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ABSTRACT: This paper presents design charts constructed from the softened truss model to facilitate the tor-
sional design of reinforced concrete rectangular members. These design charts comprise a normalized failure
mode diagram and a strength contour diagram. Given a reinforced concrete rectangular section, the former
diagram can be used to determine the corresponding failure mode and the latter one the strength. These diagrams
are plotted on the plane of two newly defined reinforcement indices including the longitudinal and transverse
steel indices, which are introduced so that the design charts are independent of the section dimensions, the yield
strength of reinforcement, and the compressive strength of concrete. The accuracy of the proposed design charts
in the prediction of the failure mode and the torsional strength is comparable to that of the softened truss model,
as demonstrated in the presented example, whereas the design charts are more computation efficient for use by
designers than the softened truss model.
INTRODUCTION

The softened truss model is one commonly used method for
investigating the torsional behavior of reinforced concrete. The
design methods for torsion in the American Concrete Institute
design code (‘‘Building’’ 1995) and the Comité Euro-Inter-
national du Béton model code (CEB-FIP 1990) are based on
the truss model with some simplifications. Detailed procedures
for solving the set of equations in the softened truss model
have been given in the literature (Hsu 1988, 1993; Collins and
Mitchell 1991). However, these procedures are not suitable for
structural design offices, as they are very lengthy and iterative.

Recently, simplifying the truss model, Rahal and Collins
(1996) proposed a simple model for predicting the torsional
strength of reinforced and prestressed concrete sections, in
which no iterations are involved. This paper, along the same
line but without making simplifications for the softened truss
model, presents a normalized failure mode diagram and a
strength contour diagram. With these two diagrams, the failure
mode and the torsional strength for a reinforced concrete rec-
tangular member can be determined immediately without te-
dious calculations. Thus, these diagrams are suitable for design
purposes and can be considered as an alternative method to
the current design methods in relevant design codes for the
torsional design of reinforced concrete rectangular members.

SOFTENED TRUSS MODEL FOR TORSION

In this section, the softened truss model for torsion is briefly
reviewed. [The reader is referred to Hsu (1993) for details.]

Equilibrium Equations

When a reinforced concrete beam is subjected to torsion,
diagonal cracks form around the beam. Thus, after cracking,
the beam can be idealized as a space truss as shown in Fig.
1(a), where an external torque Mx is resisted by an internal
torque resulting from the circulatory shear flow q. The shear
flow q occupies a zone, called the shear flow zone, which has
a thickness of td.
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Element A in the shear flow zone [Fig. 1(a)] is subjected to
a shear stress tLt = q/td as shown in Fig. 1(b). The in-plane
equilibrium equations of this element can be expressed as

2s cos a 1 r f = 0 (1)d L L

2s sin a 1 r f = 0 (2)d t t

2s sin a cos a = t (3)d Lt

In (1) and (2), the steel ratios, rL and rt, are defined, respec-
tively, as

AL
r = (4)L

p t0 d

At
r = (5)t

std

where AL = total cross-sectional area of longitudinal steel; At

= cross-sectional area of one transverse steel bar; p0 = perim-
eter of the centerline of the shear flow zone; and s = spacing
between transverse steel bars. Also, fL and ft are the stresses
of longitudinal steel and transverse steel, respectively; and sd

is the compressive stress of the concrete struts. It is assumed
that sr = 0; that is, the tensile stress of concrete is neglected.
Finally, a is the angle of inclination of the concrete struts (or
the d-axis) with respect to the L-axis.

The equilibrium equation relating Mx to tLt takes the form

M = 2t t A (6)x Lt d 0

where A0 = area bounded by the centerline of the shear flow
zone.

Compatibility Equations

The in-plane deformation of element A of Fig. 1(a) should
satisfy the three compatibility equations

ε 1 ε = ε 1 ε (7)L t d r

ε 2 εL d2tan a = (8)
ε 2 εt d

g = 2(ε 2 ε )tan a (9)Lt t d

According to the thin-walled tube theory, the relationship
between the shear strain rLt and the rate of twist xx can be
written as follows:

p0
x = g (10)x Lt2A0



FIG. 1. (a) Space Truss for Torsion; (b) In-Plane Behavior; (c)
Concrete Strut (Out-of-Plane Behavior)

When a member is subjected to torsion, twisting also pro-
duces warping in the wall of the member, which, in turn,
causes bending in the concrete struts, as depicted in Fig. 1(c).
This relationship is described by

c = x sin 2a (11)x

where c = curvature of the concrete struts. Hence, the thick-
ness td can be written in terms of c and the maximum strain
at the outer surface of the wall as follows:

εds
t = 2 (12)d

c

Eq. (12) is valid assuming the strain distribution through the
thickness is linear, as shown in Fig. 1(c). The average strain
εd defined as the strain corresponding to the place at which
the stress resultant is located, is assumed to be

εdsε = (13)d 2

The reason for (13) is given in the paragraph that follows (17).

Constitutive Laws of Concrete Struts and Steel

Let the uniaxial stress-strain curve of the concrete struts be
expressed by a parabolic curve

2
ε ε

s = 2b f 9 2 2 (14)c F S D Gε εc0 c0

where εc0 = 20.002; f 9c = compressive strength; and b = pa-
rameter representing the softening effect due to tension crack-
ing in the perpendicular direction. The softening parameter
proposed by Vecchio and Collins (1986) is adopted in this
study, which takes the form

1
b = # 1 (15)

0.8 1 170εr

where εr = principal tensile strain of the concrete struts. Notice
that (14) may not be very accurate when f 9c > 35 MPa.

The concept of stress block still applies for the concrete
struts. Therefore, the average stress of the concrete struts sd ,
as shown in Fig. 1(c), is given by

s = 2k b f 9 (16)d 1 c

where the nondimensional coefficient k1 is defined as the ratio
of the average stress to the peak stress 2b f 9c . Given (14), to
obtain a force equivalent to that produced by the stress dia-
gram requires k1 to be of the form

ε εds ds
k = 1 2 (17)1 S Dε 3εc0 c0

Finally, the resultant per unit width C of the softened com-
pression stress block has a magnitude of C = k1b f 9c td , and its
position is theoretically located at a distance of k2td from the
extreme compression fiber. The value of k2 is in the range of
0.4–0.5. As discussed in Hsu (1993), the assumption of k2 =
0.5 will simplify the model and have only a slight effect on
the accuracy. This assumption justifies the use of (13).

The constitutive law of steel is assumed to be elastic-per-
fectly plastic. Young’s modulus for both longitudinal and
transverse steel is denoted by Es, yield strength by fLy and fty,
respectively, and yield strain by εLy and εty, respectively.

Geometry Equations

Some useful equations regarding A0 and p0 are given as
follows:

pc 2A = A 2 t 1 jt (18)0 c d d2

p = p 2 4jt (19)0 c d

where Ac and pc = area and perimeter of the cross section,
respectively. The value of the parameter j is geometry-depen-
dent; for example, j = 1 if the cross section is rectangular, and
j = p/4 if it is circular.

Rearrangement of Equations

Some equations obtained from combining the above equa-
tions are given below for later use.

From (3) and (6), it can be derived that

M = 2s t A sin 2a (20)x d d 0

It can be derived from (11) and (12) that xx = 2εds/(td sin
2a), which is then substituted into (10) to yield

t pd 0ε = 2 g sin 2a (21)ds Lt2A0

From (8) and (9), gLt = 2(εL 2 εd)cot a, the substitution of
which into (21) yields

2t pd 0 2ε = 2 (ε 2 ε )cos a (22)ds L d
A0

Substituting cos2a from (1) and εds from (13) into (22) yields

A s0 dε = ε 1 ε (23)L d d
A fL L

Substituting gLt from (9) into (21) yields
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FIG. 2. Failure Mode Diagram

2t pd 0 2ε = 2 (ε 2 ε )sin a (24)ds t d
A0

Substituting sin2a from (2) and εds from (13) into (24) yields

A s s0 dε = ε 1 ε (25)t d d
p A f0 t t

FAILURE MODE DIAGRAM

Failure Modes

Depending on the percentages of steel in the longitudinal
and the transverse directions, a reinforced concrete cross sec-
tion subjected to torsion may fail in the following four modes:

1. Underreinforced element: Both the longitudinal steel
and the transverse steel yield before the crushing of con-
crete.

2. Element partially underreinforced in t-direction: Trans-
verse steel yields before the crushing of concrete; lon-
gitudinal steel does not yield.

3. Element partially underreinforced in L-direction: Lon-
gitudinal steel yields before the crushing of concrete;
transverse steel does not yield.

4. Overreinforced element: Concrete crushes before the
yielding of steel in either direction.

Notice that in this study failure is reached when εds = εcu =
20.0035, where εcu is the ultimate (crushing) strain of con-
crete.

Given a reinforced concrete cross section and the material
properties of steel and concrete, a failure mode diagram can
be constructed on the rL-rt-plane to indicate the appropriate
failure mode. The diagram is divided into four regions by two
solid curves, or failure boundaries, IL and It; Regions (I)–(IV)
correspond to the above four failure modes, respectively. Con-
sider a rectangular cross section with a width of 25.4 cm and
a depth of 38.1 cm; the material properties are = 27.47 MPa,f9c
Es = 200 GPa, and fLy = fty = 311.86 MPa. The failure mode
diagram is shown in Fig. 2; the construction procedures are
detailed below.

Procedures for Constructing Failure Boundaries

Curves IL and It in Fig. 2 are called failure boundaries.
Curve IL corresponds to the condition of εL = εLy when εds =
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εcu = 20.0035; similarly, curve It corresponds to εt = εty when
εds = 20.0035. Hence, the balanced point in Fig. 2 (i.e., the
intersection of curves IL and It) represents the case of εL = εLy

and εt = εty when εds = 20.0035. The procedure for construct-
ing IL is detailed in the following, and It can be constructed
analogously:

1. Conditions given: εds = 20.0035, εd = εds/2, and εL = εLy

(i.e., fL = fLy).
2. Select an angle a ranging from 07 to 907.
3. First calculate εt from (8), and then calculate εr from (7).
4. Calculate ft. If εt < εty, then ft = Esεt; otherwise ft = fty.
5. Calculate b from (15).
6. Obtain td by solving the quadratic equation that is ob-

tained from

2t (p 2 4jt )(ε 2 ε )d c d L d 2ε = 2 cos a (26)ds 2A 2 0.5p t 1 jtc c d d

This equation was derived by substituting (18) and (19)
into (22).

7. Calculate sd using (16), where k1 = 35/48, being obtained
by the substitution of εc0 = 20.002 and εds = 20.0035
into (17).

8. Calculate rL and rt from (1) and (2), respectively. These
two values correspond to a point on curve IL.

9. Vary the angle a incrementally and repeat Steps 2–8 to
allow generation of a series of points to plot curve IL.

NORMALIZED FAILURE MODE DIAGRAM

Normalized Steel Ratios

The reinforcement ratios rL and rt defined in (4) and (5)
depend on the thickness td. Therefore, they are not convenient
for use in design. Instead another set of reinforcement ratios
dL and dt is introduced as follows:

AL
d = (27)L

Ac

A pt c
d = (28)t

sAc

Using (1), (2), (4), and (5), then (27) and (28) can be ex-
pressed, respectively, as

s p td 0 d 2d = 2 cos a (29)L
f AL c

s p td c d 2d = 2 sin a (30)t
f At c

By investigating the procedures for constructing failure
boundaries IL and It outlined above, it can be found that b is
independent of Hence, sd is linearly related to accordingf9. f9c c

to (16). To let curves IL and It be independent of one canf9,c

define another set of reinforcement ratios as follows:

f s / f 9 p ty d c 0 d 2h = d = 2 cos a (31)L L S Df 9 f /f Ac L y c

f s / f 9 p ty d c c d 2h = d = 2 sin a (32)t t S Df 9 f /f Ac t y c

Notice that fy is taken as the average of fLy and fty and is used
in defining hL and ht to let them remain nondimensional. Here-
after, hL and ht will be referred to as normalized longitudinal
steel and transverse steel ratios, respectively.

For a rectangular solid or thin-walled section, let its smaller
dimension be x and its larger dimension be y, and define n =
y/x as the aspect ratio. Substituting pc = 2(x 1 nx) and Ac =



FIG. 3. Effect of Yield Strain (a = 2«y /«cu)

nx 2 into (26) and solving for td, one can find that td is a func-
tion of n and is proportional to x. Using this fact and (19), it
can be shown that the terms in parentheses in (31) and (32)
depend only on n and not on the dimensions of the section.

On the basis of the above discussion, if a, fy (or εy [ fy /Es),
and n are fixed, then the values of hL and ht [determined using
(31) and (32) by substituting the values of sd, td, fL, ft, p0, etc.,
obtained from the procedure used in constructing the failure
boundaries] would be independent of the dimensions of the
section and That is, the failure mode diagram constructedf9.c

on the hL-ht-plane would be the same regardless of the di-
mensions of the sections and The effects of fy (or εy) andf9.c

n are discussed below.

Effects of Yield Strength of Steel and Section
Aspect Ratio

To investigate the effect of fy (or εy) on the failure mode
diagram, define a = 2εy /εcu. Recall that this study uses εcu =
20.0035. For the commonly used steel grades 40, 50, and 60,
the yield strengths are 274.68, 343.35, and 412.02 MPa, re-
spectively. Because Es = 200 GPa, the values of the parameter
a equal 0.4, 0.5, and 0.6 for grades 40, 50, and 60, respec-
tively. Assuming that n = 1.5, the failure mode diagrams on
the hL-ht-plane for a = 0.4, 0.5, and 0.6 are depicted in Fig.
3. It can be seen that even though the size of each failure
mode region is changed significantly, the shape remains sim-
ilar.

Fig. 4 shows the effect of the section aspect ratio n on the
failure mode diagram. Clearly, the effect is insignificant.

Reinforcement Indices and Normalized Failure
Mode Diagram

Because the shapes of the failure mode diagrams for differ-
ent values of (a, n) are similar, as can be seen from Figs. 3
and 4, it is possible to unify these failure mode diagrams
through the introduction of the following reinforcement indi-
ces:

hL
f = (33)L

hLb

ht
f = (34)t

htb

where hLb = htb = normalized reinforcement ratios associated
FIG. 4. Effect of Aspect Ratio n

FIG. 5. Normalized Failure Mode Diagram for Different a (Steel
Grades)

with the balanced point. The failure mode diagram constructed
on the fL-ft-plane is hereafter referred to as the normalized
failure mode diagram. Figs. 5 and 6 show the normalized fail-
ure mode diagrams corresponding to Figs. 3 and 4, respec-
tively. As can be clearly seen, all the normalized failure dia-
grams are almost identical.

In (33) and (34), hLb and htb are functions of a and n. Their
relations can be determined in a similar way to that used in
obtaining IL and It. The conditions associated with the balanced
point are that εL = εt = εy (i.e., fL = ft = fy) and εds = 20.0035.
Hence, a = 457 from (8), and εr = 2εy 2 0.5εds from (7) and
(13). First, use the above conditions and follow Steps 5–7 in
the procedure for constructing the failure boundaries to yield
td and sd. Then, use the expressions after the second equal
sign of (31) and (32) to determine hLb and htb. Fig. 7 shows
how hLb and htb depend on a and n; clearly, the effect of n is
minor. Once the values of a and n are known, the values of
hLb and htb can be read directly from this figure. To facilitate
calculation, the following approximate formulas, obtained us-
ing curve fitting with respect to n = 1.5, are proposed:

76 11,000
h = ( f in MPa) or h = ( f in psi)Lb y Lb y200 1 f 30,000 1 fy y

(35)
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FIG. 6. Normalized Failure Mode Diagram for Different n (As-
pect Ratios)

FIG. 7. Normalized Reinforcement Ratios at Balanced Point

76 11,000
h = ( f in MPa) or h = ( f in psi)tb y tb y100 1 f 15,000 1 fy y

(36)

Determination of Failure Mode Using Normalized
Failure Mode Diagram

Given a reinforced concrete rectangular member, the tor-
sional failure mode can be determined using the proposed nor-
malized failure mode diagram as follows. First, calculate dL

and dt using (27) and (28); then substitute these into the ex-
pressions after the first equal sign of (31) and (32) to yield hL

and ht. Next, obtain hLb and htb from (35) and (36). Finally,
evaluate fL and ft using (33) and (34) and refer to Fig. 5 (or
Fig. 6) to determine the failure mode.

STRENGTH CONTOUR DIAGRAM

In developing the failure mode diagram, failure is assumed
to occur when εds = εcu = 20.0035. Hence, the torsional
strength discussed below also represents the strength corre-
sponding to this strain. Typical torque-twist curves can be
214 / JOURNAL OF STRUCTURAL ENGINEERING / FEBRUARY 2000
found in Hsu (1993) and Lee (1998), indicating that the torque
corresponding to εds = 20.0035 is only slightly less than the
maximum torque (the actual strength). This justifies the use of
the torque corresponding to εds = 20.0035 as the torsional
strength.

Torsional Strength for Underreinforced Case

For the underreinforced case [i.e., failure mode (I)], the tor-
sional strength can be obtained following the steps outlined as
follows:

1. Conditions given: εds = 20.0035, εd = εds /2, εL = εLy (i.e.,
fL = fLy), and εt = εty (i.e., ft = fty).

2. Assume the initial wall thickness td = 0.75Ac /pc.
3. Calculate A0 and p0 according to (18) and (19), respec-

tively.
4. Calculate the angle of inclination of the concrete struts

using a = tan21 which can be obtainedf A p /( f sA ),Ï ty t 0 Ly L

by means of dividing (2) by (1) knowing that fL = fLy and
ft = fty.

5. Calculate sd using sd = 2AL fLy /(p0 td) 2 At fty /(std), which
can be derived by adding (1) and (2) together.

6. Update the wall thickness by td1 = 2At fty /(sds sin2a),
which can be obtained from rearranging (2).

7. Check whether the convergence criterion, utd1 2 tdu/td1 #
e1, is satisfied, where e1 is a preset tolerance; e1 = 0.01
is adopted in this study. If convergence is achieved, go
the next step. Otherwise, let td = 0.5(td 1 td1) and go
back to Step 3 for the next iteration.

8. Calculate the torsional strength using (20).

Torsional Strength for Partially Underreinforced or
Overreinforced Cases

For the partially underreinforced or overreinforced cases in-
cluding failure modes (II), (III), and (IV), the torsional strength
can be calculated as follows:

1. Conditions given: εds = 20.0035 and εd = εds/2.
2. Assume the initial wall thickness td = 0.75Ac/pc and the

initial softening coefficient b = 0.5.
3. Calculate A0 and p0 according to (18) and (19), respec-

tively.
4. Calculate sd according to (16), where k1 = 35/48.
5. Calculate εL and εt as follows. Assume that fL = fLy in

(23), from which

A s0 dε = 1 1 ε (37)L dS DA fL Ly

If εL $ εLy, the assumption is valid. Otherwise, calculate
εL by means of

2ε ε s A εd d d 0 dε = 1 (38)1L Î2 4 E As L

which can be derived by substituting fL = Es εL into (23).
Equations, similar to (37) and (38), for calculating εt

can be derived from (25).
6. Calculate fL and ft using fL = EsεL # fLy and ft = Es εt #

fty, respectively.
7. Calculate εr from (7).
8. Calculate the angle of inclination using a = tan21

which can be obtained by dividing (2)f A p /( f sA ),Ï t t 0 L L

by (1).
9. Update the wall thickness by td1 = 2(AL fL /p0 1 At ft /

s)/sd, which is obtained by adding (1) and (2) together.
10. Update the softening coefficient b according to (15).
11. Check the following convergence criteria, utd1 2 tdu/td1



FIG. 8. Strength Contour Diagram

# e1 and ub1 2 bu/b1 # e2, where td1 and b1 are the
updated values. Also, e1 = e2 = 0.01. If they are satis-
fied, go to the next step. Otherwise, let td = 0.5(td 1
td1), b = 0.5(b 1 b1), and then go to Step 3 to start the
next iteration.

12. Calculate the torsional strength using (20).

Notice that the above procedure is also applicable for the
underreinforced case, although it requires more iterations to
achieve convergence than the previous procedure.

Strength Contour Diagram

The purpose here is to develop a diagram on the fL 2 ft-
plane, from which the torsional strength can be obtained di-
rectly without the above tedious calculations. Fig. 8 shows
such a strength contour diagram for the cases of a = 0.4 and
0.6. The contour represents the relative strength with respect
to the balanced point, whose strength is hereafter denoted by
Mxub. For example, the strength read from Fig. 8 corresponding
to (fL, ft) = (0.6, 0.5) would be about 0.6Mxub. Therefore, if
Mxub is known, then the torsional strength Mxu can be obtained
immediately. The construction of the strength contour diagram
and the evaluation of Mxub are detailed as follows.

First, define an index called the torsional strength index as
follows:

Mxu
f = (39)s

Mxub

The procedures for calculating the torsional strength Mxu are
described in the above two subsections. Mxub can be readily
obtained after the determination of hLb and htb in (33) and (34),
because the calculation of hLb and htb requires that a, td, and
sd be determined first. Once these values are known, the cor-
responding torsional strength can be evaluated using (20).

Effect of Yield Strength of Steel and Section
Aspect Ratio

Note that fs is independent of the dimensions of the section
but is dependent on the aspect ratio n and εy (or fy). For ex-
ample, for a fixed aspect ratio n = 1.5, the contour of fs (i.e.,
the strength contour) is shown in Fig. 8 for steel of grades 40
(a = 0.4) and 60 (a = 0.6). Clearly, the effect of steel grade is
minor except for the overreinforced case. Similar contours can
FIG. 9. Nondimensional Balanced Torsional Strength

be constructed, although not shown here, indicating that the
effect of the aspect ratio n is also insignificant. Therefore, be-
cause the strength contour diagram of Fig. 8 is constructed for
the case of n = 1.5, it can be conveniently used for design of
typical sections.

Formula for Determining Balanced Torsional Strength

The torsional strength Mxub associated with the balanced
point can be determined as discussed above. However, it is
not convenient for design. A more convenient method is pro-
posed here. To this end, a nondimensional balanced torsional
strength is introduced as follows:

M pxub c
M̄ = (40)xub 2f 9Ac c

It can be shown that M̄xub is dependent on εy and n, but it
is independent of the dimensions of the section and of Withf9.c

the definition given in (40), the relationship between M̄xub, εy,
and n can be obtained, which is depicted in Fig. 9. For design
purposes, the following approximate formulas are proposed:

140
M̄ = ( f in MPa)xub y300 1 fy

20,000¯or M = ( f in psi)xub y42,000 1 fy (41)

These are obtained by curve fitting to the data corresponding
to n = 1.5.

Angle of Inclination of Concrete Struts

In the construction of the failure mode diagram and the
strength contour diagram, the angle of inclination of the con-
crete struts is also available. Fig. 10 provides this information
only for the underreinforced case as it is the most desirable
failure mode. Limiting the angle of inclination to a certain
range is useful for crack control (Hsu 1993). Usually, it is
required that tan21 (3/5) = 30.97 < a < tan21(5/3) = 59.17.

APPLICATION

Table 1 lists the dimensions x and y and material properties
for a total of 39 specimens with rectangular sections that were
reported in Hsu (1968) [(see also Wang and Hsu (1997)]. For
each specimen, two methods are used to determine the tor-
sional strength and the associated failure mode. The first
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FIG. 10. Contour of Angle of Inclination of Concrete Struts
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method is based on the proposed design charts, and the second
method solves the softened truss model directly. Note again
that the average yield strength is adopted for both the longi-
tudinal steel and transverse steel when the design charts are
employed, although their actual strengths are used in the soft-
ened truss model. In addition, unless otherwise mentioned, all
results from the design charts correspond to a = 0.4. The pre-
dicted failure mode and torsional strength for each specimen
obtained using the above two methods are given in Table 2,
where the measured (experimental) strength from Hsu (1968)
is also listed. To demonstrate the use of the proposed design
charts, a detailed calculation for specimen B1 is given in Ap-
pendix I, and how to apply the design charts to design is also
briefly discussed.

Note that the strengths for specimens B6, B10, M5, M6,
C5, and C6 cannot be obtained using the strength contour di-
agram (Fig. 8) because the diagram is plotted up to the values
of fL and ft of 2. Also, for specimens B5 and C4 with 1 <
fs < 1.1, the predicted strengths are obtained corresponding
to a = 0.6. As can be seen from Table 2, the failure modes
predicted using the proposed design charts and the softened
truss model are the same except for specimen M2. The excep-
tion is due to the fact that specimen M2 is the second largest
TABLE 1. Section and Material Properties of Torsional Members

Specimen
(1)

x
(cm)
(2)

y
(cm)
(3)

f 9c
(MPa)

(4)

fLy

(MPa)
(5)

fty
(MPa)

(6)

Reinforcement

Longitudinal
(7)

Transverse
(cm)
(8)

B1 25.4 38.1 27.58 313.71 341.29 4#4 #3 at 15.24
B2 25.4 38.1 28.61 316.47 319.92 4#5 #4 at 18.11
B3 25.4 38.1 28.06 327.50 319.92 4#6 #4 at 12.70
B4 25.4 38.1 30.54 319.92 323.36 4#7 #4 at 9.22
B5 25.4 38.1 29.03 332.33 321.30 4#8 #4 at 6.99
B6 25.4 38.1 28.82 331.64 322.67 4#9 #4 at 5.72
B7 25.4 38.1 25.99 319.92 318.54 4#4 #4 at 12.70
B8 25.4 38.1 26.75 321.99 319.92 4#4 #4 at 5.72
B9 25.4 38.1 28.82 319.23 342.67 4#6 #4 at 15.24
B10 25.4 38.1 26.48 334.40 341.98 4#9 #4 at 15.24
D1 25.4 38.1 26.61 333.02 337.84 4#4 #3 at 15.24
D2 25.4 38.1 25.58 322.67 330.95 4#5 #4 at 18.11
D3 25.4 38.1 28.41 341.29 333.02 4#6 #4 at 12.70
D4 25.4 38.1 30.61 330.26 333.02 4#7 #4 at 9.22
M1 25.4 38.1 29.85 326.12 353.01 4#5 #3 at 14.94
M2 25.4 38.1 30.54 328.88 357.15 4#6 #3 at 10.49
M3 25.4 38.1 26.75 321.99 326.12 4#7 #4 at 13.97
M4 25.4 38.1 26.54 318.54 326.81 4#8 #4 at 10.49
M5 25.4 38.1 27.99 335.09 330.95 4#9 #4 at 8.26
M6 25.4 38.1 29.37 317.85 340.60 6#8 #4 at 6.99
I2 25.4 38.1 45.23 325.43 348.87 4#5 #3 at 9.86
I3 25.4 38.1 44.75 343.36 333.71 4#6 #4 at 12.70
I4 25.4 38.1 44.95 315.09 326.12 4#7 #4 at 9.22
I5 25.4 38.1 45.02 310.26 325.43 4#8 #4 at 6.99
I6 25.4 38.1 45.78 325.43 328.88 4#9 #4 at 5.72
G1 25.4 50.8 29.79 321.99 339.22 4#4 #3 at 18.75
G2 25.4 50.8 30.89 322.67 333.71 4#5 #3 at 12.07
G3 25.4 50.8 26.82 338.53 327.50 4#6 #4 at 15.57
G4 25.4 50.8 28.27 325.43 341.98 4#7 #4 at 11.43
G5 25.4 50.8 26.89 330.95 327.50 4#8 #4 at 8.59
G6 25.4 50.8 29.92 334.40 349.56 6#4 #4 at 12.70
G7 25.4 50.8 30.96 319.23 322.67 6#5 #4 at 14.61
G8 25.4 50.8 28.34 321.99 328.88 6#6 #4 at 10.49
C1 25.4 25.4 27.03 341.29 341.29 4#3 #3 at 21.59
C2 25.4 25.4 26.54 334.40 344.74 4#4 #3 at 11.76
C3 25.4 25.4 26.89 330.95 329.57 4#5 #4 at 13.97
C4 25.4 25.4 27.17 336.46 327.50 4#6 #4 at 9.86
C5 25.4 25.4 27.23 328.19 328.88 4#7 #4 at 7.32
C6 25.4 25.4 27.58 315.78 327.50 4#8 #4 at 5.41

Note: x and y = smaller and larger dimensions of the section, respectively.



TABLE 2. Comparison of Experimental and Predicted Torsional Strengths and Predicted Failure Modes

Specimen
(1)

Mexp
a

(kN ?m)
(2)

fL

(3)
ft

(4)

Mxub

(kN ?m)
(5)

From Design Charts

fs

(6)

Mxu

(kN ?m)
(7)

Failure
mode

(8)

From STMb

Mxu

(kN ?m)
(9)

Failure
mode
(10)

(7)
(9)

(11)

(9)
(2)

(12)

B1 22.26 0.43 0.41 45.4 0.48 21.78 I 22.39 I 0.97 1.01
B2 29.26 0.62 0.56 47.8 0.65 31.06 I 31.37 I 0.99 1.07
B3 37.51 0.94 0.84 46.4 0.91 42.27 I 42.96 I 0.98 1.15
B4 47.34 1.16 1.05 50.7 1.02 51.73 IV 53.08 IV 0.97 1.12
B5 56.15 1.63 1.50 47.8 1.15 54.98 IV 55.19 IV 1.00 0.98
B6 61.69 2.10 1.85 47.4 — — IV 57.97 IV — 0.94
B7 26.89 0.44 0.89 43.3 0.65 28.16 III 28.72 III 0.98 1.07
B8 32.54 0.43 1.93 44.5 0.68 30.24 III 31.30 III 0.97 0.96
B9 29.83 0.94 0.71 47.2 0.86 40.55 I 40.60 I 1.00 1.36
B10 34.35 2.41 0.80 42.8 — — II 43.37 II — 1.26
D1 22.37 0.47 0.44 43.2 0.52 22.48 I 22.50 I 1.00 1.01
D2 27.68 0.72 0.66 42.1 0.74 31.18 I 31.49 I 0.99 1.14
D3 40.22 0.99 0.89 46.0 0.94 43.27 II 44.13 II 0.98 1.10
D4 47.90 1.22 1.11 50.0 1.03 51.53 IV 53.16 IV 0.97 1.11
M1 30.39 0.66 0.41 48.2 0.57 27.46 I 28.23 I 0.97 0.93
M2 40.56 0.95 0.58 49.0 0.78 38.24 II 38.57 I 0.99 0.95
M3 43.84 1.34 0.80 44.3 0.94 41.60 II 42.33 II 0.98 0.97
M4 49.60 1.75 1.07 44.0 1.06 46.64 IV 48.70 IV 0.96 0.98
M5 55.70 2.22 1.36 45.6 — — IV 53.94 IV — 0.97
M6 60.10 2.45 1.51 48.2 — — IV 58.27 IV — 0.97
I2 36.04 0.43 0.41 73.3 0.48 35.18 I 36.00 I 0.98 1.00
I3 45.64 0.63 0.57 72.4 0.65 47.03 I 48.21 I 0.98 1.06
I4 58.07 0.78 0.71 74.8 0.79 59.07 I 59.79 I 0.99 1.03
I5 70.72 1.01 0.92 75.2 0.96 72.22 I 74.03 I 0.98 1.05
I6 76.71 1.32 1.17 75.4 1.05 79.13 IV 81.61 IV 0.97 1.06
G1 26.78 0.30 0.28 72.3 0.35 25.29 I 25.37 I 1.00 0.95
G2 40.33 0.45 0.42 75.2 0.50 37.60 I 37.62 I 1.00 0.93
G3 49.60 0.77 0.68 64.8 0.77 49.90 I 49.92 I 1.00 1.01
G4 64.85 1.00 0.88 68.2 0.95 64.82 I 65.43 I 0.99 1.01
G5 71.97 1.34 1.20 65.4 1.06 69.28 IV 70.46 IV 0.98 0.98
G6 39.09 0.48 0.78 71.3 0.66 47.05 I 47.64 I 0.99 1.22
G7 52.65 0.65 0.59 76.3 0.69 52.62 I 52.30 I 1.01 0.99
G8 63.27 1.05 0.92 69.3 0.96 66.53 II 68.19 II 0.98 1.08
C1 11.30 0.40 0.38 24.2 0.46 11.12 I 10.99 I 1.01 0.97
C2 15.25 0.71 0.71 23.8 0.75 17.85 I 18.23 I 0.98 1.20
C3 20.00 1.05 0.99 24.5 1.00 24.47 II 25.00 II 0.98 1.25
C4 25.31 1.51 1.41 24.7 1.13 27.86 IV 28.14 IV 0.99 1.11
C5 29.71 2.02 1.85 24.9 — — IV 30.47 IV — 1.03
C6 34.23 2.51 2.39 25.4 — — IV 32.83 IV — 0.96

Average — — — — — — — — — 0.985 1.050
Standard

deviation — — — — — — — — — 0.012 0.102
aMexp: experimental (measured) torsional strength.
bFrom STM: means solutions obtained from solving softened truss model directly.
(8.24%) in terms of the ratio of the difference between fLy and
fty to their average among all the specimens, and this specimen
also is located near the failure boundary IL. Specimen B1 has
the largest ratio (8.42%) but is far away from either the failure
boundary IL or It; thus a consistent prediction is reached.

It can be seen from Table 2 that the torsional strengths es-
timated using the proposed design charts are in excellent
agreement with those obtained by the softened truss model.
Comparisons of the strengths obtained by the softened truss
model with the measured strengths are also given in Table 2.
Clearly, in terms of average, the softened truss model predic-
tions agree quite well with the experimental results, although
the standard deviation is slightly larger.

CONCLUSIONS

This paper has presented design charts, including the nor-
malized failure mode diagram and strength contour diagram
for the torsional design of reinforced concrete rectangular
members. These diagrams are constructed based on the soft-
ened truss model. Therefore, the accuracy for prediction of the
failure mode and the strength for a reinforced concrete mem-
ber subjected to torsion is comparable to that from the softened
truss model. However, the efficiency is much higher as no
iterations are required. This is demonstrated by the verification
example discussed above. More importantly, by the use of two
newly introduced reinforcement indices, the proposed design
charts are independent of the dimensions of the cross section,
the yield strength of steel reinforcement, and the compressive
strength of concrete. Therefore, these charts are very suitable
for use in structural design offices and can be utilized conven-
iently as an alternative method to the current design methods.

APPENDIX I. ANALYSIS AND DESIGN
PROCEDURES

Application of the proposed design charts in an analysis
problem is demonstrated below using specimen B1 of Table
1. The data for specimen B1 are as follows: x = 25.4 cm, y =
38.1 cm, = 27.58 MPa, fy = ( fLy 1 fty)/2 = 327.5. MPa, ALf9c
= 5.07 cm2, At = 0.7126 cm2, and s = 15.24 cm. Therefore, Ac

= xy = 967.74 cm2 and pc = 2(x 1 y) = 127 cm.
From (27), dL = AL/Ac = 0.005239, and from (28), dt =
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(At pc)/(sAc) = 0.006136. Then, hL = = 0.0622 and( f / f9)dy c L

ht = = 0.0729 according to (31) and (32), respectively.( f /f9)dy c t

Next, (35) and (36) are used, respectively, to obtain hLb =
76/(200 1 fy) = 0.1441 and htb = 76/(100 1 fy) = 0.1778.
Finally, fL = hL /hLb = 0.43 and ft = ht /htb = 0.41 according
to (33) and (34), respectively.

Knowing that (fL, ft) = (0.43, 0.41), the type of failure
mode is Mode I according to Fig. 5 (or Fig. 6) and fs = 0.48
from Fig. 8.

From (41), M̄xub = 140/(300 1 fy) = 0.223. From (40), Mxub

= = 45.37 kN ?m. Therefore, the torsional strength2M̄ f9A /pxub c c c

Mxu = fsMxub = 22.39 kN?m.
The above calculations demonstrate how to use the pro-

posed design charts to obtain the failure mode and the strength
for a reinforced concrete rectangular member subjected to pure
torsion. Clearly, the proposed design charts are computation
efficient for this kind of analysis problem compared with the
softened truss model.

For a design problem, the proposed design charts are com-
putation efficient as well. In this case, out of all possible de-
sign variables including x, y, fy, AL, At, and s, some aref9,c

known and some are to be determined. As usual, starting from
a set of trial values for the unknowns, one needs to adjust their
values so that the strength provided by the section is greater
than that required and the failure mode is a desired one. For
each trial design, the proposed design charts can be employed
very efficiently to obtain the failure mode and the strength.
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