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Compute all the Type-1 Load-Flow Solutions in

Electric Power Systems
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Abstract—This paper presents a potential algorithm based on
continuation power flow (CPFLOW) to compute all the Type-1
load-flow solutions. Type-1 solutions are of a single positive
real-part eigenvalue associated with Jacobian of load-flow equa-
tions and are used in conjunction with techniques such as energy
methods and the voltage instability proximity index (VIPI) for
assessing system voltage stability. The benefits of the proposed
algorithm are the following. The algorithm has the potential to
find all the Type-1 load-flow solutions by tracing a small number
of homotopy curves. Traditional methods, which can locate some
of the Type-1 solutions, suffer from the uncertainty that there
might be another Type-1 solution that might be more suitable for
voltage stability assessment. This uncertainty is eliminated if all
the Type-1 solutions are located. The proposed algorithm has been
tested for two example systems, and encouraging results have been
obtained.

Index Terms—Continuation power flow (CPFLOW), stable equi-
librium point (SEP), voltage instability proximity index (VIPI),
voltage stability.

I. INTRODUCTION

I N RECENT years, an instability, usually termed a voltage
instability, has been observed and been responsible for sev-

eral major network collapses in many countries [1], [2]. Sig-
nificant research efforts have been devoted to understanding of
voltage phenomena. It reveals that the phenomena were not al-
ways in response to a contingency such as the loss of an im-
portant transmission line or a generator, but rather in response
to an unexpected raise in the load level. Indeed, numerous au-
thors have computed voltage stability limits based upon some
type of load-flow analysis [3]–[16]. In fact, one class of methods
for determination of the voltage stability limits utilizes the dis-
tance between the operable load-flow solution and an appro-
priate low-voltage load-flow solution [3]–[8].

A number of methods have been proposed for determining
some (or all) of the load-flow solutions [17], [19], [20], [23],
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[24]. In [17], an algorithm that attempts to find all of the
load-flow solutions by Newton–Raphson load-flow calculations
from initial voltage guesses is presented, where is
the number of buses. It should be noted that the method can not
be guaranteed to find all the load-flow solutions, because recent
findings of some fractal patterns produced by Newton–Raphson
load-flow calculations imply the scheme may not necessarily
converge to a solution one think it should [18]. In [19], a
globally convergent homotopy method with probability-one
is successfully applied to the load-flow equation of a 5-bus
and a 7-bus system and obtains all the load-flow solutions to
these systems. The load-flow solutions are obtained by tracing
the homotopy curves starting from the known solutions of
the load-flow equation. The number of homotopy curves that
need to be traced is , where is the number of buses
excluding the slack bus, although the method is guaranteed
to find all low-voltage load-flow solutions. The computation
burden prohibits the practical use of the method even for a
moderately sized power system. More recently, Ma and Thorp
[20] have derived an efficient algorithm to solve for all the
load-flow solutions. The number of homotopy curves that need
to be traced is at most , where is the number of
the load-flow solutions of the system actually have. Although
[19] and [20] both have developed the method which can locate
all the load-flow solutions, [21] and [22] theoretically indicate
that only Type-1 load-flow solutions are closely associated
with voltage instability phenomenon. Based on this fact, it
seems that reasonable computation burden can be alleviated for
voltage stability assessment by locating only Type-1 load-flow
solutions. Recently, [23] and [24] have presented algorithms to
compute Type-1 load-flow solutions, but the algorithm can not
be guaranteed to find all the Type-1 load-flow solutions.

In this paper, we propose an efficient algorithm that is on the
road toward computing all the Type-1 load-flow solutions. The
method is based on continuation power flow (CPFLOW) method
[25]. The algorithm only traces solution curves, where

is the total number of buses. This paper is organized as fol-
lows. Section II reviews the CPFLOW method. Section III de-
scribes the organization of the algorithm. Numerical examples
and results are presented in Section IV. Concluding remarks are
drawn in Section V.

II. CONTINUATION POWER FLOW

In this section, we review an established numerical proce-
dure called the CPFLOW method [25] which is used to trace
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the smooth curves (manifolds), and is able to remain well-con-
ditioned at and around the saddle-node bifurcation point. It is
based on a predictor–corrector scheme to trace a solution path
of a set of the parameterized load-flow equations. To formulate
the parameterized load-flow equation, we first consider the con-
ventional load-flow equation defined as

where is the total number of buses including slack bus,
is the total number of PV buses excluding slack bus. The state
variables is represented as vector . And the parameter-
ized load-flow equation can be written in matrix form

...

...

(1)

where load parameters indicate the variations of the active
power of PV buses and PQ buses, and load parameters in-
dicate the variations of the reactive power of PQ buses.

The CPFLOW method is based on the following three ele-
ments to find solution as one parameter in the (1) varies each
time.

Predictor: Once a base stable solution point has been found
by flat start, taking an appropriate step size in the tangent di-
rection of the manifold can make the prediction of the next
solution. Therefore, the task in the predictor process is to cal-
culate the tangent vector. The tangent vector calculation is de-
rived by taking the derivative of both sides of the parameterized
load-flow equation and presented in matrix form as

(2)

where is the conventional load-flow
Jacobian augmented by one column and the number
of equations remains unchanged. Thus, one more equation is
needed. This problem can be solved by choosing a nonzero mag-
nitude (say one) for one of the components of the tangent vector,
and the tangent vector is defined as , and is
equal to 1 or 1 depending on how the -th state variable vari-
ations as the solution curve is being traced. If it increases, then
the 1 should be used, otherwise the 1 is used. Therefore, one
equation is added to (2) and the equation can be modified as

(3)

where is a row vector with all elements equal to zero ex-
cept the -th element that equals one. Vector has a nonzero

norm such that the augmented Jacobian will be nonsingular at
the saddle-node bifurcation point.

If the tangent vector has been found by (3), then the predicted
point could be written as

(4)

where denotes the predicted solution and is the designed
step size. is one key element of affecting the computational
efficiency of continuation methods. Choosing a constant, for ex-
ample, let be a small step length in the computation that it
would lead to inefficient computation at the “flat” part of the
manifolds. Similarly, an inadequately large step length can cast
the predicted point to be laid far away the true solution point,
and as a result, the corrector needs much iteration to converge,
or lead to diverge. So in this paper, we adopt a voltage secu-
rity index, the minimum singular value which is able to
measure how “close” a specific operating point is to the point of
voltage collapse, as the step size length control index. The use
of this index, obtained from a singular value decomposition of
the load-flow Jacobian matrix, has been proposed and verified
by Tiranuchit and Thomas in [14]. The minimum singular value

is an indicator of the proximity to the voltage security limit;
it is as a measure of the distance between the operating point
and the static bifurcation point which is associated with voltage
collapse phenomena [14]. Therefore, the step size is controlled
in order that the magnitude of the step size decreases as the
solution point gets closer to the voltage collapse point.

Corrector: Once a predicted solution of the manifolds has
been found, the error must be corrected. Thus a good predictor
gives an approximate solution, , which is in the
neighborhood of the next solution, . So, a little it-
eration is used in a corrector to achieve the accurate solution.
The Newton–Raphson method is chosen as the corrector. This
choice has an advantage that the existing load-flow computer
package based on the Newton–Raphson method can be utilized.
The accurate point can be expressed as

(5)

where is found by Newton–Raphson iterations.
Choosing the Continuation Parameter: Every continuation

method has a particular parameterization scheme. The parame-
terization offers a way of identifying each solution in the man-
ifold so that the “previous” solution or “next” solution can be
quantified. The scheme used in this paper is local parameter-
ization. That is the original set equation is augmented by one
equation that specifies the value of one of state variables and
this state variable is referred to as continuation parameter. In
load-flow equations, this means a bus voltage magnitude, a bus
angle, or the load parameter, . How to know which variable
should be used as the continuation parameter? Mathematically,
it should be the state variable that has the largest tangent vector
component.
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Fig. 1. Flowchart of the proposed CPFLOW-based algorithm.

III. CPFLOW-BASED ALGORITHM FOR CALCULATING TYPE-1
LOAD-FLOW SOLUTIONS

The principle of the proposed algorithm is described in the
following. Assume that the operating point is the stable equi-
librium point (SEP), which is the solution of load-flow equa-
tions with negative real-part eigenvalues under normal condi-
tions. But it will slowly move as the changing of load demand,

. However, the SEP is stable. One fact is that, if system has
a stable equilibrium point denoted as changing slowly
on manifold in response to variation of parameter , then, the
only way in which the can disappear is by coalescing
with a unstable equilibrium point in a saddle-node bi-
furcation point [21]. Just before the bifurcation point is
on the stability boundary of and is the closest
unstable equilibrium point to . And the must be

Fig. 2. The 5-bus system.

Type-1. The Jacobian of Type-1 has a single positive real-part
eigenvalue, and the others are negative real-part eigenvalues. At
the bifurcation point, , and coalesce to
an equilibrium point . The Jacobian
at has a zero eigenvalue associated with an eigenvector in
the direction in which and coalesced. The other
eigenvalues of the Jacobian of remain negative. The system
cannot operate at the equilibrium point , because the is
unstable, and any small perturbation will cause a voltage col-
lapse [21]. Thus, it is an important task to calculate the Type-1
solutions for assessing system voltage stability.

Based on the above facts, the proposed algorithm uses
CPFLOW to search for all Type-1 load-flow solutions by
varying one load parameter, or , for each trace and
going through all PV buses and PQ buses. The flowchart of the
proposed CPFLOW-based algorithm is shown in Fig. 1.

IV. SIMULATION RESULTS

In this section, we take two systems to demonstrate the po-
tential of the proposed CPFLOW-based algorithm. These two
numerical examples (5-bus and 7-bus systems) are chosen be-
cause all load-flow solutions have been calculated in [19] and
[20]. Therefore, they can serve as good examples for evaluation
of the proposed algorithm.

Example 1: The one-line diagram of the 5-bus system with
line and bus parameters is shown in Fig. 2.

In this first test example, we select the variations of active
power of bus 2, and the variations of reactive power of bus 3, 4,
and bus 5, as continuation parameters at the beginning of each
trace. We take the flat point as an initial state to find the stable
equilibrium point. To follow, it is based on the predictor–cor-
rector scheme to search for the Type-1 load-flow solutions in
the direction of increasing load parameters and the direction
of decreasing load parameters. Four Type-1 load-flow solutions
found by the proposed method for 5-bus system is shown in
Table I. The Jacobian eigenvalues of Type-1 solutions for the
5-bus system are listed in Table II. In Table II, the eigenvalues
of the power flow Jacobian for the Type-1 load-flow solutions
are the ones with a single positive real-part eigenvalue, and the
others are negative real-part eigenvalues.
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TABLE I
ALL TYPE-1 LOAD-FLOW SOLUTIONS FOUND BY PROPOSED ALGORITHM FOR

5-BUS SYSTEM UNITS FOR MAGNETIC PROPERTIES

TABLE II
JACOBIAN EIGENVALUES OF TYPE-1 SOLUTIONS FOR 5-BUS SYSTEM

(EIGENVALUES WITH POSITIVE REAL PARTS ARE CIRCLED)

Comparing our results with that of [19] and [20], it is clearly
observed that all searched Type-1 load-flow solutions in the
5-bus system by the proposed CPFLOW-based algorithm are
complete. The searching process of the proposed algorithm
for the 5-bus system is shown in Table III. The sign “ ”
corresponds to the searching for the Type-1 load-flow solutions
in the direction of increasing load parameters at the beginning
of manifold; and the sign “ ” corresponds to the searching for
the Type-1 load-flow solutions in the direction of decreasing
load parameters at the beginning of manifold. The number
of solutions indicates the sequence in which the continuation
traces performed, i.e. the first traced Type-1 load-flow solution
is marked 1, the second traced solution is marked 2, etc. For
example, the P2+ represents a load parameter for variations of
active power of the bus 2, and search for the Type-1 load-flow
solution in the increasing direction of load parameter. Similarly,
the P2- represents searching for the Type-1 load-flow solution
in the direction of decreasing load parameter, and the searched
Type-1 load-flow solution is the solution number 1.

The manifolds of the first two traces for solutions number 1
for the 5-bus system as plotted in plane are shown in
Fig. 3(a) and (b). Due to space limit, the other manifolds are not
shown in this paper.

Example2: The one-line diagram of the 7-bus system with
line and bus parameters is shown in Fig. 4.

TABLE III
SEARCHING PROCESS OF PROPOSED ALGORITHM

Fig. 3. Manifold of the first trace in � � V plane. (a) � � V plane.
(b) � � V plane.

Fig. 4. The 7-bus system.

In the second test example, we select the variations of active
power of bus 2, 3, 4, 5, 6 and bus 7 at the beginning of each trace.
The process of searching for the Type-1 load-flow solutions by
the proposed CPFLOW-based algorithm for 7-bus system is il-
lustrated in Table IV. P2, P3, P4, P5, and P6 are load parameters
which are selected to search for the Type-1 load-flow solutions
of the 7-bus system. The sign “ ” and “ ” respectively cor-
respond to the searching for the Type-1 load-flow solutions in
the direction of increasing and decreasing load parameters at
the beginning of manifold. The manifolds of the first two traces
for solutions number 1 of the 7-bus system that are plotted in
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TABLE IV
SEARCHING PROCESS OF PROPOSED ALGORITHM FOR 7-BUS SYSTEM

Fig. 5. Manifold of the first trace in � � V plane. (a) � � V plane.
(b) � � V plane.

TABLE V
ALL TYPE-1 LOAD-FLOW SOLUTIONS FOUND BY PROPOSED

ALGORITHM FOR 7-BUS SYSTEM

plane are shown in Fig. 5(a) and (b). Due to space
limit, the other manifolds are not shown in this paper.

Two Type-1 load-flow solutions of the 7-bus system are listed
in Table V. And the Jacobian eigenvalues of Type-1 solutions for
the 7-bus system are listed in Table VI. The Jacobian eigenvalue
characteristics of the Type-1 load-flow solutions are the ones
with a single positive real-part eigenvalue, and the others are
negative real-part eigenvalues.

Comparing our results with [19] and [20], it is clearly seen
that all searched Type-1 load-flow solutions in the 7-bus system
by the proposed CPFLOW-based algorithm are complete.

From the simulation results, one has the following observa-
tions.

• The proposed algorithm has the potential to find all the
Type-1 load-flow solutions by tracing a smaller number
of manifolds, compared to [19] and [20].

TABLE VI
JACOBIAN EIGENVALUES OF TYPE-1 SOLUTIONS FOR 7-BUS SYSTEM

(EIGENVALUES WITH POSITIVE REAL PARTS ARE CIRCLED)

• The proposed algorithm can avoid the fractal phenom-
enon.

• The algorithm only needs to traces manifolds
for computing all of the Type-1 load-flow solutions.

V. CONCLUSION

It has been demonstrated that a novel and potential algorithm
for computing all the Type-1 load-flow solutions of power sys-
tems is developed. The algorithm based on CPFLOW algorithm
is that its computational complexity is proportional to ,
instead of for [19] and for [20]. This poten-
tial algorithm provides more complete information for voltage
stability assessment, instead of just one pair of closely located
load-flow solutions [11] or partially located Type-1 load-flow
solutions [23]. Further investigation such as theoretical justifi-
cation of the proposed algorithm needs to be conducted.
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