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Application of Calculus

1. Newton’s law of motion in time domain

p (t) = m · v (t) (momentum)

v (t) =
dr (t)

dt
(velocity)

t→ p (t) ; t+ dt→ p (t+ dt) = p (t) + dp (t)

dp (t) = F (t) dt (Newton’s law of motion)

F (t)→ Force

in one-dimension case

dpx (t) = Fx (t) dt or
dpx (t)

dt
= Fx (t) =⇒ m

dvx (t)

dt
= m

d2x (t)

dt2
= Fx (t)

t→ r (t) ; t+ dt→ r (t+ dt) = r (t) + dr (t)

dr (t) =?

dr (t) =
dr (t)

dt
· dt = v (t) · dt

in one-dim. case

dx (t) =
dx (t)

dt
· dt = vx (t) · dt

dp (t)

dt
= m

dv (t)

dt
= ma (t)→ ma = F (t) a : acceleration

in general

F = F (r, v) = F (r (t) , v (t) , · · · )
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(a) F = −k · r Hooke’s force

one-dim. case Fx = −k · x

→ m
d2x (t)

dt2
= −k · x (t)

→ x (t) = A · cos (2πf · t+ δ) (SHM)

(2πf)2 =
k

m
∵ d2 cos (ωt+ δ)

dt2
= −ω2 cos (ωt+ δ)

∴ f =
1

2π
·
µ
k

m

¶1/2
, x (0) = A · cos δ , v (0) = −2πf ·A sin δ

∴ ∀ x (0) , v (0) =⇒ A, δ (1)

∴ A and δ are two constants of integration and determined by the initial condi-

tions.

(b) F = −γ · v
one-dim. case Fx = −γ · vx

m
dvx (t)

dt
= −γ · vx (t)

∴ vx (t) = B · e− γ
m
·t , B = vx (0) ∵ deβ·t

dt
= β · eβ·t

dx (t)

dt
= vx (0) · e−γ· tm

x (t) = C − m · vx (0)
γ

e−γ·
t
m , x (0) = C − m · vx (0)

γ

Note: B and C are two constants of integration and determined by vx (0) and

x (0).

∴ x (t) = x (0) +
m · vx (0)

γ

³
1− e−γ·

t
m

´
x (∞) = x (0) +

m · vx (0)
γ

2. Newton’s equation of motion in space domain

F = ma = m
dv

dt
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one-dim. case F = m
dv

dt
if F = F (x)

then

F (x) = m
dv (t)

dt
= m

dv (x)

dx
· dx
dt
= m · v (x) · dv (x)

dx

=
d
¡
1
2
mv2 (x)

¢
dx

∴ 1
2
mv2 (x)− 1

2
mv2 (x0) =

Z x

x0

F (x) · dx =W (work-energy theorem)

when x = x0 → v = v0 ≡ v (x0)

1

2
mv2 (x) = K (kinetic energy)Z x

x0

F (x) · dx =W (work done by F from x0 to x)

→ v = v (x) =
dx

dt
∴ dt =

dx

v (x)
→ t = t (x)

(a) Hooke’s force F = −k · x if t = 0 , x = x0 , v = v0

1

2
mv2 − 1

2
mv20 =

Z x

x0

(−k · x) dx = −1
2
k · x2 + 1

2
k · x20

or

1

2
mv2 +

1

2
k · x2 = 1

2
mv20 +

1

2
k · x20 = E = total mechanical energy

Note 1
2
k · x2 → elastic potential energy

∴ v =

µ
2

m

µ
E − 1

2
k · x2

¶¶ 1
2

=
dx

dt

∴ dt =
dx¡

2
m

¡
E − 1

2
k · x2¢¢ 12 =⇒ t− 0 =

Z x

x0

dx¡
2
m

¡
E − 1

2
k · x2¢¢ 12

change of variable: set x2 = 2E
k
·cos2 θ i.e. x = ¡2E

k

¢1/2
cos θ , x = x0 =⇒ θ = θ0

then

dx =

µ
2E

k

¶1
2

(− sin θ) dθ

µ
2

m

µ
E − 1

2
k · x2

¶¶1
2

=

µ
2E

m

¶1
2

sin θ
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∴ t− 0 =

Z θ

θ0

³m
k

´1
2
(−dθ) = −

³m
k

´ 1
2
(θ − θ0)"

x0 =

µ
2E

k

¶1
2

cos θ0 , t = 0 =⇒ θ = θ0 (initial phase angle)

#

∴ θ − θ0 = −
µ
k

m

¶1
2

· t = −ωt

set ω ≡
µ
k

m

¶ 1
2

= 2πν = angular frequency

∴ x =

µ
2E

k

¶1
2

cos θ =

µ
2E

k

¶ 1
2

cos (ωt− θ0)

Note: ω · T = 2π, T = 2π
ω
= 1

ν
;T → period, ν → frequency

Note: when x→ max i.e. x = A = Amplitude, then v = 0

∴ E =
1

2
k ·A2 A =

µ
2E

k

¶1
2

→ x = A · cos (ωt− θ0)

∴ x = A · cos
Ãr

k

m
· t− θ0

!
or

t =
³m
k

´ 1
2
³
cos−1

x0
A
− cos−1 x

A

´
(b) Gravitational force

m m

F

v

l

x

t t = 0t
gravitational force acting on the

particle at time t :

F =
Gm2

( − 2x)2 = F (x)

Find the time required for the two initially rest particles to collide.

at time t , v =
dx

dt
, v (0) = 0

1

2
mv2 − 0 =

Z x

0

F (x) · dx =
Z x

0

Gm2

( − 2x)2 · dx
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∴ 1
2
mv2 =

1

2
Gm2 · 1

− 2x
¯̄̄̄x
0

=
Gm2

2

µ
1

− 2x −
1
¶
= Gm2 · x

( − 2x)

∴ v (x) =

µ
2Gm · x

− 2x
¶ 1

2

=
dx

dt

∴ tc − 0 =
Z tc

0

dt =

Z
2

0

µ
2Gm

· − 2x
x

¶1
2

· dx

change of variable: set x =
2
sin2 θ ∴

x = 0→ θ = 0→ t = 0

x =
2
→ θ = π

2
→ t = tc

dx = · sin θ · cos θ · dθµ − 2x
x

¶ 1
2

=

Ã
· cos2 θ
2
sin2 θ

! 1
2

=
√
2 · cos θ
sin θ

∴ tc =

Z π
2

0

µ
Gm

¶1
2

· cos2 θdθ =
µ

3

Gm

¶ 1
2
Z π

2

0

cos2 θdθ

=
π

4
·
µ

3

Gm

¶1
2

∵
Z π/2

0

cos2 θdθ =
1

2

Z π/2

0

(cos 2θ + 1) dθ =
1

2

µ
1

2
sin 2θ + θ

¶¯̄̄̄π/2
0

=
π

4

Between t = 0 and t = tc

t = t (x) =

µ
3

Gm

¶1
2
µ
1

4
sin 2θ +

1

2
θ

¶
, where θ = sin−1

µ
2x
¶ 1

2

sin 2θ = 2 ·
µ
2x
¶ 1

2

·
µ
1− 2x

¶ 1
2

∴ t (x) =

µ
3

Gm

¶ 1
2

· 1
2

"µ
2x
¶ 1

2
µ
1− 2x

¶ 1
2

+ sin−1
µ
2x
¶1

2

#
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