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Abstract

The behaviors of molecular self-diffusion were simulated in complex spin systems with both intra-molecular scalar couplings and

inter-molecular dipolar couplings in liquid nuclear magnetic resonance (NMR). The simulation algorithm was based on a combi-

nation of the non-linear Bloch equations, product operator matrix, and finite difference method. The simulated results reveal dif-

ferent diffusion behaviors of inter- and intra-molecular multiple-quantum coherences, coincident with theoretical predictions and

experimental measurements. Compared with the Monte Carlo method, the finite difference method is more precise and efficient

for simulating diffusion behaviors of multiple-quantum coherences.

� 2005 Elsevier B.V. All rights reserved.
1. Introduction

Translational diffusion is one of the most fundamental

forms of transport in chemical and biological systems,
and responsible for all chemical reactions [1]. Diffusion

nuclear magnetic resonance (NMR) spectroscopy and

diffusion-weighted magnetic resonance imaging (MRI)

are presently the only available non-invasive methods

that provide information of molecular displacements in

a spatial scale comparable to cell dimensions of biologi-

cal systems [2]. In diffusion NMR spectroscopy and dif-

fusion-weighted MRI, pulsed field gradients have long
been recognized as a useful means of probing migration

of nuclear spins, inter-molecular interactions, and self-

aggregation [3–7]. When a two-pulse sequence separated

by a time interval is applied to a highly polarized system,

multiple spin echoes (MSEs) can be observed in the pres-
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ence of magnetic field gradients, as seen in solid 3He,

liquid 3He, and water [8]. These phenomena have been

explained with the theories based on either inter-molecular

multiple-quantum coherences (iMQCs) or dipolar field
[9]. Recent studies on the iMQCs have resulted in several

exciting novel applications, such as high-resolution

NMR spectra in inhomogeneous field [10] and new con-

trast mechanism in in vivo MRI [11]. Recently, we re-

ported that iMQCs have unconventional diffusion

behaviors due to different physical mechanism from

intra-molecular MQCs [12,13].

Although the diffusion behavior under the effect of
dipolar field has been discussed previously [14,15], the

mathematics required for describing diffusion is rather

complicated except for the free diffusion or restricted

diffusion in samples with certain simple geometries. As

a result, analytical solutions are generally unavailable

and numerical solutions are called for. Blanton provided

a powerful NMR tool kit to simulate almost any NMR

explorations either experimental or theoretical in nature
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[16], but diffusion effect is not included. Warren and co-

workers [17,18] provided an effective tool based on the

Torrey�s method in k-space to simulate the diffusion

behaviors of spin systems such as H2O under dipolar

fields. Recently, we employed the iMQC model and

Monte Carlo method to simulate the diffusion behaviors
of iMQCs during the evolution period of the CRAZED

sequence for simple spin systems such as H2O [19]. This

simulation algorithm takes substantial computational

time and does not take into account the intra-molecular

scalar couplings. As an improvement, we proposed a

method combining the non-linear Bloch equations,

product operator matrix, and Monte Carlo method to

simulate the diffusion behaviors under dipolar fields
with intra-molecular scalar couplings [20]. However, it

is still very time-consuming for complex spin systems

under multiple pulse sequences.

Besides the Monte Carlo method [21] and Torrey�s
method in k-space [17], other numerical methods such

as finite difference [22] and finite element [23] have also

been used to study the diffusion behaviors in liquid

NMR. Although the Torrey�s method in k-space is less
time consuming andmore effective than the finite element

method [24], it still takesmuch longer computational time

than the finite differencemethod when the restricted diffu-

sion next to boundaries is considered [25]. The Monte

Carlo method also costs much longer computational time

than the finite difference method although it is more flex-

ible and intuitive. Moreover, it often results in lower pre-

cision. Therefore, the finite difference method possesses
the advantage of taking least computational time among

the numerical methods mentioned above. It also allows

great flexibility in assessing complex structures such as

what existed in lungs in diffusion-weighted MRI [26].

In this Letter, a finite difference method was applied

to a combined model with the product operator matrix

and non-linear Bloch equations to simulate the intra-

and inter-molecular MQC diffusions. For comparison,
the Monte Carlo method was also utilized in place of

the finite difference method for the same systems.
2. Simulation method

The motion equation of magnetization vectorM(i)(r,t)
in a frame rotating at the Larmor frequency is given by:

dM ðiÞðr; tÞ
dt

¼ cM ðiÞðr; tÞ � xi
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where c is the gyromagnetic ratio; x̂, ŷ, and ẑ are unit

vectors along the Cartesian coordinate axes; the super-

script i represents the ith spin species; Gðŝ; rÞ is the

strength of gradients applied for modulating the dipo-

lar field along direction ŝ at position r, where ŝ is a unit

vector; DB(r, t) is the inhomogeneous field at position r;
DT is the translational self-diffusion coefficient; T1 and

T2 are the longitudinal and transverse relaxation times,

respectively; M ðiÞðr; 0Þ ¼ M ðiÞ
0 ẑ is the initial magnetiza-

tion vector; Br(r, t) is the radiation damping field,

which is fed back to the spins through the induced

free-induction-decay (FID) current in the receiver coil

[27]. Bd(r, t) is the dipolar field at time t and position

r. The effect of diffusion during the evolution period
can generally be ignored when the evolution time is

short. However, when the observable signal evolves

over a period equivalent to a few multiples of the dipo-

lar demagnetizing time sd = 1/(cl0M0), it becomes

essential to include the diffusion effect during the acqui-

sition time [28].

The effects of relaxation, diffusion, chemical shift,

radiation damping, and long-range dipolar field can
all be incorporated into spin dynamic calculations by

the non-linear Bloch equations. However, the Bloch

equations fail to describe magnetization vectors when

scalar couplings exist in spin systems. Though the den-

sity matrix formalism can deal with complicated quan-

tum mechanical behaviors such as scalar couplings, it is

difficult to handle macroscopic effects such as radiation

damping, diffusion, and long-range dipolar field. In our
recent report [20], a product operator matrix, Mmat,

was proposed to describe the evolution behaviors of

scalar couplings in the frame of the non-linear Bloch

equations. The evolution of the elements of product

operator matrix under chemical shift, radio-frequency

(RF) field, inhomogeneous background field, dipolar

field, radiation damping, and diffusion can be described

by the non-linear Bloch equations shown in Eq. (1).
After every evolution of the Cash–Karp Runge–Kutta

equation, the corresponding scalar coupling process is

calculated [20].

The diffusion part of the non-linear Bloch equations

can be solved by the finite difference method, which

can be implemented in two simple steps for one-dimen-

sion diffusion [26]:

M 0
j ¼ Mn

j þ Dj�1;j
Dt
Dx2

ðMn
j�1 �Mn

j Þ; ð2Þ

Mnþ1
j ¼ M 0

j þ Dj;jþ1

Dt
Dx2

ðMn
jþ1 �Mn

j Þ; ð3Þ

whereMn
j is the magnetization at the jth position along a

special axis at nth time step; Dx and Dt are spatial and

time step sizes, respectively; Mn
j � Mðt; xÞ with t = nDt

and x = jDx. M 0
j is an intermediate variable between

the nth and (n + 1)th time intervals; Dj,j+1 represents
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the effective diffusion coefficient between the jth and

(j + 1)th elements. A detailed discussion can be found

in [26].

To calculate the diffusion behaviors by the finite differ-

ence method, every element of the product operator ma-

trix is operated directly in Eqs. (2) and (3) by substituting
Mn

j with Mmat(I1a, I2a, . . ., Iia, � � �, In+m,a). Thus, the simu-

lation algorithm is simple and efficient for combining the

finite difference method and product operator matrix.
Fig. 1. Pulse sequences used in this Letter: (a) a modified CRAZED

sequence for iDQCs (a = p/2 and n = �2), iZQCs (a = p/2 and n = 0)

and conventional SQCs (a = 0 and G = 0). The second RF pulse was

set to be selective only for solvent to eliminate the solute-solute

iMQCs; (b) a modified sequence for intra-molecular DQCs (n = ±2)

with D = 0.08 s. For both (a) and (b), the amplitude of coherence-

selection gradients G was 10 G/cm, d = 2 ms, and D1 = 0.1 s.
3. Experimental and simulated processes

All 1H NMR experiments were recorded on a Varian
Unity+ 500 MHz NMR spectrometer at room tempera-

ture. For inter-molecular double-quantum and zero-

quantum coherence (iDQC and iZQC) experiments,

the sample was a concentrated solution of CHBr2CH2Br

in acetone, where CHBr2CH2Br corresponded to an

AX2 system with xA = 278.7 Hz, xX = �688.7 Hz,

JAX = 5.7 Hz, and the protons in acetone was denoted

as C with xC = 0 Hz for convenience. For intra-molecular
double quantum coherence (DQC) experiments, the

solvent was CDCl3, and the solution (CHBr2CH2Br)

was dilute. The chemical shifts of the solute changed

to xA = 324.0 Hz, xX = �736.1 Hz relative to the same

reference as in the iMQC experiments (i.e., the chemical

shift of acetone was zero) due to different solvent effects.

The scalar coupling constant is still JAX = 5.7 Hz.

Macroscopic background gradients due to suscepti-
bility differences at the sample interfaces and radiation

damping can lead to the seemingly strange effect of the

echo signal growing as the gradient strength increases

at low applied gradient strengths [4]. To reduce their ef-

fects, the following precautions in diffusion measure-

ments were taken: (1) the effect of radiation damping

was effectively suppressed by detuning the probe; (2)
Table 1

Diffusion coefficients of iMQCs obtained from theoretical predictions, exper

Diffusion rates (10�9 m2/s) SQC

DC
SQC DAX

SQC

Theory 2.32 1.68

Experiment 2.32 ± 0.10 1.68 ± 0.08

Finite difference 2.31 ± 0.01 1.68 ± 0.01

Monte Carlo 2.40 ± 0.03 1.77 ± 0.02

Table 2

Diffusion coefficients of intra-molecular MQCs obtained from theoretical pr

Diffusion rates (10�9 m2/s) DAX
SQC

Theory 7.85

Experiment 7.85 ± 0.19

Finite difference 7.91 ± 0.01

Monte Carlo 7.98 ± 0.05
the magnetic field was shimmed carefully so that the

line-width of a conventional 1D SQC spectrum is smal-
ler than 1.0 Hz; (3) the diffusion weighted gradients were

begun from a relative high strength, so the effect of

background gradients is quite small compared to that

of the diffusion weighted gradients. Since we used stan-

dard 5 mm NMR tubes in the experiments, the effect of

susceptibility match was not taken into account. There-

fore, susceptibility differences at the sample interfaces

may lead to some experimental errors [29].
The field gradients applied during the spin evolution

attenuate NMR signals. When the pulse sequences

shown in Fig. 1 are employed, the diffusion attenuation

factor E due to free diffusion is given by:

E ¼ E0e
�c2G2

1
d2DApp

T
ðD1þ2d=3Þ; ð4Þ
iments, and simulations for the concentrated solution

iDQC (n = �2) iZQC

DC;C
iDQC DAX ;C

iDQC DAX ;C
iZQC

4.64 4.00 4.00

4.76 ± 0.25 3.89 ± 0.19 3.85 ± 0.18

4.63 ± 0.01 3.99 ± 0.01 3.99 ± 0.01

4.72 ± 0.06 3.96 ± 0.05 3.99 ± 0.06

edictions, experiments, and simulations for the dilute solution

DAX
DQCðn ¼ þ2Þ DAX

DQCðn ¼ �2Þ
31.40 31.40

29.82 ± 0.51 31.69 ± 0.53

31.56 ± 0.02 31.52 ± 0.02

31.87 ± 0.10 31.93 ± 0.12



Fig. 2. Normalized diffusion attenuation fitting curves of conventional

SQC and iMQC signals for concentrated solution: (a) experiment; (b)

finite difference simulation. The curves denoted by �m� and �¤� were
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where DApp
T is the apparent diffusion coefficient; d and G1

are the duration and amplitude of diffusion weighting

gradients, respectively; D1 is the time interval between

the two diffusion weighting gradients. It was assumed

that the longitudinal and transversal relaxation times

were all 1 s, which are close to the experimental mea-
surements. The length of the sample was 1 cm along

the z axis and was divided into 2000 U. The amplitude

of coherence-selection gradient G was 10 G/cm. The to-

tal acquisition time of each FID signal was 4.0 s with a

total acquisition number of 10000. For the Monte Carlo

method, the number of particles used in the simulation

was 400000 to achieve results with high accuracy. All

simulations were performed on a normal PC (AMD
XP2500+, 512 Mb memories) and the program was writ-

ten in Visual C++.

The pulse sequence shown in Fig. 1a was used to

measure the apparent diffusion rates of iDQCs, iZQCs,

and conventional SQCs. The pulse sequence shown in

Fig. 1b was used to measure and simulate the apparent

diffusion rates of DQCs. The SQC diffusion coefficients

of C (acetone) and AX2 (CHBr2CH2Br) components in
concentrated solution were measured experimentally

and listed in Table 1. The diffusion coefficient of a dilute

spin system of AX2 (CHBr2CH2Br) in CDCl3 solution

was measured experimentally and listed in Table 2. It

shows that the diffusion coefficient of component AX2

is greatly affected by solvent. The measured SQC diffu-

sion coefficients were used as the theoretical values

and physical diffusion rates of the simulated spins.

almost overlapped in (b). The duration of diffusion weighting gradient

was 2 ms, and the amplitude of diffusion weighting gradient G1 was

varied from 1 to 19 G/cm with an increment of 2 G/cm.

4. Discussion

The diffusion coefficients of iMQCs during the evolu-

tion period obtained from the theoretical predictions,

experimental measurements, and finite difference simula-

tion for the concentrated solution are listed in Table 1.

The corresponding normalized diffusion attenuation fit-

ting curves are shown in Fig. 2. The simulated SQC dif-

fusion coefficients are very close to the experimental

values. For iDQCs (n = �2), both experimental and sim-
ulated results have the following relationships:

DAX ;C
iDQC ¼ DC

SQC þ DAX
SQC and DC;C

iDQC ¼ 2DC
SQC, where DAX ;C

iDQC

denotes the apparent diffusion coefficient of the signal

originating from the solute-solvent iDQCs, and DC;C
iDQC

represents the apparent diffusion coefficient of the signal

originating from the solvent–solvent iDQCs. Similarly,

both the experimental and simulated results satisfies

the following relationship for iZQCs (n = 0):
DAX ;C

iZQC ¼ DC
SQC þ DAX

SQC, where D
AX ;C
iZQC denotes the apparent

diffusion coefficient of the signal originating from the

solute–solvent iZQCs. There is not signal originating

from the solvent–solvent iZQCs because the second

RF pulse is p/2. In Table 1, the simulated diffusion coef-

ficients DC;C
iDQC;D

AX ;C
iDQC, and DAX ;C

iZQC are in good agreement
with their theoretical predictions and experimental

observations. The small deviations of experimental val-

ues may be due to the measured errors and non-ideal

experimental conditions such as non-ideal RF pulses

and the remnant radiation damping and background

gradients.
According to the diffusion properties in a homo-nu-

clear experiment, the signals originated from the intra-

molecular MQCs would decay exponentially at a rate

DMQC = n2DT [30], where n is the order of MQCs. The

apparent diffusion rates of the DQCs for dilute solution

are given in Table 2. The corresponding normalized dif-

fusion attenuation fitting curves based on the results of

experiments and finite difference simulations are shown
in Fig. 3. For n = ± 2, the simulated apparent diffusion

rates from the finite difference method of the solute

DAX
DQC are coincident with the theoretical and experimen-

tal values. Compared to the theoretical predictions, the

deviations of simulated results are less than 1% and

the maximal deviation of experimental measurements

is about 5%.



Fig. 3. Normalized diffusion attenuation fitting curves of conventional

SQC and DQC signals for dilute solution: (a) experiment; (b) finite

difference simulation. The curves denoted by �d� and �m� were almost

overlapped in (b). The duration of diffusion weighting gradient was 1

ms, and the amplitude of diffusion weighting gradient G1 was varied

from 2 to 11 G/cm with an increment of 1 G/cm.
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To compare the simulation effects of the finite differ-

ence and Monte Carlo methods under the same condi-

tion for liquid NMR, the simulated results of SQCs,

iDQCs and DQCs using the Monte Carlo method are

also listed in Tables 1 and 2. The comparison of the

simulated results shows that the finite difference meth-
od provides more precise results. Although the simu-

lated results obtained from the Monte Carlo method

are also reliable, its maximum errors from the theoret-

ical predictions reach 5%. On the other hand, the max-

imum errors of the simulated results are only 1% for

the finite difference method. Furthermore, for SQC

simulations, the finite difference method took only

150 s for a 1D spectrum, while the Monte Carlo meth-
od took about 11760 s. The computational time of the

former is only about 1.3% of the latter. For iDQC and

DQC simulations, the finite difference method took

only about 5.0% of the computing time of the Monte

Carlo method. Obviously, the finite difference method

saves much computational time compared to the

Monte Carlo method. It is worth noting that the com-

putational speed of the finite difference method de-
pends on the pulse sequence greatly, while the

computational speed of the Monte Carlo method is al-

most independent of the pulse sequence when the sam-

pling time is the same. Because most of the elements in

the product operator matrix are zero in SQC simula-

tion, the simulation speed of SQCs using the finite dif-
ference method is much faster than that of other

quantum coherences. While for the Monte Carlo method,

much of the CPU time is spent on the random walk

of particles. The calculation of the product operator

matrix only takes a small part of the total computa-

tional time, so the computational speed is rather

stable.
5. Conclusion

In this Letter, the finite difference and Monte Carlo

methods were applied to simulate the diffusion behav-

iors of intra- and inter-molecular MQCs in combination

with the product operator matrix and non-linear Bloch

equations. The corresponding experiments and theoreti-
cal analyses were carried out to validate the simulation

results. The results confirm the unconventional diffusion

behaviors of iMQCs reported previously. More impor-

tantly, the results show that the combination of the finite

difference method, non-linear Bloch equations, and

product operator matrix provides a versatile tool for

the study of the diffusion behaviors of complex spin sys-

tems with both inter-molecular dipolar couplings and in-
tra-molecular scalar couplings under different pulse

sequences. Compared with the Monte Carlo method,

the finite difference method is more efficient and pro-

vides more precise results in liquid NMR simulation.

They also show that the intra-molecular scalar couplings

do not change the apparent diffusion rates of iMQCs.

The simulation method proposed herein may be used

to simulate the diffusion behaviors in more complicated
cases, such as the diffusion in biologic tissue (e.g., lungs)

with inter-molecular dipolar couplings and intra-molec-

ular scalar couplings. The diffusion behaviors under the

effect of radiation damping can also be studied with this

method.
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