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LAMINAR POROELASTIC MEDIA FLOW

By C. H. Song1 and L. H. Huang,2 Associate Member, ASCE

ABSTRACT: The continuity and momentum equations of laminar flow through poroelastic media and the suf-
ficient boundary conditions are found in the present paper. The land subsidence equation, Brinkman equation,
Darcy’s law, and so forth, can be recovered by the simplified governing equations of the present model. A water
wave passing over a poroelastic bed is taken as an example of application of this laminar poroelastic media
flow model. It is found from the example that, besides the two kinds of longitudinal waves and one kind of
transverse wave inside the porous media that the conventional poroelastic model can provide, a second kind of
transverse wave is obtained by this model. It is also found that the tangential stress and flow velocity inside the
porous bed, according to the laminar poroelastic media flow model, are very different from those obtained by
the conventional potential poroelastic media flow model. Finally, the limiting rigid bed solution of the application
example, which is useful for the experimental verifications, is also given in this study.
INTRODUCTION

In previous research on water wave interaction with a po-
rous bed, regardless of whether a rigid or deformable skeleton
is treated, Darcy’s law is applied to describe the friction be-
tween the pore fluid and the skeleton of the porous media flow.
Although this approach is quite successful in revealing most
physical mechanisms by using a potential water wave and
Darcy’s porous media flow [e.g., see Huang and Song (1993)],
due to the use of an irrotational wave and Darcy’s law, slip at
the interface of water and porous bed cannot be avoided. This
causes handicaps, especially when correct shear stress at the
interface is important (e.g., in the determination of ripple for-
mation at the alluvial channel bed).

Some works try to remedy the unreasonable slip phenom-
enon at the porous interface by introducing fluid viscosity into
the water wave [e.g., Hunt (1959); Murray (1965)]; however,
because Darcy’s law is only a first-order differentiation in
space, an overdetermined boundary condition occurs at the in-
terface. Liu (1973) adopted the boundary layer approach and
velocity correction due to viscosity in order to satisfy velocity
continuity at the interface, but continuous tangential stress is
still not satisfied.

Two successful previous methods can be found to rectify
the unreasonable slip phenomenon at the porous boundary. The
first is proposed by Beavers and Joseph (1967). In their study,
parallel viscous flow and Darcy’s porous media flow are em-
ployed to portray the homogeneous upper flow and lower po-
rous media flow, respectively, while the following ingenious
partial-slip boundary condition is suggested to overcome the
overdetermined boundary condition:

­u a
= (u 2 u ) (1)DU

­y k1 Ïy=0 p

In (1), u is the velocity of the upper layer flow; uD is u at
boundary y = 01; kp is the specific permeability of the lower
porous layer; and a is a parameter to be determined empiri-
cally.

The second successful method is treating homogeneous fluid
as viscous flow, while handling the porous media flow by the
so-called Brinkman equation (Brinkman 1947)
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m22=P 1 m= u 2 u = 0 (2)
kp

where P, u are the pressure (with static pressure included) and
velocity vector of flow in the porous media, respectively, and
m is the fluid viscosity. Because (2) is a second-order differ-
ential equation, the Brinkman equation with proper boundary
conditions [which are not given in Brinkman (1947)] indeed
can handle the overdetermined boundary problem at the fluid/
porous-media interface.

Besides the defect of the empirically determined parameter
of Beavers and Joseph’s method and the unclear boundary
conditions of Brinkman’s proposal, the use of these two meth-
ods is still rather restricted. For example, when the inertial
effect of the porous media flow is important (e.g., wave prop-
agation in the porous media), or when the porous medium is
deformable (i.e., the porous skeleton is no longer rigid), the
above-mentioned two ways, again, are both inadequate.

The present work will propose a model of viscous porous
media flow with an elastically deforming porous skeleton. We
will present the governing equations and their proper boundary
conditions and then apply this model to investigate the prob-
lem of a viscous water wave passing over a poroelastic bed.

GOVERNING EQUATIONS AND
BOUNDARY CONDITIONS

Continuity Equations

In saturated porous media flow, if rs, rf are the solid and
fluid densities, respectively; U are the solid and fluid ve-ḋ,
locity vectors; and n is porosity, then the continuity equations
of the solid and fluid, respectively, are [Verruijt (1969), etc.]

­ ˙[(1 2 n)r ] 1 =? [(1 2 n)r d] = 0 (3)s s
­t

­
(nr ) 1 =? (nr U) = 0 (4)f f

­t

Combining (3) and (4), we get

­r(1 2 n) ­r n fs ˙1 d ?=r 1 1 U ?=rs fS D S Dr ­t r ­ts f

˙ ˙= 2[(1 2 n)=?d 1 n=?U] 2 (U 2 d) ?=n (5)

Note that we ignore the ­n/­t term at present for convenience
because most of the time it is not important [e.g., Mei and
Foda (1981)].

Grain compressibility usually is neglected—that is, drs/dt
= 0 [Mei and Foda (1981)], and we may assume =rf = =n =
0; further, following Verruijt’s (1969) suggestion, we get



­r r ­P9f f= (6)
­t K ­t

where K is the static bulk modulus of compressibility of fluid
in the porous media, and P9 is the perturbed fluid pressure
caused by fluid dilatation. Therefore, (5) becomes

­P9 K ˙= 2 [(1 2 n)=?d 1 n=?U] (7)
­t n

which is the so-called storage equation.

Momentum Equations

From the first law of thermodynamics, we may have

dQ dW dE
1 = (8)

dt dt dt

inside the porous media. The terms Q and W are heat and work
added to the system, while E is the internal energy of the
system. For the adiabatic process

dQ
= 0 (9)

dt

The time rate of change of work

­W ˙= (s ?d 1 s ?U) ?n dSs fE Edt S

˙1 [(1 2 n)r g ?d 1 nr g ?U] dVs fE E E
V (10)

can be written as

dW ˙ ˙= [=?s ?d 1 =?s ?U 1 s :=d 1 s :=Us f s fE E Edt V

˙1 (1 2 n) r g ?d 1 nr g ?U] dVs f (11)

after applying the divergence theorem to the work done by
stress on the surface. In (11), ss and sf are the stress tensors
of the solid skeleton and fluid; g is gravitational acceleration;
and the colon represents the scalor product of two second-
order tensors.

The time rate of change of internal energy is

dE 1 d ˙ ˙= [(1 2 n)r d ?d 1 nr U ?U]s fE E E Hdt 2 dtV

2mn˙ ˙ ˙1 [s :=d 1 s :=U] 1 F(k) (d 2 U) ? (d 2 U) dVs f Jkp (12)

where F(k) is the frequency correction factor defined in Biot
(1956); m is the dynamic viscosity of the fluid; and kp is the
specific permeability of the porous medium. Note that because
there is no relative slipping between solid skeleton and fluid,
Kirchoff’s coupling kinetic energy (i.e., added mass effect)
vanishes in the first term of the righthand side of (12), and the
symmetry of the stress tensors is applied to the strain energy
term [i.e., the second term at the righthand side of (12)], while
the remaining mechanical energy due to surface contact is still
the same as in Biot (1962). Applying continuity equations (3)
and (4) to (12), we get

dE ˙ ¨ ˙˙= (1 2 n)r d ?d 1 nr U ?U 1 s :=d 1 s :=Us f s fE E E Hdt V

2mn ˙ ˙1 F(k) (d 2 U ) ? (d 2 U) dVJkp (13)
Substituting (9), (11), and (13) in (8), we finally get

¨=?s 1 (1 2 n)r g 2 (1 2 n)r ds s sE E E HF
V

2mn ˙ ˙1 F(k) (U 2 d) ?d 1 =?s 1 nr g 2 nr Uf f fG Fkp

2mn ˙2 F(k) (U 2 d) ?U dV = 0G Jkp (14)

Therefore, (14) indicates the momentum equations as

2mn¨ ˙=?s 1 (1 2 n)r g = (1 2 n)r d 2 F(k) (U 2 d) (15)s s s
kp

2mn ˙˙=?s 1 nr g = nr U 1 F(k) (U 2 d) (16)f f f
kp

Considering the mass coupling effect for the potential flow
and getting rid of the viscous effect of the fluid, we find that
(15) and (16) recover the conventional theory of poroelasticity
(Biot 1962). On the other hand, by neglecting the inertial and
viscous effects of the fluid, the equilibrium equations of land
subsidence are obtained; assuming a rigid solid skeleton, ne-
glecting inertial effect, and letting F(k) = 1, (16) may give the
Brinkman equation [i.e., (2)]; further, neglecting fluid viscos-
ity, we get the following Darcy’s law:

mn
2=P 1 r g = U (17)f

kp

Also notice that (15) and (16) are similar to the equations
derived in Katsube and Carroll (1987), based on mixture the-
ory. However, in Katsube and Carroll (1987), there is an un-
realistic torsion term for the fluid (fluid obviously does not
contain ‘‘torque’’).

If there is a steady streaming flow through the porous media,
we may let

0d(x, t) = d (x) 1 d9(x, t) (18)

0U(x, t) = U (x) 1 U9(x, t) (19)

with uU9u << uU0u, ud9u << ud0u. Then, from (15) and (16), the
equations for the stationary deformed solid skeleton and steady
streaming viscous flow are

2mn0 0=?s 1 (1 2 n)r g = 2F(k) U (20)s s
kp

2mn0 0 0 0=?s 1 nr g = nr (U ?=)U 1 F(k) U (21)f f f
kp

On the other hand, the linear equations of motion of the solid
and fluid for the remaining disturbance are

2 2­ d9 mn ­d9
=?s9 = (1 2 n)r 2 F(k) U9 2 (22)s s S D2­t k ­tp

2 2­ U9 mn ­d9
=?s9 = nr 1 F(k) U9 2 (23)f f S D2­t k ­tp

In (22) and (23), if the generalized Hooke’s law for the solid
skeleton and Newton’s law for fluids are valid, stress tensors
can be written as

s9 = t9 2 (1 2 n)P9I (24)s s

s9 = nt9 2 nP9I (25)f f

where I is the identity matrix, while the effective stress for the
solid skeleton and the shear stress of the fluid are
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Tt9 = G [=d9 1 (=d9) ] 1 l(=?d9)I (26)s

Tt9 = m[=U9 1 (=U9) ] 1 m9(=?U9)I (27)f

with G, l as Lambe’s constants of elasticity, and m, m9 as first
and second fluid viscosity; superscript T denotes the transpose
of matrix.

Eqs. (7), (22), and (23), together with the constitutive laws
(24)–(27), will be the governing equations when later we deal
with the application example of a viscous water wave passing
over a poroelastic bed.

Boundary Conditions

Referring to Deresiewicz and Skalak (1962), the sufficient
conditions (except kinematic boundary conditions) can be de-
rived. Let the adjacent boundary between two porous media
be Sc and the unit normal vectors be n(1) and n(2) (n(1) = 2n(2));
then the continuity of the time rate of change of work on the
surface is [superscript (k) indicates the summation in k]

(k) (k) (k) (k) (k)˙[s ?d 1 s ?U ] ?n dA = 0; k = 1, 2 (28)s fE E
Sc

On the other hand, the continuity of the fluid flux through Sc

is

(k) (k) (k) (k)˙n (U 2 d ) ?n dA = 0; k = 1, 2 (29)E E
Sc

Combining (28) and (29), we get
(k)s f(k) (k) (k) (k) (k) (k) (k) (k)˙ ˙ ˙[(s 1 s ) ?d 1 ? (U 2 d ) 1 n (U 2 d )]s fE E (k)nSc

(k)?n dA = 0; k = 1, 2 (30)

which indicates that (except for the kinematic boundary con-
dition) there are eight physical variables that should be con-
tinuous at the porous interface: n? (ss 1 sf)?n; t? (ss 1sf) ?
n; n ?sf /n ?n; t?sf /n ?n; ?n; ? t; n?n(U 2 and t ?n(U 2˙ ˙ ˙d d d);

where t is the unit tangent vector. The physical meanings,ḋ),
in sequence, are the continuities of (1) normal total stress; (2)
tangential total stress; (3) normal fluid stress; (4) tangential
fluid stress; (5) normal solid velocity; (6) tangential solid ve-
locity; (7) normal fluid flux; and (8) tangential relative flow
velocity.

For example, if medium 1 is a homogeneous fluid while
medium 2 is a porous medium, then, besides the kinematic
boundary condition (which will be used to determine the shape
of the interface if it is deformable), we’ll need the continuities
of items (1)–(4), (7), and (8); if medium 1 is a homogeneous
fluid, while medium 2 is a rigid porous medium, then the con-
tinuities of items (3), (4), (7), and (8) are required.

APPLICATION: VISCOUS WATER WAVE PASSING
OVER POROELASTIC BED

Huang, Chiang, and Song (1996) applied the above theory
and reinvestigated Beavers and Joseph’s (1967) problem of
laminar channel flow passing over a rigid porous bed. The
result of Huang, Chiang, and Song (1996) agrees with the
experimental data of Beavers and Joseph (1967) perfectly, and
a conventional empirical parameter due to partial slip at the
interface [i.e., a in (1)] is derived explicitly, based on the
present theory. Recently, in Liu, Davis, and Downing (1996),
viscous water waves over a rigid permeable bed were studied
both theoretically and experimentally. However, since the or-
ders of magnitude of physical parameters are so different be-
tween ‘‘hard’’ and ‘‘soft’’ porous media [e.g., Chen, Huang,
and Song (1997)], general solutions that are not restricted to
360 / JOURNAL OF ENGINEERING MECHANICS / APRIL 2000
FIG. 1. Schematic Diagram of Water Wave Passing over Po-
roelastic Bed

a rigid porous medium are worth studying. Therefore, without
assuming a rigid bed, a viscous water wave passing over a
poroelastic bed will be explored by using the present theory
in the following.

The schematic diagram of the problem is indicated in Fig.
1, in which a linear water wave propagating along a constant
depth channel and passing over a porous bed of infinite thick-
ness is studied. Fluid viscosities of water in both the channel
and porous bed are considered, and the solid skeleton of the
porous bed is assumed to deform elastically. From y = 0 to y
= h, indicated as in region (1), there is undisturbed channel
water, while from y = 0 to y → 2`, denoted as in region (2),
a porous bed is assigned.

Governing Equations of Channel Flow

Getting rid of oscillatory time factor with v as the2ivte ,
angular frequency, the time-independent perturbed velocity of
the water in the channel can be divided into an irrotational
and a rotational part, as follows:

(1) (1) (1)V = =F 1 = 3 H (31)1 1

Thus, the continuity equation becomes

2 (1)= F = 0 (32)1

shear stress becomes = 2 PI)(1) (1)(s tf f

(1) (1) (1) (1) Tt = m[2==F 1 =(= 3 H ) 1 {=(= 3 H } ] (33)f 1 1 1

and the linear momentum equation (after getting rid of hydro-
static pressure) becomes

(1) (1)ir vF 1 P = 0 (34)f 1

(1) 2 (1)2ir v(= 3 H ) = m= (= 3 H ) (35)f 1 1

In (33) and (35), we only consider the first fluid viscosity m,
and the second fluid viscosity m9 will be neglected hereafter.

Since we are in 2D Cartesian coordinates (i.e., x–y plane),
we may let

(1) (1)H = F e (36)1 2 z

with ez as the unit vector, which is perpendicular to the x–y
plane. Hence, (35) can be written as

2 (1) 2 (1)= F 1 k F = 0 (37)2 w 2

ir vf2k = (38)w
m

Governing Equations of Poroelastic Bed

The governing equations of the poroelastic bed can be ob-
tained by referring to the aforementioned sections. Following



the same procedures as those listed in Appendix A of Huang
and Chwang (1990), the equivalent time-independent equa-
tions (with the same notations as time-dependent variables and
prime being got rid of for simplicity) with the superscript (2)
added to denote the variables in region (2) become as follows:

2 (2) 2 (2)= F 1 k F = 0; j = 1, 2 (39)j j j

A (2E 1 R ) 2 2A Q 1 (2G 1 A )A1 0 2 32 2k 1 k = (40)1 2 2(2G 1 A)(2E 1 R ) 2 Q0

2A A 2 A1 3 22 2k k = (41)1 2 2(2G 1 A)(2E 1 R ) 2 Q0

2 (2) 2 (2)= H 1 k H = 0; j = 3, 4 (42)j j j

EA 1 GA1 32 2k 1 k = (43)3 4
EG

22A 1 A A2 1 32 2k k = (44)3 4
EG

where

(2) (2) (2) (2)d = =F 1 =F 1 = 3 H 1 = 3 H (45)1 2 3 4

(2) (2) (2) (2)D = a =F 1 a =F 1 a = 3 H 1 a = 3 H (46)1 1 2 2 3 3 4 4

d and D are displacement vectors of solid skeleton and fluid;
and

2 22k [(2G 1 A)(2E 1 R ) 2 Q ] 1 (A (2E 1 R ) 2 A Q]j 0 1 0 2
a = ;j

QA 2 (2E 1 R )A3 0 2

j = 1, 2 (47)

22k G 2 Aj 1
a = ; j = 3, 4 (48)j

A2

where

A = l 1 Qq (49)

Q = K(1 2 n) (50)

q = (1 2 n)/n (51)

E = 2ivmn (52)

R = nK (53)0

2mn
A = v (1 2 n)r v 1 iF(k) (54)1 sF Gkp

2mn
A = 2ivF(k) (55)2

kp

2mn
A = v nr v 1 iF(k) (56)3 fS Dkp

and

K(2) 2 (2) 2 (2)P = 2 [(1 2 n 1 a n)k F 1 (1 2 n 1 a n)k F ] (57)1 1 1 2 2 2
n

(2) (2) (2) (2) (2) Tt = G[2==F 1 2==F 1 =(= 3 H ) 1 {=(= 3 H }s 1 2 3 3

(2) (2) T1 =(= 3 H ) 1 {=(= 3 H } ]4 4

2 (2) 2 (2)2 l(k F 1 k F )I1 1 (2) 2 (58)

(2) (2) (2) (2)˙ ˙ ˙t = m[2a ==F 1 2a ==F 1 a (=(= 3 H )f 1 1 2 2 3 3

(2) T (2) (2) T˙ ˙ ˙1 {=(= 3 H } ) 1 a (=(= 3 H ) 1 {=(= 3 H } )],3 4 4 4

(m9 is neglected) (59)
ss and sf are given by (24) and (25), respectively. Again, for
a 2D problem in Cartesian coordinates (x–y plane), can(2)Hj

be written as (2)F e .j z

Note that, due to the inclusion of fluid viscosity, we get two
longitudinal waves and two transverse waves instead of two
longitudinal waves and one transverse wave according to the
conventional Biot’s theory of elasticity (Huang and Song
1993).

Boundary Conditions

The conventional kinematic boundary condition on the free
surface (y = h) is

(1) (1)F 2 F = 2ivh (60)1,y 2,x

where h is the time-independent displacement at the free sur-
face. The dynamic boundary condition on the free surface (y
= h), continuities of normal and tangential stresses, can be
written as

(1) (1) (1)2ir vF 1 2m(F 2 F ) = 2r gh (61)f 1 1,yy 2,xy f

(1) (1) (1)2F 1 F 2 F = 0 (62)1,xy 2,yy 2,xx

As for the boundary conditions at the interface of the porous
bed (y = 0), we find that, except for the kinematic boundary
condition, which is only used for finding small sand waves,
we may have continuities of (1) normal fluid flux; (2) tangen-
tial relative fluid velocity; (3) normal fluid stress; (4) tangential
fluid stress; (5) normal total stress; and (6) tangential total
stress. They are listed, in sequence, as follows:

(1) (1) (2) (2)F 2 F = 2iv[(1 2 n 1 a n)F 1 (1 2 n 1 a n)F1,y 2,x 1 1,y 2 2,y

(2) (2)2 (1 2 n 1 a n)F 2 (1 2 n 1 a n )F ]3 3,x 0 4 0 4,x (63)
(1) (1) (2) (2)F 2 F = 2iv[(1 2 n 1 a n)F 1 (1 2 n 1 a n)F1,x 2,y 1 1,x 2 2,x

(2) (2)1 (1 2 n 1 a n)F 1 (1 2 n 1 a n)F ] (64)3 3,y 0 4 4,y

K(1) (1) (1) 2 (2)ivr F 2 2m(F 2 F ) = [(1 2 n 1 a n)k Ff 1 1,yy 2,xy 1 1 1
n

2 (2) (2) (2)1 (1 2 n 1 a n)k F ] 1 2ivm(a F 1 a F2 2 2 1 1,yy 2 2,yy

(2) (2)2 a F 2 a F )3 3,xy 4 4,xy (65)
(1) (1) (1) (2) (2)2F 1 F 2 F = 2iv[2a F 1 2a F1,xy 2,yy 2,xx 1 1,xy 2 2,xy

(2) (2) (2) (2)1 a (F 2 F ) 1 a (F 2 F )]3 3,yy 3,xx 4 4,yy 4,xx (66)

K(1) (1) (1) 2 (2)ivr F 2 2m(F 2 F ) = [(1 2 n 1 a n)k Ff 1 1,yy 2,xy 1 1 1
n

12 (2) (2) (2)1 (1 2 n 1 a n)k F ] 2 [2G (F 1 F2 2 2 1,yy 2yy1 2 n

(2) (2) (2) (2) (2) (2)2 F 2 F ) 2 l(k F 1 k F )]3,xy 4,xy 1 1 2 2 (67)
(1) (1) (1) (2) (2) (2)(1 2 n)m(2F 1 F 2 F ) = G(2F 1 2F 1 F1,xy 2,yy 2,xx 1,xy 2,xy 3,yy

(2) (2) (2)2 F 1 F 2 F )3,xx 4,yy 4,xx (68)

Finally, at y → 2`, we get
(2)F → 0; j = 1, 2, 3, 4 (69)j

because everything is quiescent at y → 2`.

Solutions

After omitting time factor the linear water wave profile2ivte ,
is taken as

ik x0h(x) = h e ; (0 < x < `) (70)0

where h0 is the given amplitude and k0 is the wave number to
be determined by the dispersion relation.
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TABLE 1. Water Wave Conditions, Fluid Properties, and Sand
Bed Material

Items
(1)

Symbols
(2)

Values
(3)

Notations
(4)

(a) Water wave

Depth h 2.0 m
Wave height h0 0.2 m
Wave period T 2.0 s

(b) Water

Density rf 1,000 kg/m3

Bulk modulus K 2.3 3 109 N/m2

Dynamic viscosity m 0.001 Ns/m2

(c) Skeleton

Density rs 2,650 kg/m3

Lame’s constant G 5.0 3 108 N/m2

Lame’s constant l 1.0 3 109 N/m2

Specific permeability kp 1.0 3 10212 m2

Porosity n 0.4 —

The solutions of velocity potentials for region (1)(1) (1)F , F1 2

in Fig. 1 can be written as

(1) ik x0F (x, y) = [A cosh k (h 2 y) 1 B sinh k (h 2 y)]e (71)1 0 0 0 0

a b0 0(1) K y 2K y ik x0 0 0F (x, y) = e 1 e e (72)2 F G2 2k k0 0

2 2 2K = k 2 k , Re(K ) < 0 (73)0 0 w 0

with A0, B0, a0, and b0 to be determined by boundary condi-
tions. The displacement potential, Fj , j = 1, 2, 3, 4 for region
(2) in Fig. 1 can be obtained as

aj(2) K y1ik xj 0F = e ; j = 1, 2, 3, 4 (74)j 2k 0

2 2 2K = k 2 k , Re(K ) > 0; j = 1, 2, 3, 4 (75)j 0 j j

Again, the solutions of aj , j = 1, 2, 3, 4 are to be found by
boundary conditions.

After messy derivations, the solutions of A0, B0, aj , j = 1,
2, 3, 4, a0, b0 are obtained and shown in Appendix I.

Examinations of Fluid Viscosity and Rigid-Bed
Permeability

Note that, by introducing a parameter ε0

2m
ε = h (76)0 Î Yr vf

which means the ratio of Stokes boundary layer thickness near
the channel bottom to water depth [for example, Dean and
Dalrymple (1984)], and introducing a parameter ε2

mv
ε = (77)2 (G or K )

which means the comparison of viscous shear effect of fluid
to deformation of the solid skeleton or to fluid compressibility
in the porous medium, we find that, by referring to porous
material handbooks, most porous material beds under a water
wave may satisfy ε0 = << 1 and ε2 = mv/(G or K)2n/r v/hfÏ
<< 1. Under these conditions, the potential functions obtained
from the laminar poroelastic media flow model are equivalent
to those obtained from Biot’s potential poroelastic media flow
model. However, there are still some important physical dis-
crepancies between a laminar and potential model due to fluid
viscosity, even with the conditions of ε0 << 1 and ε2 << 1.

By applying a typical combination of the water wave, fluid
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FIG. 2. Comparisons of Effective Stress of Laminar and(2)tsxy

Potential Models inside Sand Bed

FIG. 3. Comparisons of Fluid Displacement Dx of Laminar and
Potential Models inside Sand Bed

property, and sand bed material indicated in Table 1 [ε0 =
= 4.0 3 1024 and ε2 = mv/(G or K ) = 6.3 3 102122n/r v/hfÏ

or 1.4 3 10212] to the solutions, Dx, and their phase angles(2)t ,sxy

inside the porous media are drawn in Figs. 2 and 3. The ef-
fective stress component of a solid skeleton, is nondimen-(2)t ,sxy

sionalized by perturbed pore pressure at the interface of the
homogeneous channel fluid and porous bed (i.e., P0), while
the displacement component of the fluid, Dx, is nondimension-
alized by P0/2k0G. The vertical axes of Figs. 2 and 3 are
all normalized by 22p/k4r, where k4r is the real part of the
wavenumber of the second transverse wave in the porous
media. In Figs. 2 and 3, laminar solutions are the present re-
sult, while potential solutions are obtained from Huang and
Song (1993), according to Biot’s theory. (Note that P (2), (2)t ,syy

dx, dy, and Dy are almost identical for both the laminar(2)t ,sxx

and potential poroelastic models in this case.) From Fig. 2, we
find that in the potential model = 0, while in the present(2)tsxy

laminar model ≠ 0, and the phase angle of laminar model(2)tsxy

is about 457 ahead of potential model. On the other hand, Fig.
3 indicates that the unrealistic slipping at the channel bed in-
terface in the potential model is removed and replaced by a
more reasonable nonslip condition in the laminar model [recall
the introduction concerning Beavers and Joseph’s (1967) dis-
cussion of the boundary condition at the porous surface], and
a boundary layer phenomena inside the porous bed is also
revealed by this laminar poroelastic media flow model.

Limiting Solution of Rigid Porous Bed

The limiting solution when the porous bed is rigid is very
useful for experimental comparison [this is the problem of Liu,
Davis, and Downing (1996)]. Hence, this limiting case is
worth discussing. By letting Lambe constants of elasticity of
the solid skeleton be infinity (i.e., G, l → `), we immediately
find that the first longitudinal displacement potential and the
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TABLE 2. Water Wave Conditions, Fluid Properties, and Po-
rous Rock Material

Items
(1)

Symbols
(2)

Values
(3)

Notations
(4)

(a) Water wave

Depth h 2.0 m
Wave height h0 0.2 m
Wave period T 2.0 s

(b) Water

Density rf 1,000 kg/m3

Bulk modulus K 2.3 3 109 N/m2

Dynamic viscosity m 0.001 Ns/m2

(c) Skeleton

Density rs 2,650 kg/m3

Lame’s constant G 5.0 3 1010 N/m2

Lame’s constant l 1.0 3 1011 N/m2

Specific permeability kp 1.0 3 10212 m2

Porosity n 0.4 —

FIG. 4. Channel Flow Velocity of Water Wave near Rigid(1)V x

Porous Bed

FIG. 5. Channel Flow Velocity of Water Wave near Rigid(1)V y

Porous Bed

first transverse displacement potential, vanish, and(2) (2)F , F1 3

the solutions are listed in Appendix II.
Using the water wave, fluid property, and porous rock ma-

terial given in Table 2 to simulate a water wave propagating
over a rigid porous bed, we compare our solution in Appendix
II to viscous water propagating over an impermeable rigid bed
[e.g., Dean and Dalrymple (1984)]. Figs. 4 and 5 are the chan-
nel flow velocity components, normalized by UL and(1) (1)V , V ,x y

their phase angles versus nondimensional depth y/d1. UL is the
slipping velocity (i.e., velocity of the potential model at y =
FIG. 6. Shear Stress of Water Wave near Rigid Porous Bed(1)
tfxy

FIG. 7. Shear Stress of Water Wave near Rigid Porous Bed(1)
tfyy

0), and d1 is the Stokes boundary layer thickness defined as
Figs. 6 and 7 are the shear stress components of the2n/v.Ï

channel fluid, and normalized by and their phase(1) (1) 2t t , r Ufxy fyy f L

angles versus y/d1. In Figs. 4–7, solid lines represent the con-
ventional impermeable bed solution (kp = 0), and dashed lines
are the solutions of specific permeability kp = 1029 m2, while
chain lines are the solutions of specific permeability kp = 1028

m2. Figs. 4, 6, and 7 show the variation of the Stokes boundary
layer from impermeable bed to permeable bed. Fig. 4 is es-
pecially valuable for experimental verification of the velocity
profile near the permeable bed, and Fig. 5 shows that, due to
the permeable bed, there is a flux penetrating through the bed
as long as the specific permeability is not zero.

CONCLUSIONS

In this study, we propose a laminar poroelastic flow model
with sufficient boundary conditions. The present model is dif-
ferent from Biot’s famous inviscid poroelastic model in further
considering the shear stress of the flow itself inside the elas-
tically defermable porous media. By simplification, the gov-
erning equations of the present model can recover the land
subsidence equation, Brinkman equation, Darcy’s law, and so
forth. [Besides Biot (1962), further reviews and discussions on
Biot’s theory of poroelasticity can be found in the Maurice A.
Biot Memorial Issue of the International Journal of Solids and
Structures, volume 35 (1998).]

A viscous water wave passing over a poroelastic bed is
solved analytically by applying this laminar poroelastic flow
model through complicated algebraic work. It is found that,
instead of two kinds of longitudinal waves and one kind of
transverse wave, which can be obtained by Biot’s theory of



poroelasticity, an extra transverse wave due to fluid viscosity
is discovered, according to the present new model. It is also
found in the present study that not only can reasonable results
that other methods can provide be maintained, but also more
realistic nonslipping solutions near the porous bed can be
given by our laminar poroelastic flow model than slipping so-
lutions based on the conventional inviscid porous media flow
model. The limiting case of a rigid bed solution, which is
useful for experimental verification, is also provided in this
study.

APPENDIX I. SOLUTIONS OF WATER WAVE
PASSING OVER POROELASTIC BED

The following solutions of (71), (72), and (74) are obtained
by substituting (71), (72), and (74) back to (61)–(68):

d 10 2 2B = (1 1 t )cosh j 2 [u H (k /k )0 2 1 2 1 0H(1 1 t )sinh j D3

t12 22 u H (k /k ) 1 r H ] 1 22 2 2 0 1 2 S DJa d0 0 (78)

a = (ivr n H )(2a d 1 t )/(KD ) (79)1 f 0 2 0 0 1

2a = 2(k /v)(E 1 E B ) 2 E a (80)4 0 0 B 0 1 1

2a = 2(v/D)(D a 1 D a ) 1 (k /D)(d cosh j 2 D B ) (81)0 1 1 4 4 0 0 0 0

a = 2(H /H )a 2 (H /H )a (82)2 1 2 1 4 2 4

a = 2L a 2 L a 2 L a (83)3 1 1 2 2 4 4

2b = (d /d )a 2 d k B /(K /k ) (84)0 a b 0 a 0 0 0 0

2A = 2d 2 (d a 1 d b )/k (85)0 0 a 0 b 0 0

where
2 2a = 1 2 2(k /k ) (86)0 0 w

d = igh /(va ) (87)0 0 0

K h 2 20d = 2i(K /k )e /(a k /k ) (88)a 0 0 0 w 0

2K h 2 20d = 22i(K /k )e /(a k /k ) (89)b 0 0 0 w 0

L = [2ivma 1 2G/(1 2 n)]i(K /k )/[ivma 1 G/(1 2 n)]1 1 1 0 3

2 2/[1 1 (K /k )]3 0 (90)

L = [2ivma 1 2G/(1 2 n)]i(K /k )/[ivma 1 G/(1 2 n)]2 2 2 0 3

2 2/[1 1 (K /k )]3 0 (91)

2 2L = [ivma 1 G/(1 2 n)][1 1 (K /k )/[ivma 1 G/(1 2 n)]4 4 4 0 3

2 2/[1 1 (K /k )]3 0 (92)

2 2(1 2 n)ivma K 2K K /k1 1 1 3 0
H = 1 1 21 F G FS D G2 2 2G k 1 1 K /k0 3 0

2l k1
2 F G S D22G k0 (93)

2 2(1 2 n)ivma K 2K K /k2 2 2 3 0
H = 1 1 22 F G FS D G2 2 2G k 1 1 K /k0 3 0

2l k2
2 F G S D22G k0 (94)

2 2(1 2 n)ivma 1 1 K /k K K4 4 0 3 4
H = i 1 1 24 F G F S D S DG2 2G 1 1 K /k k k3 0 0 0

D = 2[2d cosh j 1 i(K /k )(1 2 d /d )] (95)a 0 0 a b

D = [sinh j 1 d d cosh j/(K /k ) 2 id ] (96)0 a b 0 0 a
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D = [iu H 2 iu H 1 u (K /k )(L H 2 L H )]/H (97)1 1 2 2 1 3 3 0 2 1 1 2 2

D = [2iu H 1 u (K /k )(L H 2 L H ) 1 u (K /k )H ]/H (98)4 2 4 3 3 0 2 4 4 2 4 4 0 2 2

2 2q = 4d sinh j 2 i[1 1 (K /k )](1 1 d /d ) (99)0 a 0 0 a b

2 2E = 22ia (K /k )(H /H ) 1 a [1 1 (K /k )](L H /H 2 L )2 2 0 4 2 3 3 0 2 4 2 4

2 21 a [1 1 (K /k )] 2 q D /D4 4 0 0 4 (100)

E = (2d sinh j 1 d cosh jq /D)/E (101)0 0 0 0

E = {2ia (K /k ) 2 2ia (K /k )(H /H )1 1 1 0 2 2 0 1 2

2 21 a [1 1 (K /k )](L H /H 2 L ) 2 q D /D}/E3 3 0 2 1 2 1 0 1 (102)

2 2E = 2{2 cosh j 2 i[1 1 (K /k )]d /(K /k )B 0 0 a 0 0

1 2d d sinh j/(K /k ) 1 q D /D}/Ea b 0 0 0 0 (103)

2 2q = iva (2mK /k )(n/K ) (104)1 1 1 0

2 2q = iva (2mK /k )(n/K ) (105)2 2 2 0

q = 2vma (K /k )(n/K) (106)3 3 3 0

q = 2vma (K /k )(n/K ) (107)4 4 4 0

2 2D = 2a d cosh j 1 2i(K /k )(k /k ) (108)a 0 a 0 0 0 w

2 2D = 2a d cosh j 2 2i(K /k )(k /k ) (109)b 0 b 0 0 0 w

2 2r = 2(u k /k 1 q )(H /H ) 1 q (L H /H 2 l ) 1 q (110)0 2 2 0 2 4 2 3 2 4 2 4 4

r = q 2 q H /H 1 q (l H /H 2 L ) 2 r E1 1 2 1 2 3 2 1 2 1 0 1

21 (ivr n/k K )(D 1 D d /d )(D /D 2 E D /D)f 0 a b a b 1 1 4 (111)

2 2r = (D 1 D d /d ))(d cosh j 1 E D )/D 2 ir E k K/(v r n)2 a b a b 0 0 4 0 0 0 f

(112)

r = 2D d /(K /k ) 2 (D 1 D d /d )(D 2 E D )/D3 b a 0 0 a b a b 0 B 4

2 22 ir E k K/(v r n)0 B 0 f (113)

S = u (K /k )(H /H ) 1 iu (L H /H 2 L ) 1 iu (114)0 2 2 0 4 2 3 2 4 2 4 4

S = S E 2 i[i(1 1 d /d ) 2 2d sinh j](D 2 E D )/D (115)1 0 1 a b a 1 1 4

S = iS E 2 [i(1 1 d /d ) 2 2d sinh j](d cosh j 1 E D )/D2 0 0 a b a 0 0 4

(116)

S = iS E 2 [i(1 1 d /d ) 2 2d sinh j](D 2 E D )/D3 0 B a b a 0 B 4

2 (d d sinh j 2 id )/(K /k )a b a 0 0 (117)

2 2 2 2D = [u (k /k )H 2 u (k /k )H 1 r H ](cosh j 2 S )1 1 0 2 2 2 0 1 1 2 3

2 21 (v r n/k K )[u (K /k )H 2 u (K /k )Hf 0 1 1 0 2 2 2 0 1

2 iu (L H 2 L H ) 1 S H ](a sinh j 1 r )3 2 1 1 2 1 2 0 3 (118)

t = (S a d 1 r )cosh j 1 (r d 1 S a )sinh j 1 (r S 2 r S )1 3 0 0 2 3 0 2 0 3 2 2 3

(119)

t = 2r /d a cosh j) (120)2 2 0 0

t = r /(a sinh j) (121)3 3 0

u = 1 2 n 1 a n; i = 1, . . . , 4 (122)i i

j = k h (123)0

Finally, by using the remaining boundary condition (60), the
dispersion relation is obtained as

2 21 2 K /k gk 10 0 0 2 21 1 (1 1 t )cosh j 2 [u H (k /k )2 1 2 1 0S D H2 2 21 1 K /k a v sinh j D0 0 0

t12 22 u H (k /k ) 1 r H ] 1 2 (1 1 t ) = 02 2 2 0 1 2 3S DJYa d0 0 (124)



Eq. (124) is used to determine wavenumber k0.

APPENDIX II. SOLUTIONS OF WATER WAVE
PASSING OVER RIGID POROUS BED

By letting G, l → `, the limiting solutions are obtained as

(1) ik x0F (x, y) = [A cosh k (h 2 y) 1 B sinh k (h 2 y)]e (125)1 0 0 0 0

(1) 2 K y 2 2K y ik x0 0 0F (x, y) = [a /k )e 1 (b /k )e ]e (126)2 0 0 0 0

(2) 2 K y ik x2 0F (x, y) = [a /k )e e (127)2 2 0

(2) 2 K y ik x4 0F (x, y) = [a /k )e e (128)4 4 0

with

d 10 2 2B = (1 1 t )cosh j 2 [(k /k ) 1 r ]0 2 2 0 1H(1 1 t )sinh j D3

t1
? 1 2 (129)S DJa d0 0

2a = v r (2a d 1 t )/(KD) (130)2 f 0 0 1

2 2a = 2E a 2 E k B 2 E k (131)4 2 2 B 0 0 0 0

2 2a = (d cosh jk 1 n a 2 D a 2 D k B )/D (132)0 0 0 0 2 4 4 0 0 0

2b = (d /d )a 2 d k B /(K /k ) (133)0 a b 0 a 0 0 0 0

2A = 2d 2 (d a 1 d b )/k (134)0 0 a 0 b 0 0

where

ivr 2 F(k)mnf2k = (135)2 (iK/v) 1 2m

ivr 2 F(k)mnf2k = (136)4
m

2 2 2K = k 2 k , Re(K ) > 0 (137)2 0 2 2

2 2 2K = k 2 k , Re(K ) > 0 (138)4 0 4 4

2 2a = 1 2 2(k /k ) (139)0 0 w

d = igh /(va ) (140)0 0 0

K h 2 20d = 2i(K /k )e /(a k /k ) (141)a 0 0 0 w 0

2K h 2 20d = 22i(K /k )e /(a k /k ) (142)b 0 0 0 w 0

D = 2[2d cosh j 1 i(K /k )(1 2 d d )] (143)a 0 0 a b

D = [sinh j 1 d d cosh j/(K /k ) 2 id ] (144)0 a b 0 0 a

D = inK /k (145)4 2 0

2 2q = 4d sinh j 2 i[1 1 (K /k )](1 1 d /d ) (146)0 a 0 0 a b

2 2E = i[1 1 (K /k )] 2 q D /D (147)2 0 0 4

E = (2d sinh j 1 d cosh jq /D)E (148)0 0 0 0

E = [(nq /D) 2 2(K /k )]/E (149)2 0 1 0

2 2E = 2{2 cosh j 2 i[1 1 (K /k )]d /(K /k )B 0 0 a 0 0

1 2d d sinh j/(K /k ) 1 q D /D}/Ea b 0 0 0 0 (150)

2 2 2 2q = [2ivm(K /k ) 2 ivm9(k /k )]/K (151)2 2 0 2 0

q = 2vm(K /k )/K (152)4 4 0

2 2D = 2a d cosh j 1 2i(K /k )(k /k ) (153)a 0 a 0 0 0 w

2 2D = 2a d cosh j 2 2i(K /k )(k /k ) (154)b 0 b 0 0 0 w
2 2r = q 2 E q 2 (v r /k K )(D 1 D d /d )(n/D 1 E D /D)1 2 2 4 f 0 a b a b 2 4

(155)

2 2r = (D 1 D d /d )(d cosh j 1 E D )/D 1 q E k K/(v r )2 a b a b 0 0 4 4 0 0 f

(156)

r = 2D d /(K /k ) 2 (D 1 D d /d )(D 2 E D )/D3 b a 0 0 a b a b 0 B 4

2 21 q E k K/(v r )4 B 0 f (157)

S = 2d sinh j 2 i(1 1 d /d ) (158)0 a a b

S = in E 2 S (n 1 D E )/D (159)1 0 2 0 4 2

S = S (d cosh j 1 D E )/D 2 inE (160)2 0 0 4 0 0

S = (d d sinh j 2 id )/(K /k ) 1 S (D 2 D E )/D 1 inE3 a b a 0 0 0 0 4 B B

(161)

2 2D = [(k /k ) 1 r ](cosh j 1 S )1 0 1 3

2 21 (S 1 nK /k )(a sinh j 1 r )(v r /k K )1 2 0 0 3 f 0 (162)

t = (r 2 S a d )cosh j 1 (r d 1 S a )sinh j 1 (r S 1 r S )1 2 3 0 0 3 0 2 0 3 2 2 3

(163)

t = 2r /(d a cosh j) (164)2 2 0 0

t = r /(a sinh j) (165)3 3 0

j = k h (166)0

and the dispersion relation is

2 21 2 K /k gk 10 0 0 2 21 1 (1 1 t )cosh j 2 [(k /k ) 1 r ]2 2 0 1S D H2 2 21 1 K /k a v sinh j D0 0 0

t1
? 1 2 (1 1 t ) = 0 (167)3S DJYa d0 0
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APPENDIX IV. NOTATION

The following symbols are used in this paper:

D = displacement vector of fluid in porous bed;
d = displacement vector of solid skeleton;
E = internal energy of system;
G = Lambe constant of elasticity;
g = gravitational acceleration;
K = static bulk modulus of compressibility of fluid;
k0 = wave number of incoming water wave;

k1, k2, k3, k4 = wave numbers in porous bed;
kp = specific permeability of porous medium;
n = porosity;
P = total pressure of fluid;

P0 = perturbed pore pressure at channel bed interface;
P (2) = perturbed pore pressure inside porous bed;
P9 = perturbed fluid pressure caused by fluid dilatation;
Q = heat added to system;
U = velocity vector of fluid;

UL = slipping velocity;
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W = work added to system;
d1 = Stokes boundary layer thickness;
ε0 = parameter of Stokes boundary layer thickness to

water depth;
ε2 = parameter of viscous shear effect to deformation

of solid or to fluid compressibility;
h = free surface displacement;

h0 = amplitude of given water wave;
l = Lambe constant of elasticity;
rf = density of fluid;
rs = density of solid;
sf = stress tensor of fluid;

0s f = stress tensor of steady streaming flow;
s9f = stress tensor of unsteady viscous flow;
ss = stress tensor of solid skeleton;

0ss = stress tensor of stationary deformed solid skele-
ton;

s9s = stress tensor of unsteady disturbed solid skeleton;
(2)tf = shear stress tensor of fluid in porous bed;
t9f = shear stress tensor of viscous flow;
(2)ts = effect stress tensor of solid skeleton;
t9s = effect stress tensor of unsteadily disturbed solid

skeleton;
F1 = irrotational velocity potential of channel flow;
F2 = rotational part of velocity potential of channel

flow;
(2) (2)F , F1 2 = irrotational displacement potential of porous bed;
(2) (2)F , F3 4 = rotational parts of displacement potential of po-

rous bed; and
v = angular frequency.


