
Mathematics for physicists

Lecturer: Prof. Ven-Chung Lee

(Dated: June 24, 2006)

1. Forced damped oscillation

1. a) Free oscillation

mẍ = −k · x → x (t) = A · cos (ω0t+ θ0) , ω20 =
k

m
: natural frequency

b) Damped oscillation

mẍ = −k · x− γ · ẋ → xH (t) = A1 · eβ1·t +A2 · eβ2·t

mβ2 + γβ + k = 0

xH (t) is the transient state solution xH (t)→ 0 as t→∞
c) Forced damped oscillation

mẍ = −k · x− γ · ẋ+ Fext

Fext (t) = F0 ·cosω ·t → xs (t) = B0 (ω) cos (ωt+ δ0) stable state solution

complete solution x (t) = xH (t) + xs (t) . xs (t) is the harmonic response.

Approach (1) Comparison of coefficients: set xs (t) = B1 cosωt+B2 sinωt

→
⎧⎨⎩ (−mω2 + k)B1 + γωB2 = F0

−γωB1 + (−mω2 + k)B2 = 0
=⇒ B1, B2 =⇒ B0, δ0

Approach (2) Phasor, complex domain

∵ cosωt = Re
¡
eiωt
¢
, Re : Real part of

∴ Fext (t) = F0 · cosωt = Re
¡
F0 · eiωt

¢
= Re

³
F̃ext

´
xs (t) = B0 · cos (ωt+ δ) = Re

¡
B0e

iωt · eiδ¢ = Re (x̃s (t))
∴ mẍ+ γẋ+ kx = F0 · cosωt→ Re

³
m

..

x̃+ γ
.

x̃+ kx̃ = F0e
iωt
´
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set x̃s (t) = B0e
i(ωt+δ)

→ ¡−mω2 + iωγ + k
¢ ·B0 · ei(ωt+δ) = F0 · eiωt

∴ B0e
i(ωt+δ) =

F0 · eiωt
(k −mω2) + iωγ

set z̃ = (k −mω2) + iωγ =
³
(k −mω2)

2
+ ω2γ2

´ 1
2
eiϕ = zeiϕ

tanϕ =
ωγ

k −mω2

∴ B0 =
F0
z

and δ = −ϕ

B0 =
F0¡

(k −mω2)2 + ω2γ2
¢ 1
2

, B0 → F0
k
as ω → 0 static

B0 → 0 as ω →∞ , B0 → F0
γ · ω as ω =

µ
k

m

¶ 1
2

= ω0 Resonance

k
F0

B0

ωO ω0

k
F0

B0

ωO ω0

π

ωO ω0

π/2

ϕ
π

ωO ω0

π/2

ϕ

Note: z → min . when dz/dω = 0→ ωr =
³

k
m
− γ2

2m2

´ 1
2
resonance frequency

∴ ωr → ω0 as γ2 ¿ 2m2

xs (t) =
F0
z
cos (ωt− ϕ)

2. LCR series circuit driven by ACV

~

I

L

R

C−Q +Q

tV  cos0 ω
VL = L

dI

dt
voltage of inductance L

VR = R · I Ohm’s law
VC =

Q

C
C : capacitance
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V0 cosωt = VL + VC + VR = L
dI

dt
+

Q

C
+R · I

as I =
dQ

dt

∴ V0 cosωt = LQ̈+R · Q̇+ 1

C
Q

Similar math. as that of the forced damped oscillation.

3. Vector calculus coordinates of P : (x, y, z) , (r, θ, ϕ) , (r⊥, ϕ, z)

θ P

ϕ

ϕ̂
⊥r̂

î
ĵ

k̂

r̂

θ̂

⊥r
⊥r̂

k̂

z

θ
⊥r̂

ϕ̂

î

ĵ

ϕ ⊥r

x

y

O

O

O

−→
OP = r = xı̂+ yĵ+ zk̂ = r · r̂ = r⊥ · r̂⊥ + z · k̂

velocity v =
dr

dt

dr = d (r · r̂) = dr · r̂ + r · dr̂
dr̂ = r̂ (r + dr, θ + dθ, ϕ+ dϕ)− r̂ (r, θ, ϕ)

= dθ · θ̂ + sin θ · dϕ · ϕ̂

∴ v = ṙr̂ + rθ̇θ̂ + r · sin θ · ϕ̇ϕ̂ = vr · r̂ + vθ · θ̂ + vϕ · ϕ̂

a =
dv

dt
= r̈r̂ + ṙ

dr̂

dt
+ ṙθ̇θ̂ + rθ̈θ̂ + rθ̇

dθ̂

dt
+ ṙ · ϕ̇ sin θϕ̂+ r · ϕ̈ sin θ · ϕ̂

+ r · ϕ̇ · θ̇ cos θ · ϕ̂+ r · ϕ̇ sin θdϕ̂
dt

dr̂

dt
= θ̇θ̂ + sin θ · ϕ̇ϕ̂

dθ̂

dt
= −θ̇r̂ + ϕ̇ cos θ · ϕ̂

dϕ̂

dt
= −ϕ̇r̂⊥ = −ϕ̇

³
cos θθ̂ + sin θr̂

´
→ a = ar · r̂ + aθ · θ̂ + aϕ · ϕ̂ , ar = r̈ − rθ̇2 − rϕ̇2 sin2 θ etc.
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a) central force problem

F = F (r) · r̂

gravitational force

F (r) = −GMm

r2

then

mar = F (r) and aθ = aϕ = 0.

Note:

aθ 6= dvθ
dt

∵ dθ̂

dt
6= 0 , dr̂

dt
6= 0 , etc.
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