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ABSTRACT

This paper extends Ho, Stapleton, and Subrahmanyam’s (1997a) generalized
Geske-Johnson (1984) technique to price American currency options in a stochastic
interest rate economy. We derive closed form solutions for European currency
options and analytical form solutions for twice-exercisable currency options
assuming that the wvolatility functions determining the term structure are
deterministic. The two-point Geske and Johnson (1984) approximation formula is
then applied to estimate American option prices. Numerical evaluations and
comparative statics are presented to show the effect of stochastic interest rates.
Although the model in this article is a special case of Amin and Bodurtha’s (1995)
general model, our numerical results are similar to theirs yet our method is
numerically efficient.
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l. Introduction

Option valuation theory in a stochastic interest rate economy has become an
important issue for two reasons. First, as the time to maturity of many financial
derivatives has lengthened significantly, the effects of stochastic interest rates can
not be ignored. Moreover, some studies have shown that stochastic interest rate
models can explain part of the undervaluation of options as compared to constant
interest rate models.1 Second, the payoff of many contingent claims, such as bond
options and differential swaps, explicitly depends on bond prices or interest rates.
Interest rate risk is therefore an important valuation factor.

Following Merton’s (1973) approach, Grabbe (1983) explicitly combined
stochastic interest rates with stochastic exchange rates to value European currency
options.2 Unfortunately, as pointed out by Amin and Jarrow (1991), this pricing
approach does not integrate a full-fledged term structure model into the valuation
framework, and thus can not be extended to price American type options. Amin and
Jarrow (1991) provided an alternative class of option pricing models using the

! For example, Amin and Bodurtha (1995) show that large empirical biases in currency
warrant premia can be significantly reduced by incorporating stochastic interest rates.

2 Adams and Wyatt (1987) tested a modified version of Grabbe's model and concluded that
the incorporation of the stochastic interest rate effect lead to nearly unbiased estimates of
option prices.
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Heath, Jarrow, and Morton (1992, hereafter HIM) term structure model to avoid the
shortcomings of Merton’s formulation. They obtained closed form solutions for
European options on currencies and currency futures assuming that the volatility
functions determining the term structure are deterministic.

Recently, Amin and Bodurtha (1995) developed a discrete time model, which
converges to the continuous time models in Amin and Jarrow (1991, 1992), for
valuing American currency options and warrants. Their model combined a discrete
version of the HIM term structure model with the binomial model of Cox, Ross, and
Rubinstein (1979). In their paper, they derived a path dependent model with
arbitrary volatility functions and a path independent model with specific interest rate
volatility functions. Although Amin and Bodurtha’s (1995) method is
computationally feasible, it may encounter the problem of computational
inefficiency.3 The computational inefficiency limits the potential use of their model
in practice.

Ho, Stapleton, and Subrahmanyam (1997a, hereafter HSS) generalized the
Geske and Johnson (1984, hereafter GJ) approach to price American options in a
stochastic interest rate economy. In the GJ approach, an American option value is
approximated, using Richardson extrapolation, by using a series of n-times
exercisable option4 values. The HSS method is attractive for two reasons. First, it is
a computationally efficient method and gives quite accurate approximation for the
American option price. Second, it has the potential to be extended to the
multi-countries case since one only needs to model risk factors at few exercise
dates.

This paper provides a numerically efficient valuation method for American
currency options with stochastic interest rates using the GJ approach. In a similar
manner to HSS, we first derive the risk neutral distributions for the spot exchange
rate, domestic and foreign zero-coupon bond prices. After the risk neutral
distributions for the asset prices are derived, one can build up the binomial tree, for
instance HSS’s (1995) multivariate binomial tree, to approximate the distributions
for asset prices at two exercise dates and then price the option using this tree.5
Alternatively, we derive two-dimensional analytic solutions for the European and
twice-exercisable currency options. Comparing with HSS’s (1995) and Chang’s
(1995) four-dimensional binomial method, our method is far more efficient and
accurate. Moreover, a fast analytical solution has tremendous value not because it
can compute numbers fast, but because it can compute hedges with high accuracy
(numerical derivatives have been long known to be problematic, see for example
Pelsser and Vorst (1994)).

Our solution provides a rather simple method to solve a problem of
considerable complexity. For instance, the method presented in this paper may be
applied to the valuation of American quanto options under stochastic interest rates,

® For example, it takes about 15 minutes on a Pentium DOS personal computer to implement
Amin and Bodurtha's path dependent model with time steps equal to twelve.

* An n-times exercisable option allows the holder to exercise the option at one of the n
exercise dates. This option is also called an option with n exercise dates. In this paper, an
n-times exercisable option and an option with n exercise dates are used interchangeably.

® This approach has been adopted by Chang (1995), HSS (1997a, 1997b) in pricing currency
options, stock options, and bond options, respectively.
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given that the distribution assumptions6 are satisfied. It is also consistent with
approaches using a multifactor model of the term structure of interest rates because
it involves the evaluations of options with only a small number of exercise dates.
Furthermore, the model is arbitrage free while avoiding the complex problems
involved in modelling the full evolution of the term structure.

The rest of this paper is organised as follows. Section 2 shows the valuation
model of this paper. A general European option pricing formula is shown in Section
3. Section 4 prices European and twice-exercisable currency options and thus
estimates the American currency option price. The simulation results are reported in
Section 5. Section 6 concludes.

I1. The Valuation Model

As in HSS (1997a), we use the European option price, P;, and the
twice-exercisable option price, P,, to estimate the American option price, P,, that
is,

PA=P2+(P2—Pl) (1)

The above simple formula implies that P, and P, alone provide a large
percentage of the information required for estimating Pa. Therefore, we will focus
on pricing P, and P, hereafter.

The option valuation problem is considered from the domestic investor’s
viewpoint, and hence we need to establish the domestic risk neutral valuation

relationship (RNVR) for valuing P; and P,. As there will be considerable notation,
for easy reference, we list it all in one place.

2.1 Notation and Assumptions

The following notation is employed:

X(t) = the spot exchange rate at time t (dollars per unit of foreign currency);

K = the strike price of the currency option;

F(t, T) = the forward exchange rate at time t for settlement at T;

Ba(t, T) = the price in domestic currency at time t of a domestic zero-coupon bond
with maturity T and unit face value;

Bi(t, T) = the price in foreign currency at time t of a foreign zero-coupon bond with
maturity T and unit face value;

rq(t) = the instantaneous domestic short rate of interest at time t;

r«(t) = the instantaneous foreign short rate of interest at time t;

o, = the standard deviation of random variable InY;

o, , =the covariance between random variables InY and InZ.

As in the HSS (1997a, 1997b), assume that the pricing kernel, the spot
exchange rate, and the domestic and foreign zero-coupon bond prices, are joint
lognormally distributed.” The following assumptions and relations are also used:®

® The important restriction in this paper is that the asset prices must follow a multivariate
lognormal distribution.

” As pointed out by HSS (1997a), under this assumption, there exist risk neutral measures for
pricing options, that is the RNVR exists.
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7X =, (.)dt+o,dW, ; (spot exchange rate process)

()
= 4 (.)dt+o,dW, ; (domestic short rate process)
()

= u, (.)dt+o,dW,, (foreign short rate process)

where 4 (.),07,Vi=x,d, f, are the instantaneous drift and volatility of each

process, respectively. Notice that the exchange rate is lognormally distributed, and
that the domestic and foreign short rate are normally distributed under the specified
stochastic processes.” The specifications of the domestic and foreign short rate
processes are consistent with Gaussian term structure models of interest rates in the
literature such as Vasicek (1977), Ho and Lee (1986), and Hull and White (1990).
Therefore the derivation of this paper can be consistent with the framework of
no-arbitrage  term  structure  models. The vectors of increments,

dw :(dWX,de,de ) are multivariate Wiener processes with the covariance

matrix
1 pdx pfx
Cov(dW,dW')=Corr(dW,dW")dt=|p,, 1 pg|dt,
P P 1

where p, is the instantaneous correlation coefficient between i and j. These

correlation coefficients are constant in this paper but can be generalized to be a
time-varying function without any difficulty.

2.2 Domestic Risk Neutral Valuation Relationship

RNVR is one of the most important concepts in option pricing theory, but the
concept of a RNVR has to be broadened within a stochastic interest rate economy.
The main reason is because the effect of discounting an asset on a period by period
basis is different from that of discounting an asset on a whole period basis within the
stochastic interest rate economy. This actually reflects the difference between the
futures price and the forward price in a stochastic interest rate economy, see for
example, Cox, Ingersoll, and Ross (1981).

Depending on the payoff functions of the options, there are different kinds of
risk neutral measure for pricing options. To price options on foreign assets, it is very
important to clarify which country the risk neutral distribution (measure) is based on.
In a similar manner to HSS (1997b), we first define the domestic RNVR for the
European option. For simplicity, except stated otherwise, the asset prices and
payoffs are all in domestic currency under the domestic RNVR.

8 For simplicity of expression, we restrict interest rates in each country to the case of a
one-factor model. However, the proposed method is consistent with approaches using a
multifactor model of the term structure of interest rates because it involves the evaluations of
options with only two exercise dates. For example, as shown in Proposition 1, only By(t, T)
and B(t, T) are relevant for pricing a currency option with two exercise dates, tand T.

°® The volatilities of these processes can be extended to be time-varying function
(corresponding to Vasicek (1977) or Hull and White (1990) models), see, for example, HSS
(1995) and Jamshidian (1993).
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Definition 1. A domestic RNVR exists for a T-maturity European option if the
option can be valued by taking the expected value of its payoff using a domestic
T-maturity forward-risk-adjusted (FRA) measure, and discounting the expected
value using the T-maturity domestic zero-coupon bond price. Under the domestic
FRA measure, the distributions for the asset (even if it is a foreign asset) prices are
identical to the true distributions except for a mean shift such that the asset prices
relative to the T-maturity domestic zero-coupon bond price follow a martingale.

Definition 1 is close to the RNVR of Rubinstein (1976) and Brennan (1979) in
the sense that both the true distributions and risk neutral distributions are lognormal.
The definition of the domestic T-maturity FRA measure can be regarded as a
generalization of Jamshidian (1991, 1993). In a similar manner, the foreign RNVR
can also be defined. However, all the asset prices and payoffs should be expressed
in terms of foreign currency in the foreign risk neutral measure.

We now give an example to show how one can apply Definition 1 to price a
European option. The payoff of a European foreign equity/domestic strike call
option is max(X(T)Sf(T)—K,O), where S (T) is the foreign equity price in
foreign currency at time T, and thus the option is valued as follows,

E¢ [max (X (T)S,(T)-K,0)]B,(0,T) )
where E (.) is the expectation under the domestic T-maturity FRA measure.
Since X (T)s,(T) is the foreign equity price in domestic currency, from

Definition 1 we obtain

E(fI:X(T)Sf(T)]zE0d|:X(T)Sf(T):|=X(O)Sf(o) (3)

B, (T.T) B, (0.T)
Substituting E; [x (T)s, (T)] into the expectation of the payoff, one would

then derive the pricing formula which is close to the Black-Scholes formula for the
European foreign equity/domestic strike call option.

Similarly, we can define the domestic RNVR for the twice-exercisable option
as follows.

Definition 2. A domestic RNVR exists for an option with two exercise dates, t
and T, if it can be valued by taking the expected value of its payoff using a domestic
two-period FRA measure, and discounting the expected value using the relevant
domestic zero-coupon bond price. Under the domestic two-period FRA measure, the
distributions for the asset prices are identical to the true distributions except for a
mean shift such that the asset prices relative to the relevant domestic zero-coupon
bond price in each period follows a martingale.°

Definition 2 can be applied to value the twice-exercisable option as follows.
Consider a twice-exercisable option with payoff functions g(Y(t)) and g(Y(T)), if itis
exercised at t and T respectively, then the option can be valued as

19 Martingale theory implies that all asset prices, normalized by the same (random) variable
(for instance a money market account), follow martingales if the economy is arbitrage free.
Then, due to Girsanov’s results, the normalizing variable can be replaced by another, such as
a bond price of specific maturity, if also all drift terms are changed appropriately, giving a
new probability measure. The two-period FRA measure uses two normalizing asset prices in
the same framework, making appropriate changes to conditional expectations. The author
thanks an anonymous referee for pointing out this explanation.
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€8 | max{g (¥ (1)), € [ g (¥ (T)) B, (tT)} |B, (01) @

where ¢ (\) is the expectation at time 7 under the domestic two-period
FRA measure. To get the option value, one needs to evaluate g [B, (t.T)]
=4 [Y (t)], and [Y (T)]- These expectations can be obtained indirectly from
the following martingale expectation:'*

& B, (t,T)]:%, ©)
%Y 0] 50 ®
Y (] -5 sy 0

The RNVR of HSS (1997a, 1997b) for the valuation of a twice-exercisable
option is a special case of Definition 2. In a similar manner, one can define the
domestic RNVR for a n-times exercisable option. In the limit case, one would
obtained the domestic “risk-neutral” measure where the domestic money market
account™” is the denominator that transforms the asset price into a martingale.

If the exercise price at the first exercise date is o (for call option) or 0 (for
put option), then an option with two exercise dates will reduce to a European option.
Therefore, a domestic two-period FRA measure can be applied to value the
European currency and foreign market options as well. For example, a European

! The domestic T-maturity FRA measure can also be applied to value a twice-exercisable
option as follows:

e [max{gﬂtf?i o (T ))]H B, (0.),

where the distributions for the asset prices under this measure are identical to the true
distributions but with mean shifted to

B, (O,T)[l—Cov[Bd (t,T),Bd(ltJ)J}

Eg [Bd (t’T)] = B, (0,'[)
Y (0)- B, (0.T)Cov| Y (t), -+
e [Y (0] - (OE) Tl

Y(t)

ENNY(T)]=

‘|: ( )] Bd (t,T)

Similarly, the domestic t-maturity FRA measure can also be applied to value a
twice-exercisable option with appropriate changes to risk neutral expectations. The detailed

proof of the risk neutral distributions can be obtained from the author on request.
2 The domestic money market account (rolling over at the domestic short rate rq(t)) is

definedas B(t)= exp(‘[; r, (s)ds) :
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option with payoff function in the domestic currency, g(Y(T)), can be valued using a
domestic two-period FRA measure as the following,

%}{ @[Q(Y(T))] B, (t’T)} B, (O’t) (8)

I11. A General European Option Pricing Formula

The European option pricing model with stochastic interest rates is well
developed, for example, see Merton (1973), Grabbe (1983), Hilliard, Madura,
and Tucker (1991), and Amin and Jarrow (1992). Since for our valuation
problem, the payoff usually has the same form as that of an option to
exchange one asset for another, we show a slightly general European option
pricing formula which is closer to that of Margrabe (1978). In Margrabe, both assets
are traded in the same country, while we allow one asset to be domestic and the
other foreign.

Lemma 1. Let Y(T) and Z(T) be random variables with bivariate lognormal
distribution. If the domestic RNVR exists for a European option with payoff

max (Y (T)—Z(T),0), then the option price at time 0 is given by

{E5 [Y (T)IN(d))-E5 [Z(T)IN(d, )} By (0.T) ©)

where N(.) is the cumulative normal distribution function, Eg () is the
expectation under the domestic T-maturity FRA measure, and
nB LY (M) 1,
Es[Z(T ] 27
1 ’

d,

B i

Proof: See the Appendix.

Lemma 1 is a general result which nests with many papers in the literature. For
example, if B, (0,T)=e"" (constant interest rates), Y(T) is the stock price and
Z(T) = K (the constant strike price), then Lemma 1 gives Black-Scholes (1973)
formula for a European call option. If Y(T) and Z(T) are two domestic asset prices,
then Lemma 1 gives the value of an European option to exchange one asset for
another (see Margrabe (1978)). Also note that Y(T) and Z(T) can be the
multiplications of two or more random variables. For example, the payoff in
domestic currency of a foreign equity/domestic strike call option is

max(X (T)S,(T)- K,O), and thus applying Lemma 1 will give the value of a
European foreign equity/domestic strike call option.

dl—a,

IV. Pricing American Currency Options

4.1 Pricing European and Twice-exercisable Currency Options
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A currency option is analogous to an option on a stock paying a known
dividend yield in the non-stochastic interest rate economy, therefore one only needs
to model the exchange rate. However, in the stochastic interest rate economy, there
are three state variables relevant for the valuation of a currency option. They are the
exchange rate, domestic and foreign interest rates. We first show the European
currency option pricing formulae in a stochastic interest rate economy in Lemma 2.
The approach adopted here is the risk neutral valuation technique developed by Cox
and Ross (1976). Thus the proof is mainly to show the distribution for the spot
exchange rate under the domestic T-maturity FRA measure.

Lemma 2. The price of a European call option on the spot exchange rate is

X(O) B, (O,T)N(dl)—KBd (O,T)N(dz) (20)
and the price of a European put option on the spot exchange rate is
KB, (O,T)N(—dz)—X(O)Bf (O,T)N(—dl) (11)
o X (0)B, (O,T)+£02
where g, - KB, (0,T) 2 X(T),dzzdl—o-x(”

T x ()

Proof. See the Appendix.

Our pricing formulae are similar to the Black-Scholes formulae. In Lemma 2,
we do not assume any processes for the domestic and foreign interest rates except
that the volatility functions determining the term structure are deterministic. Thus it
is valid for any Gaussian term structure models. Similar results to Lemma 2 are
obtained independently by Hilliard, Madura, and Tucker (1991) using the Vasicek
model, and Amin and Jarrow (1991) using the HIM model. Like Amin and Jarrow
(1991), it is not necessary to assume that uncovered interest rate parity holds in this
paper. We next show the implications of RNVR to the valuation of a
twice-exercisable currency option.

Proposition 1. If a RNVR exists for the valuation of a currency option with two
exercise dates, t and T, then this option can be valued by taking the expectation of
its payoffs, g(X(t)) and g(X(T)) if exercised at t and T respectively, as follows,

€ [max {g (X (1), €% [g (X (T))]B, (LT)}]B, (0.1) (12)

where the distributions for asset prices under the domestic two-period FRA
measure are identical to the true distributions but with mean shifted to
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B [x(T)]= Bd(O,T) eXp(%(m)‘Uxa),sd(m‘Usd(m,s,(m)

B, (t.T)

Proof. See the Appendlx.

The expectation of the foreign zero-coupon bond price®? is similar to that of the
domestic zero-coupon bond price but is reduced by the covariance between the
exchange rate and the foreign zero-coupon bond price. The finding is consistent
with that of Amin and Bodurtha (1995). They find that the foreign rate drift is
similar to the domestic rate drift but is decremented by the foreign-currency
covariance.

Proposition 1 can be applied to show the following relationships between the
domestic and foreign two-period FRA measures:*

B4 By (t.T)]=EE[B, (tT)]exp(-0 (a0 ) (13)
& (B, (LT)]=EE[B, (tT)]exp(o4e,0m)) (14)

where E0 () is the expectation at z under the foreign two-period FRA

measure. In other words, the expectation of the foreign zero-coupon bond price
under the domestic risk neutral measure is similar to that under the foreign risk
neutral measure except adjusted by the covariance between the exchange rate and
foreign bond price. Similar relationships have been given by Wei (1994) under the
“risk neutral” equivalent martingale measure where the futures price follows a

13 Note that the foreign zero-coupon bond prices, such as By(t,T), are expressed in the foreign
currency. Therefore the expectation % [Bf (t,T)] actually means the expected value of

the foreign bond price converted into the domestic currency using fixed exchange rate 1, that
is Ef[1xB, (LT)].

Yotis straightforward to derive a symmetric result of Proposition 1 for the foreign
two-period FRA measure as follows,

0,T)

e [B,(t.T)]= ?de((o,t) exp(—O' t),Bd(m)
&6, (1)]- 50

These results together with Proposition 1 will provide the proof.
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martingale.

It should be noted that the results of Lemma 2 and Proposition 1 are valid for
any Gaussian term structure models. Later in the simulations and the sensitivity
analysis, we will assume that the domestic and foreign short rate processes follow
the Ho and Lee (1986) model to see the effects of the stochastic interest rate on the
option prices and how the option prices vary with the interest rate parameters. Thus
we will derive the variance-covariance terms under the Ho and Lee model in
Corollary 1 for later use.

Corollary 1. Assume that the domestic and foreign interest rates follow Ho and
Lee model, that is

dry, = p, (t)dt+ o, dW,

dr, = g, (t)dt+ o, dW,

For pricing a European currency option with maturity T, and a currency option
with two exercise dates, t and T, the required variance-covariance terms'® are

Uéd (& = o (T —t)2 t
o wny =07 (T —t)zt

B (LT)
1
G>2<(t) = Gft"‘(deO'do'x ~ POy O'x)tz +§(O'§ +0{ 2Py 040, )t3

G>2<(T) =0T +(pdx0d Oy _Pfofo)Tz +%(U§ +0f ~2py 040, )T3

2

t

Var, [In X(T +<,0dX0'dO'X —prO'fO'X)(T —t)2 +%(O'd2 +0; =2y 0,0, )(T —t)3
o )

= Pu 40 ¢ (T -t

By (LT).By (LT
1
Ox(1)8,(tT) :E[U? ~ P 040y J(T _t)tz ~ P00y (T _t)t

1
GX(t»Bd(LT):E[f”dede—Uﬂ(T—t) — P00, (T—1)t

Proof. See the Appendix.'®

Corollary 1 shows that the total volatility of the exchange rate at t (or T)
depends not only on the instantaneous volatility of the spot exchange rate, but also
on the volatility of the domestic and foreign interest rates and the correlation
terms.'” Because the currency option value mainly depends on the total volatility of
the exchange rate, it will be interesting to apply Corollary 1 in the sensitivity
analysis to see how the interest rate parameters affect the option values.

In a similar way, one can also derive the distributions for the asset prices under

> Some covariance terms, such as Ox(r)s are not shown here because they are

(LT
redundant for pricing options. The reason for this is clearer later when we implement these
terms in Proposition 2.

16 Actually Hilliard, Madura, and Tucker (1991) have derived the bond and exchange rate
variances under Vasicek's model which can be directly used in our model. When the mean
reversion tends to zero, one would obtain the same results as in our Corollary 1.

7 The result is as expected since future exchange rates generally depend on the domestic and
foreign interest rates.
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the domestic n-period FRA measure which can be applied to price a n-times
exercisable currency option. However, for practical purposes and computational
feasibility, it is recommended to use at most the three-times exercisable option price
to forecast the American option price. The required derivations for the n-times
exercisable currency options may be tremendous because one needs to show the
conditional and unconditional means and variance-covariance terms for 3n—2
variables (exchange rates at n exercise dates, and domestic and foreign bond prices
at n—1 exercise dates).

4.2 Critical Exercise Price and the Option Value

This section shows how one can apply the risk neutral distributions from
Proposition 1 to value the European and twice-exercisable currency options. We
derive a two-dimension analytic solution for pricing the European and
twice-exercisable currency options.'® The idea is to find out the minimum set of
asset price(s) at the first exercise date such that the critical exercise price and the
European and twice-exercisable option values at the first exercise date are explicit
functions of this set of price(s). The twice-exercisable option value at time 0 is then
the discounted value of the integral of the option value at t using the density
function(s) for this set of price(s). For example, Proposition 2 shows that the critical
exercise price and the European and twice-exercisable option prices are explicit
functions of the domestic zero-coupon bond price and the forward (for delivery at T)
price of the exchange rate.

Proposition 2. If a RNVR exists for currency options with two exercise dates, t and
T, then the critical exercise prices at time t for twice-exercisable call and put options
are explicit functions of Bq(t, T) and F(t, T) respectively as the following,

X, (1) =K, — KBy (t T)N(h)+B, (t, T)F(t,T)N(h+o) (15)
X, (t)=K,—KBy (t, T)N(-h)+B, (t, T)F(t,.T)N(-h-0o) (16)
| F(LT) 1,
n——~=>-—-0
where h = Ki 2 and o®=Var[In X (T)]. The values of the

European and twice-exercisable call and put options at time O are respectively given
as the following,

8 As in Chang (1995) and HSS (1997a, 1997b), the alternative approach is to apply HSS’s
(1995) multivariate binomial tree method to approximate the distributions of X(t), X(T), Bq(t,
T), and B(t, T), and then use this tree to price the options. However, this method is a
four-dimension solution, thus is not very efficient compared with the proposed
two-dimension method. The numerical results indicate that it takes less than a second to
price an option running on the UNIX system in Lancaster University.
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C,(0)=B, (0,1)[ [ C,(B,( T)) f()dInB, (tT)dInF(tT)
CZ(O):Bd(O,t)I:IiCZ(B T))f1 dInB, (t,T)dInF(tT)
F’1(0)=Bd(0,t)jiIiF’1(B T))f,()dInB, (tT)dInF(t,T)

,(0)=B,(0t)[ [ R (B, (tT)) ()dInB, (t,T)dInF(t,T)

where f;(.) is the probability density functions (p.d.f.) of In By(t, T) and In F(t, T)
under the domestic two-period FRA measure and

C,(By(tT),F(t.T))=B,(tT)F(t.T)N(h+o)-KB, (t, T)N(h)
C, (B, (L), F(t,T)):exp(W%afj N (dy, )~ KN (d,)
+[ By (L T)F(t,T)N(h+0)—K,B, (t, T)N(h) [N (-d,,)
P,(By(t.T),F(t.T))=K,B, (t. T)N(~h)-B, (t, T)F(t, T)N(~h-0)
P, (B, (LT),F(tL.T))=K,N (—dzp)—exp(ler%afj N(-d,,)
+[K,By (LT)N(=h)=B, (t, T)F (t,T)N(-h—0o) [N(d,,)

where
=B8N X (1)[B, (L), F(t,T)]
=Var[In X (t)[B, (t.T),F(t.T)]

2 ,dy; =d, +0;
0,
u—1In XP (t)
2p :T d,=d,, +0

Proof. See the Appendix.

Proposition 2 is an analytic solution and thus is very easy to implement.
Comparing with the HSS (1997a, 1997b), their solution is four-dimension while
ours is two-dimension. Therefore, the proposed approach is far more efficient and
accurate than the HSS method.

To implement Proposition 2, one first plugs in the risk neutral distributions
from Proposition 1 (and maybe variance-covariance terms from Corollary 1) to get

the p.d.f. of In By(t, T) and In F(t, T), the conditional mean, .4, and the conditional

variance, 0'12. The double integration can then be calculated either using the

numerical integration method or using the binomial method to approximate the
distributions of By(t, T) and F(t,T).
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V. Numerical Evaluation

We use the proposed approach to value a range of American currency options.
The numerical evaluation includes pricing call and put options on premium, parity
and discount currencies with varying interest rates, time to maturities, and
depth-in-the- money. The benchmark parameters, adopted from Chang (1995), are

as follows: o, =0.1, o, =0, =0.02, p,, =0.1, p, = p;, =0.05, and the spot

exchange rate, X(0), is 150 cents. We also assume that the initial term structure of
interest rates is flat in each country.

To implement the analytic solution in Proposition 2, we will adapt the
numerical integration method. In the numerical integration method, the range is
from the mean minus five standard deviations (lower limit) to the mean plus five
standard deviations (upper limit), rather than from —oo to . The range is
divided into equally spaced sections where the length of each section equals one
tenth of the standard deviation. The numerical integration method used here is
identical to the extended trapezoidal rule (see Press et al. (1994)) except that the
weights on the lower and upper limits are one.

Tables 1 and 2 report the magnitude of stochastic interest rate effect on the
American currency options’ values. Columns (1) to (3) are from Chang’s (1995)
Table 6.1. Columns (4) and (5) are the true values of the European currency options
in the static and stochastic interest rate models, respectively. Columns (6) and (7)
((8) and (9)) indicate the European and American currency option values with
non-stochastic (stochastic) interest rates using the proposed method.?® The results
suggest that the effect of stochastic interest rates is small in general, especially for
options on premium currencies and options on discount currencies. However, the
effect significantly increases as the time to maturity of the options increases.

Tables 1 and 2 also confirm the well-known results that there is no early
exercise premium for American put options on discount currencies and American
call options on premium currencies for constant interest rate models. However, the
early exercise premium of these two kinds of options are not zero under stochastic
interest rate models. The reason is because, for example, a put option on discount
currencies today may become a put option on premium currencies one month later
due to the increase of the domestic interest rates. Therefore the early exercise
premium of an American put option on a discount currency is not zero.”*

A comparison of the estimates in columns (4), (5), (6), (8) shows that the
pricing errors using the proposed method for valuing European currency options are
very small.?? The pricing errors are smaller than 0.1 cent and 0.01% of the true value

19 The reason for this choice is because the probability density function outside the lower and
upper limits is small and thus negligible.

20 Note that the proposed method can also be applied to a non-stochastic interest rate model
which is a limiting case of stochastic interest rate model as the variances and covariances of
interest rates tend to zero. We let o, =o; =0.000002, and p, =py = p, =00 to

represent a non-stochastic interest rate economy in this paper.

2 Because the chance that options on premium currencies becomes options on discount
currencies is small for short term options, the early exercise premium of these options are
very small in general.

%2 These results also confirm our argument that one can apply a domestic two-period FRA
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in all cases. We would expect that the pricing errors of the proposed method for
valuing twice-exercisable option are also small. Therefore, the main pricing errors
of valuing American option come from using two-point GJ approximation to
estimate the American option price.”®

Table 1
The Prices of American Put Options:
Stochastic and Non-Stochastic Interest Rates

(1) (2 3 4) ) (6) (7 8 ©))
exact solution Chung
rd rf T PENSR PESR PENSR PANSR PESR PASR

Panel A:  In-The-Money Options (K, = 155)
0.06 0.04 0.25 5.5484 5.5536 5.5484 5.7825 5.5536 5.7919
0.06 0.04 0.50 6.1051 6.1276 6.1051 6.5062 6.1276 6.5452
0.06 0.04 1.00 6.7588 6.8592 6.7588 7.5003 6.8592 7.6480
0.06 0.06 0.25 6.0811 6.086 6.0811 6.1063 6.086 6.1367
0.06 0.06 0.50 7.0407 7.0619 7.0407 7.0996 7.0619 7.1896
0.06 0.06 1.00 8.3865 8.4815 8.3865 8.5435 8.4815 8.8246
0.04 0.06 0.25 6.6685 6.6731 6.6685 6.6685 6.6731 6.6743
0.04 0.06 0.50 8.1223 8.1421 8.1223 8.1223 8.1421 8.1536
0.04 0.06 1.00 10.4019 10.4902 10.4019 10.4019 10.4902 10.5653
Panel B:  At-The-Money Options (K, = 150)
0.06 0.04 0.25 2.599 2.605 2.599 2.6545 2.605 2.6625
0.06 0.04 0.50 3.4358 3.4589 3.4358 3.5787 3.4589 3.6116
0.06 0.04 1.00 4.3767 4.4743 4.3766 4.7349 4.4743 4.8626
0.06 0.06 0.25 2.9472 2.9532 2.9472 2.9509 2.9532 2.9633
0.06 0.06 0.50 4.1055 4.1287 4.1055 4.1213 4.1287 4.1716
0.06 0.06 1.00 5.6333 5.7319 5.6333 5.6975 5.7319 5.8965
0.04 0.06 0.25 3.3397 3.3457 3.3397 3.3397 3.3457 3.3459
0.04 0.06 0.50 4.8988 4.9219 4.8988 4.8988 4.9219 4.9254
0.04 0.06 1.00 7.2304 7.328 7.2304 7.2304 7.328 7.3629
Panel C:  Out-The-Money Options (K, = 145)

0.06 0.04 0.25 0.9096 0.914 0.9096 0.9157 0.914 0.9205
0.06 0.04 0.50 1.6575 1.6764 1.6575 1.692 1.6764 1.7146
0.06 0.04 1.00 2.608 2.6928 2.608 2.7503 2.6928 2.8506
0.06 0.06 0.25 1.0769 1.0816 1.0769 1.0771 1.0816 1.0825
0.06 0.06 0.50 2.066 2.0864 2.066 2.0688 2.0864 2.0962
0.06 0.06 1.00 3.5 3.5916 3.5 3.5213 3.5916 3.6569
0.04 0.06 0.25 1.2726 1.2776 1.2726 1.2726 1.2776 1.2776
0.04 0.06 0.50 2.5675 2.5891 2.5675 2.5675 2.5891 .5899
0.04 0.06 1.00 4.6732 4.7702 4.6732 4.6732 4.7702 4.7836

This table shows the price difference of American put options between
stochastic and non-stochastic interest rate models. Columns (1) to (3) are from
Chang’s (1995) Table 6.1. T is the time to maturity of the option. Columns (4) and
(5) show the exact (closed form) solution of the European options without, and with
stochastic interest rates, respectively. Columns (6) to (9) indicate values of European

measure to price the European currency options.
2 We expect that the pricing errors should be small since HSS (1994) has shown that
two-point GJ approximation is quite accurate for currency options.
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option without stochastic interest rates, American option without stochastic interest
rates, European option with stochastic interest rates, American option with
stochastic interest rates, respectively, using our analytical solution implementation
with the numerical integration.

Table 2

The Prices of American Call Options
Stochastic and Non-Stochastic Interest Rate

@ ) ®) (4) Q) (6) () 8) 9)
exact solution Chung
rd rf T PENSR PESR PENSR PANSR PESR PASR
Panel A: In-The-Money Options (K, = 155)
0.06 0.04 0.25 13635 13688 1.3635 1.3635 1.3688  1.3688
0.06 0.04 0.50 2.7158  2.7383 2.7158 2.7158 2.7383  2.7392
0.06 0.04 1.00 49037 5.0041 49037 49037 50041 5.0190
0.06 0.06 0.25 1.1555 11605 1.1555 1.1558  1.1605  1.1615
0.06 0.06 0.50 21885 22097 2.1885 21916  2.2097  2.2207
0.06 0.06 1.00 3.6776  3.7727  3.6776  3.7007  3.7727  3.8440
0.04 0.06 0.25 09776  0.9822 09776 09844 09822  0.9895
0.04 0.06 0.50 17583 17781  1.7583 1.7961 1.7781  1.8201
0.04 0.06 1.00 2.7443  2.8325  2.7442 28955 2.8325  3.0030
Panel B: At-The-Money Options (K, = 150)
0.06 0.04 0.25 3.3397  3.3457 33397 33397 33457  3.3459
0.06 0.04 0.50 48088 4.9219 48988 4.8988 49219  4.9255
0.06 0.04 1.00 7.2304 7.328 7.2304  7.2304 7.328 7.3641
0.06 0.06 0.25 29472 29532 29472 29509 29532 29635
0.06 0.06 0.50 41055  4.1287 41055 41212 41287 4.1724
0.06 0.06 1.00 5.6333 5.7319 56333 5.6975 57319 5.8995
0.04 0.06 0.25 2.599 2.605 2.599 2.6542 2.605 2.6628
0.04 0.06 0.50 34358 34589 34358 35791 3.4589  3.6127
0.04 0.06 1.00 43767 44743 43766 47354 44743  4.8663
Panel C:  Out-The-Money Options (K, = 145)
0.06 0.04 0.25 6.5759 6.5803 6.5759 6.5759 6.5802  6.5815
0.06 0.04 0.50 7.9727 79916  7.9727 7.9727 7.9916 8.0036
0.06 0.04 1.00 10.1705 10.2554 10.1705 10.1705 10.2554 10.3318
0.06 0.06 0.25 6.0024 6.0071 6.0024 6.0281 6.0071 6.0588
0.06 0.06 0.50 6.9183 69386 6.9182 6.9776 6.9386  7.0675
0.06 0.06 1.00 8.2088  8.3004 8.2088 8.3642 8.3004  8.6443
0.04 0.06 0.25 5.4822 54872 54821 57172 54872 5.7268
0.04 0.06 0.50 6.0055 6.0272  6.0055 6.4041 6.0272  6.4445
0.04 0.06 1.00 6.6234  6.7204  6.6234 7.3574 6.7204  7.5046

This table shows the price difference of American call options between
stochastic and non-stochastic interest rate models. Columns (1) to (3) are from
Chang’s (1995) Table 6.1. T is the time to maturity of the option. Columns (4) and
(5) show the exact (closed form) solution of the European options without, and with
stochastic interest rates, respectively. Columns (6) to (9) indicate values of European
option without stochastic interest rates, American option without stochastic interest
rates, European option with stochastic interest rates, American option with
stochastic interest rates, respectively, using our analytical solution implementation
with the numerical integration.
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5.1 Sensitivity Analysis of Model Parameters

Given our pricing model, we conduct comparative static, pricing analysis over
the model parameters to see the stochastic interest rate effects on the American
currency options. The effects of the stochastic interest rates on the prices of
American currency options can be decomposed into two parts. First, stochastic
interest rates influence the volatility of the spot exchange rate (see Corollary 1), and
thus change the holding value of the option. This effect is reflected in the price
difference of European option between stochastic and non-stochastic interest rate
models. Second, the early exercise decision for such options is affected by the term
structure of interest rates on future dates, since the live value of the claim on each
future date depends on the discount rates on that date. In other words, the early
exercise premium may differ under two models. Therefore, our analysis has two
parts: European option values and early exercise values.? The benchmark
parameters and the spot exchange rate are the same as those for Tables 1 and 2. The
time to maturity of the option, T, is one year, and the strike price is 150 cents.

5.1.1 European option values

Figure 1 shows the comparative statics results for the counterpart European
option value of the American put option on parity currency. The pricing effect of
changing standard deviations of interest rate and that of changing correlations are

presented in the first and second panels respectively. We vary o, and o, from
0.5 to 4 percent. Increasing the standard deviation of the interest rate will increase
the European option value and the effect of the domestic interest rate is more

significant. The explanation is straightforward if we consider the influence of
parameter changes on the total volatility of the exchange rate. The total volatility of

the exchange rate, oo

X(T) ! equals O-iT +(pdxo-do-x _pfxo-fo-x)

1 - L
T2+—(a§+af—2pdfada )T3W|th|n stochastic interest rate economy (see
3 f

Corollary 1), and equals afT within non-stochastic interest rate economy. Within
the chosen parameters, the effects of stochastic interest rate are positive and the
effect of o, is more significant than that of o .

Similar observations can be applied to the analysis when changing correlation
from —0.2 to +0.2. Varying the interest rate and exchange rate correlations gives
price changes of the same magnitude but opposite sign. Increasing the domestic rate
and exchange rate correlation or decreasing the foreign rate and exchange rate

correlation will increase the European option value. Raising the domestic rate and
foreign rate correlation has a smaller negative effects. When the correlation between

the domestic rate and exchange rate is very negative (for example, o, =-0.2), the
effect of stochastic interest rates is negative. These results are not surprising if we
investigate the total volatility of exchange rates. It is obvious that the sign of p,, is

positive and the sign of p, and p, is negative in the total volatility. For the

% HSS(1997a) only analyse the effect on the early exercise value because the volatility of
the underlying asset remains unchanged in their stochastic interest rate economy.
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chosen parameters o, and o, , varying the interest rate and exchange rate
correlations gives the same magnitude (but different sign) of price change of the
European option.

Figure 1. Values of European Put
Options on Parity Currency
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This figure shows the comparative statics analysis of European put options on
parity currency. We vary one parameter, while holding all others at the following

benchmark  values: X(0)=K,=150 , r,=r, =006 , o,=01 ,
o,=0,=002, p,=01,and p, =p, =0.05. The European option value
under constant interest rates is 5.6333.

5.1.2 Early exercise values

Figure 2 plots the early exercise value of American options on the parity
currency as the model parameters are varied. The first panel shows that the early
exercise value may be still sensitive to changes in interest rate volatility, which is
different from the findings of Amin and Bodurtha (1995). The second panel
indicates that the effect of currency-related correlation changes on early exercise
values are opposite to those of European option values. For example, increasing the

domestic-currency correlation ( p, ) will decrease the early exercise value while at

the same time increasing the European option value. Taken together, these results
indicate that the composite value of the American currency option is not
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significantly affected by currency-related correlation changes.
A change in the correlation between domestic and foreign interest rates ( o, )

affects the early exercise values by a smaller amount than changes in the other
correlations. Raising p, decreases the early exercise value and also decrease the

European option value. Our results concerning the effect of correlation changes are
of the same sign as those of Amin of Bodurtha (1995). The intuition of the early
exercise values can also be found in their paper.

Figure 2. Early Exercise Premium of American
Put Options on Parity Currency
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This figure shows the comparative statics analysis of the early exercise
premium for American put options on parity currency. We vary one parameter, while

holding all others at the following benchmark values: X (0)=K, =150,
r,=r, =006, 0,=01, o,=0,=0.02, p,, =01, and p, = p, =0.05.
The early exercise premium under constant interest rates is 0.0642.

V1. Conclusion

This paper extended HSS’s (1997a) generalized GJ technique to price
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American currency options for which domestic interest rate risk, foreign interest rate
risk and currency risk are important. We derived the domestic risk neutral
distributions for the spot exchange rate, domestic and foreign zero-coupon bond
prices and showed analytic solutions for the European and twice-exercisable
currency options. The analytic solutions are at most two-dimensional even though
the valuation problem involves three state variables at two exercise dates. Thus our
method is numerically efficient at pricing the options as well as calculating option
hedge ratios and other risk management parameters.

The findings of simulations are summarised as follows: (1) We find that the
early exercise premium for American put option on discount currency and American
call option on premium currency are not zero under stochastic interest rates models.
These results are different from those reported in the literature using constant
interest rate models which found no early exercise premium for these two options.
(2) The magnitude of stochastic interest rate effects depends on both the volatilities
of interest rates and the correlations between interest rates and exchange rate. The
numerical results are similar to those of Amin and Bodurtha (1995).

There are many potential applications of our method which we have not
pursued in this article. For example, Proposition 1 can be extended to a domestic
multi-period FRA measure and thus be applied to value cross-currency derivatives,
such as differential swaps and options on differential swaps, where risk arises from
the exchange rates and the domestic and foreign interest rates at multiple dates.”®
The other possible application is to generalise the proposed approach to value
guanto options whose payoff depends on foreign equity risk, exchange rate risk and
interest rate risk. We leave the above mentioned potential applications to further
research.

% The domestic FRA measure can be applied to value each foreign interest rate payment in
the differential swaps (see Wei’s (1994) eq. (7) and (9) and Proposition for details). It can
also be applied to value a general differential swap where both payments at each swap date
are driven by two different foreign interest rates but denominated in domestic currency.
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Appendix: Mathematical Proofs

We apply a lemma of Dravid, Richardson, and Sun (1993) to establish another
lemma for later reference. We first quote their results as the following:

Lemma Al. Let x; and X, be standard normal random variables with
correlation coefficient o . Then, for arbitrary constants a, b, c, d, and k,

cudlzped (ac+bd + p(ad +bc) -k

E|e™™ ™| (ax +bx, >k)|=e 2 N
[ (% +bx, )] JaZ +b* +2pab

where I(.) denotes the indicator function that takes the value 1 if the expression
in parentheses is true and 0 otherwise.

Lemma A2. Let y and z be normal random variables with means My, and 4, ,

and variances aj,and o?, and covariance o, Then

1 1 2
/ly+ﬂz+50-§+50-12+‘7ysz (ﬂy +Gy +O—yz - h}

(a). Ji I:ey” f(y,z)dydz= e(

where h is a constant, and f(.) is the p.d.f. of y and z.
(b).

1, 2
I yf ) dydz = (#YJrEGy]N ’Uy+o-y_:uz_ayz
LOL e (y Z) a a§+af—26yz
1, o,
IO:OJ.:OeZ f (y1 Z)dydz :e(ﬂZJrEO-Z]N ’Lly +O_yz ,uz O-Z

(c).
1, -
et (o= 7y (‘L‘hJ

Oy

Oy

Oy

[ (et (y,2)dyaz = 7y (‘L—h}
Y Hy and x, = 2"
o, : s

y z
X1 and X, are two standard normal random variables with correlation coefficient

Proof. Let X, = , then it is not difficult to show that

o
0,0,

.Since y=o,X +u,,and Z=0,X,+u,, itis straightforward that (a) is a

special case of lemma Al. That is
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h-—
(a) _ e,uy+//Z E |:e0'yX1+O'ZX2 | (Xl > /uy }:|
Gy

1 1 2

_ e(/’y*/‘erEU)Z/JrEO-zz*Gysz (ﬂy + O-y + O-yz - hJ
Gy

Similarly, (b) are two special cases of Lemma Al with

a=o,b=-0,c=0,d=0k=p,—pu,

a=o,b=-0,c=0d=0,k=u,-pu,
respectively, and (c) are two special cases of Lemma Al with

h—
a=1,b=O,C=o'y,d:O,k=—’uy

Oy

h—pu,

Oy

Proof of Lemma 1. We now apply the RNVR to finish the proof. Since the
payoff and the price are expressed in terms of the domestic currency (i.e. from the
point of view of domestic investors), the relevant probability density function is the
domestic risk neutral density function. Assume that the domestic risk neutral density
function of y=InY; and z=InZ, is f(y, z). Under the RNVR, the European
option price will be equal to the expected value, using the domestic T-maturity FRA
measure, of the payoff at time T multiplied by the discount factor B4(0, T). The
expected value of the payoff at time T can be shown as the following:

jif(ey —e) f(y,z)dydz
e(/JY%(T;JN ol 05 "%y (”2%03) Hy+Oy, K, _0'22

—€
2 2 2 2
\o, +o, 20, \o, +o, —20,
17)

where the equality comes from part (b) of Lemma A2. Noting that

a=1b=0,c=0d=0, k= O

1, 1,
e(#ﬁ;‘”) =EJ[Y,], e("”iaz) =E;[Z;]. and o} +0; —20,, =Var, {In \Z(_T} ,
.
and substituting these results into equation (17), one can verify that the expected
value of the payoff at time T is equal to Eg [Y; [N (d,)-Eg [Z,]N(d,). O
Proof of Lemma 2. The payoff of a European currency option at maturity is
max| +(K, = X (T)),0]
where “+” is for put and “—" for call. If the risk neutral distribution of X(T) is
derived, the option pricing formulae can be obtained from Lemma 1. Thus one only

needs to derive Eg [ X (T)]? here.

?* Because X(T) is not actually a price, the meaning of Eg'[ X (T)] should be interpreted as
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The prices in domestic currency of a T-maturity foreign zero-coupon bond are
X(0)B(0, T) at time 0 and X(T)B«(T, T) at time T. By the definition of the domestic
T-maturity FRA measure, one can show that

e[ X (1B (TT)]_ X(0)8, (0.T) )
B, (T,T) B, (O,T)

since B, (T, T)=B,(T.T)=1, ¢[x (T)]-= x(g)?(;go)ﬁ)_ 0

Proof of Proposition 1. The mean EZ[B,(t,T)] is implied by the

definition of the domestic two-period FRA measure. The means I“:g{? [X (t)] and
B¢ [ X (T)] can be shown in the same way as that of E§[ X (T)] in Lemma 2.

The mean E§ [ B, (,T)] is not straightforward and is reasoned as the following.

Considering a T-maturity foreign zero-coupon bond, the price in domestic currency
of this bond are X(0)B;(0, T) at time 0 and X(t)Bx(t, T) at time t. By the definition of
the domestic two-period FRA measure, one can derive that

[ X2, 01)]_ X8 (0T)

B, (t.t) B, (0,t)

Since B, (t,t)=1,
B[ X (1)B, (tT)]= X ((E);ZEEE)’('[(;,T)

Using equation (19), E’Zg[x(t)] , and the log-normality that

(19)

E(XY)=E(X)E(Y) exp(oy ) if X and Y are lognormally distributed, one
can derive that
BB, (tT)]
X (1)B, (tT)] oo 20)
- E[x(@)] P(~oxrs,00)
B, (0,T)
B, (01) xXp(~ e er)
Finally, using the law of iterated expectations, one can show that

€[ X (T)] = [ & [ x(T)]]- Eg;g[X(t)Bf (LT)}

B, (t.T)

_X(0)8,(0T)

2
B,(0,T) eXp(GBd ()~ OX(1).8,(tT) ‘GBALT),Bf(t-T))

the expected value of one unit foreign currency converted to domestic currency, that is
Es [1x X (T)].
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where the third equality comes from substituting £# [Bf (t,T )J (equation (20)),

EY[ X (t)], and Ef[B,(t,T)] into the formula, g ( XY j _ECOIEM) o0
Z E(Z)
(022 +0y —Oy; —Oy; ) , Which is true if X, Y, and Z are lognormally distributed.
Proof of Corollary 1. Because the domestic and foreign short rate processes
follow the Ho and Lee model, the domestic and foreign bond price processes are
(for example, see Hull and White (1994))

L s, (T )z,
%:ﬂz(')dt_af (T —t)de

Therefore the instantaneous variance of the log of forward exchange rate, F(t,
T, is o +(O'§ +o? —2p4040 )(T —t)2 +2(,0d)(0'dO'X —pfxafax)(T —t)

Following Merton’s (1973) approach, for example, the variance of the log of spot
exchange rate at T in a stochastic interest rate economy is

%) :J'OTVar(d In F(m,T)):J'OTVar[d n2> (:d)(Br;(Tn;T)J

B IOT [Uf +(0§ +07 ~2py 0,40, )(T - m)2 +2(pdx0d0x _pfxo-fo-x)(T - m):|dm

=o,T +(pdxo-do-x _pfxo-fo-x)Tz +%(O'§ +07 =2p4 040 )TS

the covariance between the spot exchange rate and the domestic T-maturity
zero-coupon bond price at t is

ox(t), B, (t,T):I;Cov[d In

X (m)B; (m,t) din B,(m,T)
B,(mt) " By(mt)

= J';[Cov(d InX(m),d InB,(m,T))+Cov(dInB; (m,T),dInB,(m,T))

+Var(d In B, (m,t) —Cov(d In X (m),d In B, (m, t))
—Cov(d InB; (m,T),d InB,(m,t))—Cov(d In B, (m,t),d In B, (m,T))]

:I;[(PddeUf —o2)T -t)(t-m)-p, 0,0 (T —t)Jdm

1
= E[pdf 0407 _O_j](T ~Ot* — py040, (T - )t
The other variance-covariance terms can be derived in the same way and thus
the detailed proof is omitted.
Proof of Proposition 2. The critical exercise price is the price where the
holding value equals to the early exercise value. In the case of put option, for
example, the critical exercise price at time t is the solution of the following
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equation,
X(t)B (t,T)
K, - X(t)= KXN(—h)—WN(—h—o—) B,(t,T)
=K,B,(t,T)N(=h)-B,(t, T)F(t,T)N(-h-0)

where the left hand side and the right hand side of the first equality are the
early exercise value and the holding (the counterpart European option) value

respectively. Given InBy (t,T) and InF(t,T), the European option values at

the first exercise date (time t) are straightforward. For example, the European put
option price in domestic currency is

P(By(LT). F(LT)) = {KXN (chy— XWB (.T)

B, (LT) N(—h—a)} B, (t,T)

=K,B,(t, T)N(-h)-B,(t, T)F(t,T)N(-h-0)
The value of the twice-exercisable option at t is equal to the holding value plus
the early exercise value. In the case of put option, for example, the holding value is

[0 KB ETING) =B (L TIFETIN(-h-0)] ,()d In X 0
:[KXBd(t,T)N(—h)—Bd(t,T)F(t,T)N(—h—O')]N(dzp),
where fo() is the conditional p.d.f. of InX(t) given InB,(t,T) and

InF (t,T) underr the domestic two-period FRA measure, and the early exercise
value is

f,ljpm[Kx — X (®)]f,(In X (t)| By (t, T), F(t,T))d In X (1)

1
= KxN (_de) _eXp(;ul +EO_12)N (_dlp)'

Therefore the twice-exercisable put option price at t, given InB, (t,T) and
InF(t,T),is

P, (B, (t.T),F(tT))=KN (—olzp)—exp(y,l +%aij (~d,)

+[ KB, (L, T)N(=h)=B, (tT)F(t. T)N(-h-0c) [N(d,,)
The option value at 0 is then equal to By(0, t) multiplied by the integration of
the option value att, given InBy (t,T) and InF(t,T), along the p.d.f of

InBy (t,T) and INF(t,T) under the domestic two-period FRA measure.
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