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V. is formed by the corresponding + 1 rows of[d’, ..., d°], and On Continuous-Time Optimal Deterministic Traffic
D(wo) is a diagonal matrix with those selectétl+ 1 entries from Regulation
D(wo) on its main diagonal. Sincenk(D(%)D(wo)) = @ + 1 and
rank(V1) = Q + 1, we deduce thatank(®.) = Q + 1,Ve # 0. Chia-Sheng ChangMember, IEEE and
Next, we prove the “only if” part by contradiction. Suppose that for Kwang-Cheng CherSenior Member, IEEE
somee, © = Oe has onlyQ + 1 < @ + 1 nonzero corresponding
entries, thatwe collect = [u, ..., ”"a]T' Then, similarly tothe Abstract—n this correspondence, we study the continuous-time deter-

“if” part, we can group the nonzero rows in a matfi#)D(w)V1.  ministic traffic regulation problem. We propose a regulation form shown

Now thisV; is a(@Q + 1) x (Q + 1) matrix, Whileﬁ(wo) isa(@ + tobe the optimal deterministic traffic regulator in the sense that it outputs
- : : : the most packets while satisfying the constraint on the output process.
1) x (Q + 1) matrix. It follows immediately that We further investigate the subtle relation between continuous-time and
discrete-time optimal deterministic regulators, and reduce our general
. = regulation form to the known discrete-time optimal deterministic regulator
rank(Vi) =Q+1< Q@ +1 when restricting arrival (departure) instants to integers and packet size
to unity. Therefore, by extending traffic-regulation theory to continuous
L . . time, our work provides a fundamental framework for future research
a_nd, hencerank({%) < @ + 1, which implies that the maximum regarding quality-of-service (QoS)-guaranteed network design/analysis in
diversity cannot be achieved. O  continuous-time.

Index Terms—Constrained optimization, network flows, quality-of-ser-
vice (QoS), traffic management.
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was not addressed in [12] and [13]. Third, although the regulators Proof: The necessary condition is clear. We only need to show
(or shapers) in [12] and [13] are defined in continuous-time settinthe sufficient condition.

Le Boudec considered only systems for which there is a minimum Suppose there is a traffic source that does not conforif Then,
time granularity. This restriction implies these systems are still @r somet > 0 andr > 0, we havel [t — 7, t) > f(7). Hence we
discrete-time type. Consequently, in packet-switching networks, hdwave f (t) > f(7), where

to construct continuous-time optimal deterministic regulators with

general constraint functions is a very interesting problem that still F() 2 sup{T[t — 7, t): t € [0, ¢]}

needs further investigation. In this correspondence, we present con-

tinuous-time optimal deterministic traffic regulation formulas whictwhere[0, ] is the time interval over which the source is active. But by
specify the earliest possible departure time of each packet arrivigs. definition, f is subadditive and is pointwise upper-boundedfby
Furthermore, we also show that discrete-time optimal determinisfitis contradicts the definition of as the pointwise largest subadditive
regulators discussed in [4] can be regarded as special cases of ¢onetion that is pointwise upper-bounded py O
tinuous-time optimal deterministic regulators. This fact demonstrates

the subtle relation between continuous-time and discrete-time optir?v% ere the %" means the limit from the right) must be larger than

deterministic regulators. r equal toL Otherwise, a packet of length would never
Throughout this correspondence, we denote the arrival time, the ﬁe- d max »ap 9thimax

parture time, and the length of th¢h packet bya.,, b,,, andL,,, re- Le alloﬁ:,:gﬁ?j;?;;ﬁgw:m :-ehlztri((a)fr??lfnetvvsé ésﬁa_it_lsf;/{‘ Ej(;j(-())f
spectively. In addition, we assumen,),... (bits) is the maximal size of [ ™**' ) )

the packets in an input source. 2) For any 0, there are only a finite foragivenf € ¢.

number of packet arrivals ifd, ¢]. Thus, we havéim,, o, a,, = occ. Lemma 1: Given f € G. Thenf(0+) = f(0+).

3) f < g means that the inequality holds pointwisedyip f. and Proof: Sincef > f, we havef(0+) > f(0+). Conversely,
inf f. are taken in a per-pointmanner, e(@up fo)(x) = sup fa(x). defineg(x) = 0forx = 0 andj(x) = f(0+) for = > 0. It is not
We also denote b¥'[t — 7, ) (bits) the amount of information bits in difficult to see thatj < f andg is subadditive. Hence, by definition
packets departing from a regulator in interi¢gat 7, ¢). The entire con- we knowf > § and

tentL,, of a packet being released at tifigis assumed to be released

f we wish a regulator’s output to conform tb € G, then f(0+)

at timeb,,. /11115f(;v) > /lyin%) glz) = /liIIBf(()+) = f(04).
The rest of this correspondence is organized as follows. In Sec- o o o
tion Il, we introduce maximal embedded subadditive functions anghys, we knowf(0+) > £(0+) and the lemma is proved. O

give some properties regarding these functions. The continuous-time _

optimal regulation formulas are given in Section Il along with the Consequently, we know that(0+) > L.y providedf(0+) >
corresponding mathematical proofs. In Section IV, we investigate thex- In summary, Theorem 1 and Lemma 1 tell us that constructing
subtle relation between continuous-time optimal regulators and th@ optimal deterministic regulator with constraint functjor ¢ with
known discrete-time ones. We present a potential realization structdf®+) = Lmax is equivalent to constructing one with a pointwisely

of the proposed optimal regulators in Section V, and, finally, conclugénaller, subadditive constraint functigne ¢. _
this correspondence in Section VI. In addition, continuous-time inverse functions are also defined as

follows.

Il. MAXIVMAL EMBEDDED SUBADDITIVE FUNCTIONS Definition 3: For a nonnegative, nondecreasing functforR™ —
R™, we definef~': R — R™ by
For an arbitrary traffic source active i, ¢|, the pointwisely
smallest constraint functiofi which this source conforms to can be FNw) 2 inf{s > 0: 0 < f(s)}
constructed according tf(t) 2 sup{T[t — 7, t): t € [0, ]}. Itis
not difficult to see thayz is always subadditive, i.e.,

Ill. OPTIMAL DETERMINISTIC REGULATION FORMULAS

fla+y) < fle)+ fly), fora,y>0. To produce the output process of a regulator witlubadditivecon-
straint functionf € G with f(0+) > Lmax, We assert that the packet
This observation shows that subadditive functions play an importeparture times be determined by the following rules:
role in deterministic traffic regulation theory. To begin with, two im- ]
portant definitions are given as follows. by =ai, and b, =max{a,, by},  Ve>2, (1)

Definition 1: The collection of nonnegative, nondecreasing, anghere
left-continuous functiong: R* — R™ with £(0) =0 is denoted by.

Definition 2: Givenf € G, we definef 2 sup{g: g € G. g < f. g b,, = max {bi +7 ! <Z Lk:) :1<i<n-— 1}. )
is subadditivé. k=i

Given f € G, one can easily show by definition that the corre- Inthe following, we show the output process determined by (1) con-

spondingy is subadditive ang € G. Consequently, we call thg forms tof.

corresponding t¢ € G the maximal subadditive function embedded Theorem 2: For a given subadditive functiofi€ G with 7(0+) >
in f. The next theorem is of great importance for continuous-time de- - -

S . : . e ag .ax, the following three conditions are equivalent:
terministic regulators, and is actually a continuous-time extension of

[17, Lemma 2.1]. 1) Tt -7, 1) < f(r), forallr, t > 0;

2) for a fixed 0andvn € N
Theorem 1: A traffic source conforms tg € G if and only if it ) v "€

conforms tof. T[t -7, t) < f(7), for0< 7, ¢t < by +v;
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3) For afixedv > 0 andvVn € N which implies thatforali =1, ..., n —1
Tt =7, t) < f(7), forO0<r,t<b,+v
[t=7. 1) <T() STts ZLk<f< (ZLk> ) F(ba —b)4). (@
whereT"[¢ — 7, ¢) is defined using only the first. packet
departures. Now, with (3) and (4), one can use mathematical induction to show that

Proof: SinceT[t—r, t) =TI[0, t)andT™[t— T, t) = T"[0, t) —
for = > ¢, without loss of generality we may assume ¢. ha (1) < f(T4), fork=1,....1
Condition 1) obviously implies condition 2). On the other hand, sugind, consequentl{f"[t — 7, t) < f(7),for0 < 7, t < b, + v.
pose condition 2) is true. Sind¢én,.—. b, = oo, for an arbitraryt it By mathematical induction, we conclude that the output process de-
follows that termined by (1) satisfies the third condition of Theorem 2. In particular,
T[t — 7 t) < F(7), forall 0 < 7 < t. by Theorem 2, the output process determined by (1) conforrs taJ

Having developed continuous-time deterministic regulators with
, subadditiveconstraint functions, now we are ready to define contin-
T'[t=7.¢) <T[t -7, 1), forall0 <7 <t uous-time deterministic regulators witieneral constraint functions

To prove that condition 2) and condition 3) are equivalent, note that

sinceT"[t — 7, t) results from only the first. packet departures. f e gwith f(04) 2 Lmax.

Hence, condition 2) implies condition 3). Conversely, suppose condi-pefinition 4: Suppose the departure time of thth packet from a
tion 3) is true. Fixing» € N, we can findm € N large enough such cqontinuous-time deterministic regulatpre G with f(0+) > Luax iS

thatb,,, > b,, + v. Then condition 3) implies that denoted by,,. Then we seby =a; andb,, =max{a,, b,'} Vn >2,
Tt =7, t) < f(r), VO<7<t<bm+v. where
Sinceby > b, + v for k > m, it follows that b, = max {b,' +7 ! <Z L;-,) 1<i<n- 1}_ (5)
Tt—7,t)=T"[t — 1, ), VO<7<t<b, +v
and, consequently, we have The next theorem shows the optimality of the proposed contin-

_ uous-time deterministic regulators.
Tt —7,t) < f(7), Vo< 7 <t<b, +r.

Theorem 4: Given an input procesf a.., L. )}. Then for any reg-
'ulator output proces§(c.,, L,.)} conforming tof € G with f(0+)
Liax ande,, > a, foralln € N, we must have,, > b,,, whereb,,

Theorem 3: Given a subadditive functiofi € ¢ with f(0+) > the departure time calculated from Definition 4.

Lumax. The output process determined by (1) satisfies condition 3) of Proof: From Definition 4 we knowe; > a1 = b1. Suppose
Theorem 2. In particular, the output process determined by (1) cahi-> b, holds foralll < j <n —1.1If

Sincen is arbitrary, it follows condition 3) implies condition 2). Thus
we proved conditions 2) and 3) are equivalent.

forms to f. A
Proof: By (1), we knowb; = a;. Clearly, for0 < 7, t < by +v cn < i+ f (Z Lk)

we haveT'[t — 7, t) < L, < (7). Thus, the conclusion holds for =i

n = 1. Suppose forsomei € {1, ..., n — 1}, for

T 't =7, t) < f(7), for0< 7 t<by14+v. (3
Now we considef ™[t — 7, ¢) for 0 < 7, t < b, + v.

0<e< e —1—?_1 <ZL’”> —cp
k=1

Given departure timek, .. .. b,, consider those € [0, b, + v] e would have
such thatr = b; — b; for somei, j € {1, ..., n} andi < j, it can n
be seen there are only a finite number of such points. Arrange thos?(cn —c4ea<Tf <f ! <Z Lk)) (by definition of7_1)
7 in an increasing order, and denote themrhy. .., 7; and also let s

70 =0, 741 = b, +v.

Note that for) < ¢ < b,, + v, we can write < Z L. (by the left-continuity off)
k=t

T"[t — T, ZL I < Tlessen +0)
wherel, ;(t) = 1fort € (b, b, + 7] andI, :(t) = 0 otherwise. Whichimplies{(cn, L»)} did notconform tof (by Theorem 1). How-
With the above decomposition, it can be seen that ever, since{(c,, L)} conforms tof, we must have

A n . _ n

ho(r) = sup{T"[t —7,¢): 0 <t < b + v} . Zlnax{c,;—l—f 1 (ZL;’) 1<i<n _1}.

is a nondecreasing, left-continuostepfunction in[0, b, + v]. That =i

is, [0, b, + v] can be divided into a finite number of subintervalsHence, the induction hypothesis implies

Ii, ..., I, such thath, () = ¢; for t interior to I;. In addition, n
the only possible discontinuous points /of (7) are thoselk, k= e > max {pl +?—1 <Z L’j) 1<i<n— 1}
1, .... 1. Consequently, to check wheth&f' [t — 7, t) < f(r) for =
0 < 7,t < b, + v, we only need to check,, (r.+) < f(rx+) for A
k=1,...,1 zrnax{bi—l—? <ZLJ>:1§1’§71—1}

By (1), we know j=i

2p,.
b,,zb,;+f_1<ZLk>, Vi=1,..,n—1 o _
— By induction, the theorem is proved. O

Authorized licensed use limited to: IEEE Xplore. Downloaded on January 21, 2009 at 21:41 from IEEE Xplore. Restrictions apply.



IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 49, NO. 7, JULY 2003 1843

Note that the condition,, > a, is referred to as the causal condition Theorem 7: Given an input procesS a., L)}, then for any regu-
in [4] since the departure time cannot be less than the arrival time. lator output proces§(c.., L, )} conforming tof € F with f(1) > 1
andc,, > a,, foralln € N, we must have,, > b,,, whereb,, is the
departure time calculated from Definition 7.
IV. SPECIAL FORM IN THE DISCRETETIME CASE
In this section. we consider a special case where packet arrivals r]We will show later that the discrete-time optimal deterministic reg-
' T P P . tors in Definition 7 are identical to those discussed in [4].
departures occur only ate Z™, and all packets are with unit length.

Note that the constraint sequentenust satisfyf (1) > 1. Lemma 2: Given subadditivef € F with f(1) > 1. Forz,y > 1
Similar to the continuous-time case, we denotefbthe collection we havef ™ *(z) + f~'(y) < f'(z+y - 1).
of nonnegative, nondecreasing sequentegt — Z* with f(0) = Proof: Letq,r bef *(x), f *(y), respectively{, » > 0 since

0. The maximal subadditive sequenfembedded irf € F can be =,y > 1). By definition, it follows that
defined similarly to Definition 2.

fla+r) < flO+fr)<at+y—-2

Definition 5. Given f € F, we definefé sup{g:g€F, g<f. 9 d
is sub-additivg. an

. - . y FUT Ny -+ D) > ety -1
According to [4, Lemma 2.2]f (the maximal subadditive sequence
embedded inf € F) is pointwisely identical tof” (the subadditive Hence, we knowf (¢ + ) < f(#~'(z +y — 1) + 1), which implies
closure off). Consequently, givei € F, f has the following prop- ’ ’
erties: 1)f is subadditive, 2y € F, 3) f is subadditive if and only if g+r<f lae+y—-1)+1
f = f, and 4) a discrete-time traffic source conformg'tié and only

S - and
if it conforms to f. _1,
In addition, discrete-time inverse sequences are also defined as g+r<f(zty-1).
follows. ]
Hence, the result is proved. O

Definition 6: For a nonnegative, nondecreasing functferz ¥ — ) )
7+ We definef~': 7+ — 7 by f‘l(x)é min{s>0:2< f(5)}—1. With Lemma 2, we can show the following theorem.
The constant 1” in the definition of f (- is used to make dis- ' Ne0'em 8:Forn = 2, () is identical to
crete-time regulation formulas identical to their continuous-time coun-
terparts. Otherwise, the right-hand side of (6) in Definition 7 would
need to append a constant!.” Also, by definition, one can show the

following inequalities

b = max{ai +771(n—i—|—1): 1<i<n— 1}.

Proof: We1 prove this by induction. lfn = 2, it follows that
by' = a1 + f  (2). By hypothesis, we know th& = a;. Hence,

f(f—1 ()<< f(f—‘ (2)+1) the conclusion holds far = 2. Suppose the conclusion also hold for

and m € {2, ..., n—1}.Now letm = n. Itis easy to see that,’ > b.,"

. 1 sincea; < b;. Forthose € {1,....n — 1} such thain;, = b;, we

I+ (fla) Sa < 7 (fle)+1). have
_ Analogpus to the co_ntinuous-time case, we define discrete-time op- bi + 7—1 (n—i+1)<ai+ 7—1 (n—i+1).
timal traffic regulators in a parallel form as follows.
Definition 7: Suppose the departure time of thth packet from a FOr thosei € {1.....n — 1} such tha; < b;, there must exist a

discrete-time deterministic regulatpre F with (1) > 1 is denoted J € {1, .-+, i =1} suchthab; =a; +f (i—j+1). However, by

byb,,. Then, we sety = a; andb, = max{a,, b,'} Vn > 2, where Lemma 2, it follows that

bi+f =i+l =a;+F (i—j+D+F (n—i+1)

M, =max{bi+F 'n—i+1p1<i<n—1%. (6 -
lIld‘({ f (n—i+1:1<i<n } (6) wt7 l(n—j+1)_

The following theorems justify Definition 7, and their proofs can bd herefore, we must havie,” < b,,", and have proved the case for

obtained by slightly modifying those of Theorems 2, 3, and 4, respeé-= - U
tively. According to Definition 7p,, = max{a,,, b,'}, and note that,, =
Theorem 5: For a given subadditive sequenge F with f(1)>1, @n + 77'(n = n+1). By Theorem 8, we then have
the following three conditions are equivalent: .
Tt =7 t) < F(r),forall 7, t € 7°; bn:max{a,i+f (n—i+1):1§i§n}. @

2) for afixedv € Nandvn € N, T[t — 1, t) < f(7), for
T, t €0, ..., by + ];

3) forafixedv € Nandvn € N, T"[t — 7, 1) < f(7), for
T, t €10, ..., b, + v], whereT"[t — 7, t) results from only Bl0, k) = min{n — 1: b, > k, n € N}. (8)
the firstn packet departures.

After determining,,, the departure time of theth packet, we know
BJ0, k), the amount of departure [f, k), can be expressed as

Discrete-time optimal deterministic regulators have been discussed in

Theorem 6: Given a subadditive sequengec F with f(1) > 1, {%] and we quote the definition here.

the output process determined by Definition 7 satisfies condition 3)
Theorem 5. In particular, the output process determined by DefinitionDefinition 8: Suppose that each packet has unit length. Bét),
7 conforms tof. i € Z7T, represent the amount of departure from the maximal deter-
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ministic regulator in[0, ¢). If f € F with f(1) > 1, thenB(i)is For: = R[0, j) + 1, it follows that
constructed by . _
agpo, j+1 +f (R[0, 5) + f(k = 35) — R[0, j))
. — . r . * . _ . 3 __1 _ .
B(i) Urél}rsli1R[0, RS M ©) <j+7 Flk-j)

. . <j+k—j-1=k-1

wheref* is the subadditive closure g¢f.
Our primary goal here is to show that the discrete-time regulatdf¢ich impliesb ., o 7, o <k —1.

defined by (7) are precisely the discrete-time optimal deterministic fowever, according to (8), we know that

regulators in Definition 8. R[0, 3) + F(k — 3) < B[0, k) + 1

Theorem 9: For eacht € 71, we have
which implies
B[O, k) = min{R[0, s)+ f(k—s): 0 < s < k}. _
010 = it 7 =) } R0, §) + (k= 8) < B[O, k)

Proof: By definition, we knowB[0, k) < R0, k). Also, for and

5 € {0, ..., k — 1}, it can be seen that B[0, k) > min{R[0, 5) + f(k—5):0< s < k).
B[0, k) = B[0, s) + BJs, k) < R[0, 5) + f(k — 5). From the inequality proved in the first paragraph and the factitheat
Z is arbitrary, the theorem is proved. d

Consequently, we have
V. A REALIZATION OF THE OPTIMAL REGULATION FORMULAS

BIO, k) < min{ R[0, 5) + f(k = 5): 0 < 5 <k}, The optimal deterministic regulator defined in Definition 4 is not

directly realizable since determiniri@,, }»>; needs infinite compu-
tation steps. In this section, we present a potential realization of the
proposed optimal regulators. According to Definition 4,for 2, we

can rewrite (5) as

Conversely, ifR[0, k) = 0, then

min{R[0, s) + f(k —5): 0 < s <k} = R[0, k) + f(0)
=0 < B[0, k).

So we have proved b, = max {inf {b; +t:t>0, f(t) > Z L, } 1<i<n— 1} .

Jj=1

B0, k) = min{R[0, s) + f(k = 5): 0 <5 <k} Since the sefb; +t: f(t) > >."_; L;} mustbe of the form of interval
[a, o) or (a, o0), it can be seen that for > 2 (this can be shown by

Therefore, we may assundg0, ) > 0 and thus:; < k. Suppose mathematical induction)

is the argument achieving the minimum of

n—1 n i—1
min{R[0, s) + f(k —5): 0 < s < k}. by' = inf m {bi +t:t2>0, f(t) > Z L; - Z LJ}
i=1 j=1 =1
By definition, we know that . . = e N o
=inf{¢t > 0: min Z Li+f(t—0;):1<i<n-1
/ —_— — N R =1
b o, )+ Fek—s) 2 max{a; + f I(R[O, S+ f(k=38) —i+1) N !
1<i<R[0, 8)+ Fk—3)}. ZZL]}
J=1
Considering:; = 1,0 < 1 < k, we partition[1, R[0, §)+ f(k—3)] which implies
into subintervals
[1, R0, 1+ D], [R[0, [+1)+1, R0, [+2)], ..., b, =By (Z Lj)
[R[0, k — 1) + 1. R[0, 8) + F(k — 8)]. =
where
Then i—1
Bn(f)é min{z L]-—I—f(t—bi):lgign—l}. (20)
I’R[o,g)-s-?(k—.s) j=1
——1 N ra AN .
= max {ai +f (R[0,5)+ f(k—3) —i+1): With a subroutinemin{, -} to find the minimum of two functions,
i is the left boundary point of a nonempty sub-inte}val ‘ge (i?':);e&(t) = f(t = b1) = f(t — a1) and recursively update
Fori = 1 = R[0, I)+1,sinceR[0, )+ f(k—5) < R[0, )+ f(k=1), ) no! _
it can be seen that Boyi(t) =min{ Ba(t), Y Lj+ f(t—ba)p.  (11)
J=1
——1 ~ - ~ ——1 —
ar+f (R0,8)+ f(k=38)—R[0,1)) I+ f (f(k=1)) In summary, we sketch the complete realization structure in Fig. 1.

<l+4+k—-1-1=k—1. Note the dashed line implies the update®f(+) occurs only afteb,,
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(an, Ln) [2]
L, an [3]
L B;M(X0, L) |bals] max by [4]
Bn(t) | [5]
¥ S L+
B (t 2=t 9 [6]
e OF 1| - ba)
J [7]
Fig. 1. The complete block diagram of the proposed realization.
[8l
has been determined. When thth packet with lengthL,, arrives at
t = an, b, is determined and®,, () is updated according to (11). [9]
VI. CONCLUSION
[10]

Discrete-time traffic regulation problem has been systematically
solved in [4]. However, to the best of the authors’ knowledge, how
to optimally regulate a traffic source in continuous-time setting haﬁ11
remained open till now. In this correspondence, we successfully
determined the regulation formulas of continuous-time optimal
deterministic regulators. Theorem 4 shows that for all causal outpdtlz]
processes conforming to a given constraint functipnthe nth
departure time of the continuous-time optimal deterministic regulatof13]
is earliest for alln € N.

When comparing the continuous-time regulation formula (5) and it
discrete-time counterpart (6), one may find they are actually identic
(packet sizes are all unity in the discrete-time case). However, the con-
tinuous-time output accumulation functi@r0, ¢) cannot be written  [15]
in a form similar to (9). The critical point for this subtle distinction
. : : . 16]
is Lemma 2, whose continuous-time counterpart is not true. Consé-
quently, discrete-time optimal deterministic regulators can be regarded
as special cases of general continuous-time optimal deterministic reft7]
ulators.

One important issue we did not discuss in this correspondence is
the implementation complexity of the realization structure mentioned
in Section V. Without some more carefully designed algorithms, the
current structure may be too complex to be realized. For example, how
to efficiently represent and recursively upd@e(t) in Fig. 1 is very
critical to the feasibility of these optimal regulators. In addition, a fast
inverse function computatio(, * (+)) is also an important component.
These implementation issues will be studied in our future work.

Traffic regulation has been widely accepted as an indispensable part
of QoS-guaranteed multimedia networks. Therefore, by extending
traffic-regulation theory to continuous time, our work provides a
fundamental framework for future research regarding QoS-guaranteed
network design/analysis in continuous time.

14]
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