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What we can do with the power series expansion

1.

f (x) =
∞X
n=0

an · xn , an =
f (n) (0)

n!
(Maclaurin expansion)

by the similar way

2.

f (x) =
∞X
n=0

bn · (x− x0)
n , bn =

f (n) (x0)

n!
(Taylor expansion)

3.

cosx =
∞X
n=0

(−1)n · x2n
(2n)!

; sinx =
∞X
n=0

(−1)n · x2n+1
(2n+ 1)!

4. If f (x0) = 0, g (x0) = 0 then lim
x→x0

f (x0)

g (x0)
= ?

∵ f (x) = f 0 (x0) · (x− x0) + f 00 (x0) ·
(x− x0)

2

2!
+ · · ·

g (x) = g0 (x0) · (x− x0) + g00 (x0) ·
(x− x0)

2

2!
+ · · ·

∴ if f 0 (x0) or g0 (x0) 6= 0

then lim
x→x0

f (x)

g (x)
=

f 0 (x0)

g0 (x0)

or if f 0 (x0), g0 (x0) = 0

then lim
x→x0

f (x)

g (x)
=

f 00 (x0)

g00 (x0)
and so on

Application:

lim
x→0

sinβx

x
= lim

x→0

β · cos βx
1

= β



2

5. If f = f (t) &
df

dt
= β · t, then f (t) = ?

assume

f (t) =
∞X
n=0

an · tn = a0 + a1 · t+ a2 · t2 + · · · (power series expansion)

→ df

dt
= a1 + 2a2 · t+ · · ·+ nan · tn−1

= β ·
¡
a0 + a1 · t+ a2 · t2 + · · ·

¢
∴ a1 = β · a0 , a2 = β · 1

2
a1 , a3 = β · 1

3
· a2 , · · ·

OR

an =
β

n
· an−1 = β2 · 1

n · (n− 1) · an−2 = · · · = βn · 1
n!
a0

∴ f (t) =
∞X
n=0

an · tn = a0 ·
X
n

βn

n!
tn = a0

∞X
n=0

1

n!
(β · t)n

define:

g (t) = eβ·t =
∞X
n=0

(β · t)n

n!
→ why?

∵ g (t1 + t2) = g (t1) · g (t2) & g (0) = 1

ex+y =
∞X
n=0

(x+ y)n

n!
=
X
n

1

n!

¡
xn + nxn−1 · y + · · ·+ (nm)xn−mym + · · ·+ yn

¢
(nm) =

n · (n− 1) · · · (n−m+ 1)

m!

ex · ey =
ÃX

n

xn

n!

!
·
ÃX

m

ym

m!

!
check xn−m · ym term

→ 1

(n−m)!
xn−m · ym · 1

m!
⇔ n · (n− 1) · · · (n−m+ 1)

n!m!
=

1

m! (n−m)!

Q.E.D.

then

f (t) = a0 · eβ·t

f (0) = a0 ∴ f (t) = f (0) eβ·t ⇔ df

dt
= β · f (t)
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ex =
∞X
n=0

xn

n!
∴ e =

∞X
n=0

1

n!
= 2.7183 · · ·

xe

−1

1
1/2.7183 x

some rule
ex+y = ex · ey

e−y =
1

ey

another definition: e = lim
x→0

(1 + x)
1
x

6. One-dimensional motion with drag force

m
d�vy (t)

dt
= −γ · �vy (t) = �F

γ : coefficient of drag y = 0
y(t)

m î
vy(t)

t

∴ vy (t) = α · eβ·t

=⇒ β = − γ

m
and α = vy (0) initial velocity

vy (t) = vy (0) e
−γ·t/m =

dy (t)

dt

∴ y (t) = k + η · eζ·t → dy (t)

dt
= ζ · η · eζ·t = vy (0) e

−γ·t/m

∴ η · ζ = vy (0) and ζ = − γ

m
, η = −m · vy (0)

γ

y (0) = k − m · vy (0)
γ

∴ k = y (0) +
m · vy (0)

γ

∴ y (t) = y (0) +
m · vy (0)

γ

¡
1− e−γ·t/m

¢
−→
t→∞

y (0) +
m · vy (0)

γ

( )
7183.2

0yv

γ
m

t
O

t
O

( )0y

( )
γ

0
0

yvm
y

⋅
+

( )ty( )tvy

( )0yv
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7. Euler relation

ex =
∞X
n=0

xn

n!
,
cosx =

P
(−1)n · x2n

(2n)!

sinx =
P
(−1)n · x2n+1

(2n+ 1)!

How to link these three functions?

Define : i ≡
√
−1

i2 = −1 , i3 = −i , i4 = 1

∴ eix =
∞X
n=0

(ix)n

n!
=

∞X
n=0

(ix)2n

(2n)!| {z }
even terms

+
∞X
n=0

(ix)2n+1

(2n+ 1)!| {z }
odd terms

i2n =
¡
i2
¢n
= (−1)n

i2n+1 = i2n · i = i · (−1)n

∴ eix =
∞X
n=0

(−1)n · x2n
(2n)!

+ i ·
∞X
n=0

(−1)n · x2n+1
(2n+ 1)!

= cosx+ i · sinx (Euler relation)


