided modes, the field 
at R = D is relatively small [9], [13]. We then approximate 
the field beyond 0’ by the linear solution, i.e., the solution 
for the case with h(R) = 0 [9]. To calculate the normalized 
propagation constant and the normalized modal field, we solve 
the differential equation 

RdR R L $ ( R )  dR f [ V 2 f ( R )  - w2]$(R) -4 1 

7 
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with the boundary condition the boundary condition given as 

- 
dZ 
dw 

= Z ( W ;  D )  = -w- 
= Z q ( D )  + -W$(D) + G3 (15) 

where D is a parameter for the function Z and K, de- R=D 

notes the nth order Bessel function of the second kind: The 
normalization condition becomes and the constraint given as 

n 

$$RdR - --$(D)&(D) D dZ i 0 2w dw 

DW 
:!Z] 

where 
+-$'(D) - +G4(R)  = O  (16) - = w D [ l -  dZ (z)2].  4w 

dw 
where 

To calculate the first derivative of w with respect to V ,  we 
differentiate (8)-(10) with respect to V .  Indoing so, we obtain 
the differential equation satisfied by {tb,$} as 

G2(R) h ( R ) [ s V 2 $ ( R ) i 2 ( R )  + 12V7j2(R)4(R) 

+ [ V 2 f ( R )  + 3V2h(R)g2  - w 2 ] ] ( R )  

R E [O, Dl (11) 

- 2wW+(R) + G l ( R )  = 0, 
- [4wtbd(R) + 2w2$(R)] 

G3 2--w$(D) dZ . . + G W  d2Z . 2  $(D)  
dw the boundary condition as 

and the constraint as 
D 

DW 

where the dot denotes the differentiation with respect to V and 

and 

Similarly, to obtain the second derivative of w with respect 
to V ,  we differentiate (11)-(13) wjth respect to V .  The 
differential equation satisfied by (6, $} is expressed as 

I d  [R-&(R)] d + [V2 f (R)  +3V2h(R)g2  - w 2 ] ] ( R )  R d R  dR 
- 2wW$(R) + G2(R) = 0,  

R E [O, Dl (14) 

Z + 4DZ2 Z2 + 3DZ3 + 3D2Z4 - 
dw3 W Dw3 

Note from the above derivation that to calculate {w,  $} for . 
the NLP01 mode, the nonlinear problem defined by the set of 
equations {@)-(lo)} must be solved. However, the problem 
for w (defined by ((11)-(13))) and that for W (defined by 
((14)-(16))) are linear ones. It is favorable that usually the 
linear problems require much less computational effort than 
the nonlinear problem. 

To solve the three sets of equations, first, we transform 
the differential equations and their corresponding boundary 
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< 

D 1 3 [ 4  = J [ ( V 2 ( f + 3 h 7 p )  -w2)?i;2- (8) 2 -lWW..]RdR 

0 

+D [Z(w)?i;'(D) + Z$$ti$(D)?i;(D)] 

+ 2DG3?i;(D) 
\ 

conditions into variational equations, as in [4]. The differential 
equation (8) and the boundary (9) are transformed into the 
variational equation expressed as (17) (see previous page). 
Similarly, the variational equation transformed from (1 1) and 
(12) is expressed as (18) (see above) and that transformed from 
(14) and (15) is expressed as (19) (see above). The numerical 
procedure for solving the three variational equations along 
with their corresponding constraints is detailed in the next 
section. 

111. NUMERICAL PROCEDURE 
The E M  has proved to be an efficient numerical technique, 

for example, in [4]. Applying the FEM, the three sets of 
equations derived in Section I1 are transformed into sets of 
algebraic equations and are solved one following another. 
We summarize our algorithm as shown at the bottom of this 
page. The steps of our solution procedure are detailed in the 
following with some remarks. 

Step I :  Obtain the set of nonlinear algebraic equations 
for { w , 9 } .  Based on the FEM, {(17), (10)) is transformed 
into a set of e uations (20) (see above) where 9 = 
[!PO, 91,. . . , 9 ~ ]  is a column vector of nodal unknowns for 
+(R), and @i(R) (i = 0 , .  . . , N )  is the ith local basis function. 
This is a nonlinear eigenvalue problem. 

Step 2: Solve for { w ,  !P}. As in [9], we take the following 
steps: 

1) Square each function defined by the left-hand side of 
(20) and sum them up. 

2) Minimize the resulting function. The solution satisfy- 
ing the optimization problem is equivalent to that for 
(20). The optimization problem is solved by the Broy- 
den-Fletcher-Goldfarb-Shanno algorithm which is the 
variant of the Davidon-Fletcher-Powell algorithm [ 141. 

Step 3: Obtain the set of linear algebraic equations for 

used in Step I, we transform {(18), (13)} into a set of linear 

3 

. Defining the same nodes and local basis functions as 

given V , P  + solve {(17),(10)} + { w , $ }  

t h e n w i t h V , P , { w , $ } + s o l v e  {(18),(13)}* {W,.} 

then with V,P,{w,$},{w,4} +solve {(19),(16)} * { W . q }  
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algebraic equations by the FEM. The set of linear algebraic 
equations may be expressed as a matrix equation 

where [M is a banded matrix. Multiplying (13) by w,  we can 
obtain [MI as a symmetrical matrix which results in further 
simplification in numerical manipulation. Here, [MI and [yl] 
are known, since they involve the nodal values of n L  and 
n N L ,  the solution {.I,*} which has been solved, and the 
integrations of the basis functions. Thus, this is a deterministic 
problem of analysis [ l l ] .  

w,\k . First, we apply the Gaussian 
elimination method to obtain the LU decomposition of the 
matrix [MI [15]. Then, after applying a forward reduction 
process [15] on the vector [yl], w can be obtained by a single 
arithmetic division and \E can be obtained by fully executing 
the backward substitution process [ 151. Several remarks made 
for calculating the dispersion parameters of linear fibers in [4] 
are also noted here. Since the matrix [Ml is both symmetrical 

Step 4: Solve for { ‘ 1  

and banded, the memory and CPU time required are saved 
significantly. The LU decomposition can be executed in place 
without further requirement of computer memory. Storing the 
decomposed matrix is essential for reducing the computational 
efforts, as would be seen in the following steps. 

Step 5: Obtain the set of linear algebraic equations for 
w, \k  . Defining the same nodes and local basis functions 

as used in Steps I and 3 and applying the FEM, {(19), (16)) 
is transformed into a set of linear algebraic equations. It may 
be expressed as a matrix equation 

{ “1  

r .. -3 

where LEVP, CFF, and LDP are the abbreviations of “lin- 
ear eigenvalue problem,” “closed-form formula,” and “linear 
deterministic problem,” respectively. Comparing these two 
algorithms, we note that the differences are 

1) The eigenvalue problem for { w ,  \k} is more complicated 
in the present paper because we are dealing with a 
nonlinear problem. 

2) In [4], the derivatives of w can be calculated by using 
CFF’s which involve the derivatives of { w ,  \k} of lower 
order only. In the present method, derivatives of w and 
\k of the same order are related and can be solved 
simultaneously from a set of linear equations. 

3) In [4], there is always one degree of freedom undeter- 
mined for the modal field \k and its derivatives with 
respect to the frequency. This is due to the linearity prop- 
erty of that problem. In the present paper, however, we 
must specify the power to determine the solution. There 
are enough equations to solve \k and its derivatives 
uniquely. 

There are also common features for the two algorithms. They 
are 

1) The various orders of derivative can be solved from 
lower to higher order one following another. 

2) For the case of nonlinear fibers, the matrices in the 
governing matrix equations for the derivatives of { w ,  \k} 
are the same. In 141, the matrices for solving the de- 
riviates of \k are the same as that in the eigenvalue 
problem for {w, \k}. The computational effort has been 
significantly saved, since we only need to apply LU 
decomposition once and store the decomposed matrix 
for later calculation. This point makes the solutions of 
the obtained linear deterministic problems even easier. 

The nonlinearity results in the different features listed above 
and some of which complicate the analysis method. However, 
the common features mentioned make the present method still 
an efficient one. 

Here, (16) is also multiplied by w and note that the matrix 
is exactly the same as that in (21). The vector [yz] involves 
the nodal values of n~ and n N L ,  the solutions { w , \ k }  and 
{ w, .) which have been solved, and the integrals of the 
basis functions. Thus, this is also a deterministic problem of 
analysis [ l l ] .  

Step 6: Solve for w, \k . Since the LU decomposition of 
[MI has been stored in Step 4 ,  it is available for the present 
calculation. After applying a forward reduction process [ 151 
on the vector [yz], w can be obtained by a single arithmetic 
division. If we want to calculate the higher order derivatives 
of w,  !@ is needed and may be obtained by fully executing the 
backward substitution process [15]. 

The algorithm used in the present paper has different 
features from that used in [4]. For convenience, we summarize 
that algorithm used in [4] as follows: 

{ “1 
Iv .  NUMERICAL RESULTS AND DISCUSSION 

Now, the present numerical procedure is implemented as a 
Fortran program and can be applied to calculate the chromatic 
dispersion parameters of nonlinear fibers for arbitrary f (  R)  
and h(R).  In the finite-element analysis, the region R’ is 
divided into m elements. Inside each of the elements, the 
quadratic basis functions are employed to interpolate $(R)  and 
its derivatives so that there are 2m+l nodal unknowns for each 
of the unknown functions. The four-point Gauss-Legendre 
quadrature is applied to calculate the element integrals and 
double precision has been adopted in the program. 

First, the program is applied to analyze the linear fibers, 
i.e., the special cases with h(R) = 0. Although their disper- 

given solve a LEVP { w ,  sion characteristics can be calculated more easily using the 
algorithm in [4], they are analyzed using the present method 
to verify the method in the linear limit and to be compared 
with nonlinear cases. Here, two examples are considered: one 
is the step-index fiber with f ( R )  = 1 and the other is the 
parabolic-type graded-index fiber with f(R) = 1 - R2. The 

then with V, {w ,  $} j use a CFF j tb 
then with V, {w ,  $}, w j solve a LDP =+ 4 

then with V, { w ,  $}; { w, &} =+ use a CFF + tij 
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Fig. 1. The dispersion parameters, b, d ,  and y as functions of V for the linear 
and nonlinear step-index fibers. The dashed curves are for h ( R )  = 0 obtained 
using the present method, while the dots are for the linear case obtained by 
the method in [4]. The solid and dotted curves are for the nonlinear fiber 
with Darameters defined in the text obtained using the mesent method and the 

0 1 2 3 4 5 6 

NORMALIZED FREQUENCY V 
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1 .  

method in [9], respectively. 

dispersion parameters to be calculated are defined as fOllOWS 

Fig. 2. The dispersion parameters b, d, and y as functions of I for the linear 
and nonlinear parabolic-type graded-index fibers. The dashed curves are for 
h ( R )  = 0 obtained using the present method, while the dots are for the 
linear case obtained by the method in [4]. The solid, dotted and dashed-dotted 
curves are for the nonlinear fiber with parameters defined in the text obtained 
using the present method, the method in [9], and the approximation method, 

[91: 

(23) 
W 2  b = -  
V 2  respectively. 

and 
d 2 ( V b )  

g = v- 
dV2 ’ 

The dashed curves in Figs. 1 and 2 show the results calculated 
using the present method for the two cases, respectively. The 
dots in Figs. 1 and 2 are those calculated by applying the 
algorithm in [4]. It is seen that the results obtained by the two 
methods match very well. These results also match with those 
for P = 1 mW given in [9], in which case the nonlinearity 
is negligible. 

As the fibers are operated under high power or are composed 
of materials with large nonlinear coefficients, the influence of 
the nonlinearity on the modal field becomes significant and the 
dispersion characteristics are modified. The first nonlinear case 
to be examined is the step-index fiber with core nonlinearity. 
For comparison, the parameters are chosen to have the same 

112 values as in [9] and [lo], i.e., n2 = 1.47, u(nT - ni) = 
0.22 pm, and n N L P  = 6.4 x m2. Here, for simplicity 
the parameters of the refractive index are chosen to be constant 
with respect to frequency. The results calculated by the present 
method are shown as the solid curves in Fig. 1. The curve for 
b matches with that in [9] which is given for V E [l, 41. 
The curves for d and g agree with those in [lo] which are 
given for V E [1.2,4], while they differ from those in [9] 
which are shown as the dotted curves in Fig. 1. The present 
results confirm the corrections made in [lo]. Note that for the 
above examples the boundary condition assumed in this paper 
is exact since their claddings are linear. The radius of a’ may 
be chosen as D = 1 and the number of elements is typically 
chosen as m = 10. 

The second nonlinear example is the parabolic-type graded- 
index fiber with core-cladding nonlinearity and whose param- 
eters are again chosen to be the same as those in [9] and 
[lo]. Typically, we can choose D = 5 and m = 20. The 
solid curves in Fig. 2 are the results calculated by the present 
method. However, for this example the boundary condition 
assumed in this paper is an approximation. The assumption 
that the modal field at R = D is small may be seriously 
violated especially for small normalized frequencies, since 
the modal field significantly extends into the cladding. The 
first remedy is to enlarge the region 0’. However, this will 
increase the number m in the FEM and hence the dimension 
of (20)-(22). The second remedy is to use the transformation 
R = tan@ which compresses the infinite region R E [0, CO) 

into the finite region 0 E [0,n/2]. This can slightly improve 
the convergence of the iteration procedure in Step 2 for 
small V ,  while the rapid change of the modal field in the 
condensed cladding region should be carefully handled. For 
large normalized frequencies, the modal field decays quickly 
into the cladding but experiences rapid change within the core. 
The assumed boundary condition is well satisfied, while the 
number of elements in the FEM should be increased within 
the core. There are significant differences between the results 
obtained by the present method and those in [9] which are 
shown as the dotted curves in Fig. 2. The results for d and g in 
[9] are incorrect due to the fact that the formula for d is wrong 
as has been pointed out in [lo]. However, the disagreement of 
the curves for b requires further examination. 

Since the methods for solving b in [9] and the present paper 
are almost the same, other methods should be employed for 
the check. To our knowledge, there seems to be no other exact 
solution, while approximation methods [6]-[8] can serve to 
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find the general trend of the dispersion characteristics. As in [7] 
and [8], we employ the Gaussian approximation in which the 
Gaussian-type trial field B exp( -R2/2R;) is assumed. Here 
B is the normalization constant. In our problem the parameter 
R0 is determined such that the function 

(26) 
where X = R2/R& has an extreme value at Ro. It can be 
shown that for the parabolic-type fibers with core-cladding 
nonlinearity, Ro satisfies the algebraic equation 

which should be solved by numerical method. After Ro is 
solved, w2 is calculated by 

and b can be calculated by definition. The parameters d and g 
can be evaluated after the derivatives of w up to the second 
order are obtained by differentiating (27) and (28) once and 
twice, respectively. 

The results obtained using the approximation method are 
shown as the dashed-dotted curves in Fig. 2. As the value of 
V increases, curves of d and g go beyond the range of the plot 
and are not shown. In the small and large normalized frequency 
regions, the modal field deviates more significantly from the 
Gaussian-type trial field and the approximation method results 
in large error. However, in the middle normalized frequency 
region, the dashed-dotted curves are closer to the solid curves 
than to the dotted curves. This provides a positive check that 
our method yields correct results. Note that the values of b 
for V > 4.5 obtained by the method proposed in this paper 
and those for V > 4.6 by the approximation method become 
larger than 1. This is due to the fact that the definition of 
b is related to the linear part of the refractive index. With 
the nonlinear part included, it can be shown that the wave 
can still be in the guided-mode regime. For V < 1.4 and 
V > 5.5, it is difficult to find solution using the approximation 
methods. From Figs. 1 and 2, we find that with nonlinearity the 
dispersion characteristics of the parabolic-type graded-index 
fiber change more significantly than those of the step-index 
fiber do. The reason is that the modal field of the step-index 
fiber is bounded more tightly in the core and hence less 
sensitive to the change of nonlinearity. 

It can be seen from the above nonlinear examples that for 
~ N L P  = 6 . 4 ~  1O-l’ m2 the effect of nonlinearity on the chro- 
matic dispersion parameters cannot be overlook and is more 
significant than that predicted in [9]. The parameter n N L P  has 
large absolute value for fibers either operated at high power 
or with large nonlinear coefficient. In Fig. 3, the dispersion 
parameters versus n N L P  at V = 3 are shown. The positive 
and the negative regions of n N L  P correspond to fibers under 
the self-focusing and the self-defocusing effects, respectively. 
The step-index fibers with three types of nonlinearity are 

-0.5 I I I I I I 1 
-1 5 -1.0 -0.5 00 0.5 1 0 1 5 

nNLP ( x  I 0-l4 m ) 

Fig. 3. The dispersion parameters b, d,  and g as functions of the pa- 
rameter n , v ~ P  for the nonlinear step-index fibers. The solid, dashed, and 
dashed-dotted curves are for the cases with core nonlinearity, core-cladding 
nonlinearity, and cladding nonlinearity, respectively. 

examined: the fiber with core-nonlinearity and that with core- 
cladding nonlinearity have nearly the same variation, while 
that with nonlinearity only in the cladding deviates from the 
linear limit very little. This is due to the fact that most of the 
modal field locates within the core region. Hence, nonlinearity 
in the core results in more significant change than that in 
the cladding does. From Fig. 3, we note that the influence of 
nonlinearity on the dispersion parameters must be taken into 
account under high value of n N L  P for fibers with nonlinearity 
in their cores. 

For more practical lossless single-mode fibers, the total 
chromatic dispersion includes the waveguide dispersion and 
the material dispersion. Usually, the dispersion coefficient 
defined as [2]-[4], 

X d2n  s = --e 
cn, dX2 

is used to estimate the total dispersion, where ne = p / k 0 ,  
and c and X are the light velocity and the wavelength in 
free space, respectively. It may have positive values in some 
regions of wavelength named the anomalous-dispersion re- 
gions and have negative values in other regions named the 
normal-dispersion regions. For nonlinear fibers, nonlinearity 
and dispersion may balance each other to support bright 
solitons in the former regions, while dark solitons may be 
supported in the latter ones [5]. Since the nonlinearity changes 
the dispersion characteristics under high nonlinear level, the 
shift of these wavelength regions is expected. Two examples 
as in [2]-[4] are considered: the step-index and the parabolic- 
type graded-index fibers with Ge02-doped Si02 in their cores 
and pure Si02 in their claddings and with core radius a = 
2.5 pm. The maximal density of GeO2 is 13.5 mole% and 
the material dispersion information is obtained using the 
Sellmeier’s coefficients given in [16]. Consider the case of core 
nonlinearity and the nonlinear coefficient is still assumed to be 
constant. In Fig. 4, curves of S versus wavelength for various 
values of the nonlinear parameter ~ N L P  are shown. The zero 
dispersion wavelength AD is shifted to the shorter and the 
longer wavelength region5 under the self-defocusing and the 
self-focusing effects, respectively. The changes of the curves 
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Fig. 4. The dispersion coefficient S as a function of wavelength. The set 
of three curves on the left-hand side are for the step-index fibers with the 
values of the parameter n , v ~ P  given as: -1.5, 0, 1.5 ( ~ 1 0 - l ~  m2), from 
left to right, respectively. The five curves on the right-hand side are for the 
parabolic-type graded-index fibers with the values of n N L P  given as: -1.5, 
-0.64, 0, 0.64, 1.5 ( x ~ O - ’ ~  m2), from left to right, respectively. 

for the parabolic-type graded-index fiber are more significant 
than those for the step-index one. The reason is that although 
the graded index-profile of the former results in large wave- 
guide dispersion to shift AD to 1.55 pm, the modal field and 
hence the dispersion are modified to be sensitive to the change 
of nonlinearity as has been noted in Figs. 1 and 2. This fact 
should be noticed in the use of the dispersion-shifted fibers. 

V. CONCLUSIONS 
We have presented an efficient method to analyze the 

chromatic dispersion characteristics of nonlinear single-mode 
fibers without resorting to numerical differentiation. Although 
only the step-index and the parabolic-type graded-index fibers 
are taken for examples, it is clear that this method is suitable 
for extending to treat fibers with arbitrary linear index profile 
and nonlinearity. Also, following the similar steps in this 
paper, it can be extended to analyze the higher order dispersion 
parameters under the influence of nonlinearity. These higher 
order ones may be necessary for studying pulses operated near 
the wavelength of zero first-order dispersion or with sufficient 
narrow pulse-width. The efficiency of the present method lies 
in that the nonlinear eigenvalue problem needs to be solved 
only once and that the simplicity of numerical manipulation 
in solving the linear problems for derivatives is preserved to 
any order: 
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