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Optimal Design of Two-Channel
Nonuniform-Division FIR Filter Banks
with 1, 0, and 1 Coefficients
Ju-Hong Lee, Member, IEEE, and Ding-Chiang Tang

Abstract— This paper deals with the optimal design of twochannel nonuniform-division filter (NDF) banks whose linearphase FIR analysis and synthesis filters have coefficients constrained to 01, 0, and +1 only. Utilizing an approximation
scheme and a WLS algorithm, we present a method to design
a two-channel NDF bank with continuous coefficients under
each of two design criteria, namely, least-squares reconstruction
error and stopband response for analysis filters and equiripple
reconstruction error and least-squares stopband response for
analysis filters. It is shown that the optimal filter coefficients can
be obtained by solving only linear equations. In conjunction with
a proposed filter structure, a method is then presented to obtain
the desired design result with filter coefficients constrained to 01,
0, and +1 only. The effectiveness of the proposed design technique
is demonstrated by several simulation examples.
Index Terms— Filter banks, FIR filters.

I. INTRODUCTION

Q

UADRATURE mirror filter (QMF) banks find an important role in the areas of subband coding of speech
signals [1], communication systems [2], short-time spectral analysis [3], and subband coding of image signals [4].
In these applications, a QMF bank is used to decompose a
signal into subbands with equal bandwidth, and the subband
signals in the analysis system are decimated by an integer
equal to the number of the subbands. However, uniformsubband decomposition is not an appropriate scheme to match
the requirements for the subband coding of speech and audio
signals. The most appropriate decomposition must consider
the critical bands of the ear. It has been mentioned in [5] that
these critical bands have nonuniform bandwidths and cannot
be easily constructed by conventional tree structure based on
two-channel QMF banks. Therefore, it is worth exploiting
the design problem of two-channel nonuniform-division filter
(NDF) banks.
The basic theory regarding the principle and the related
conditions of perfect reconstruction for NDF banks has been
presented in [5]. Methods for designing NDF banks were also
proposed in [5]. However, it is difficult to solve the resulting
design problem with nonlinear constraints. In [6], a structure
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for NDF banks was introduced, and a design method based on
the use of pseudo-QMF was presented. The main drawback
of this method is that FIR filters with complex coefficients
are required by the resulting NDF bank to reduce the aliasing
distortion. Recently, one of the authors considered a structure
for two-channel NDF banks and proposed design methods for
error criteria in
optimally designing NDF banks based on
[7].
Although designing a NDF bank has been considered in
[5]–[7], hardware implementation for the designed NDF banks
generally requires large and complicated digital circuits because these NDF banks are designed with real or complex
coefficients. To achieve circuit complexity reduction or to
speed up filtering operation besides concern for the overall
performance, it is preferable to design a NDF bank with
coefficients restricted to 1, 0, and 1 only. However, there
are practically no papers concerning the optimal design of
NDF banks whose FIR analysis and synthesis filters have
coefficients restricted to 1, 0, and 1 only in the literature.
In this paper, the NDF banks with the structure similar
to [7], as shown in Fig. 1, are considered. We deal with
the optimal design and realization of the two-channel NDF
bank with 1, 0, and 1 coefficients. First, a method is
developed based on an approximation scheme for designing a
continuous-coefficient NDF banks with optimal reconstruction
response and stopband response for its linear-phase (LP) FIR
sense.
analysis and synthesis filters in the least-squares
This method is further incorporated with the WLS algorithm
of [8] to optimally design NDF banks with minimax
reconstruction response and
stopband response for analysis
and synthesis filters. It is shown that the resulting coefficients
for the LP FIR analysis and synthesis filters can be found
through solving only linear equations. To obtain a design
with 1, 0, and 1 coefficients, which achieves the optimal
performance, we propose a new filter structure for realization.
The coefficients 1, 0, and 1 are used in the oversampled
domain, and the design procedure leads to finely quantized
coefficients. Simulation results show that very satisfactory
NDF banks can be obtained using the proposed technique.
This paper is organized as follows. Section II briefly describes the principle of two-channel NDF FIR filter banks. In
Section III, we formulate the associated design problem for a
reconstruction response
two-channel NDF filter bank with
filter stopband response. A design method based on
and
an approximation scheme is presented for solving the re-
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Desired magnitude specifications for the analysis filters.

(a)

NDF bank in the frequency domain is given by [11]

(b)
Fig. 1. Two-channel nonuniform-division maximally decimated filter bank
system. (a) Analysis system. (b) Synthesis system.

sulting optimization problem. Section IV presents the method
utilizing the WLS algorithm for obtaining a design with
reconstruction response and
filter stopband response.
In Section V, the method in conjunction with a new filter
structure for obtaining a design with 1, 0, and 1 coefficients
from the continuous designs is proposed. Several simulation
examples are provided in Section VI for illustration. Finally,
we conclude this paper in Section VII.

II. TWO-CHANNEL NONUNIFORM-DIVISION
FIR FILTER BANKS
Consider the two-channel NDF bank with the architecture
given in [7], which is shown in Fig. 1. The analysis lowpass
and
,
and highpass filters are designated by
respectively, whereas the synthesis lowpass and highpass
and
, respectively.
filters are designated by
and
are two lowpass filters responsible for achieving
aliasing-free operation during the rational decimation and
interpolation. It can be shown that using the modulations of
in a highpass subband channel leads
multiplying
can be a lowpass filter
to the favorable result that
with real coefficients. The desired magnitude responses for
and
with passband widths
the analysis filters
and
, respectively are shown in Fig. 2,
equal to
and
denote the related band-edge
where
frequencies satisfying
Assume that the associated magnitude responses are set
for
and
for
to
and
for
and
for
respectively. Further,
and
have zero stopband response.
assume that
As shown in the Appendix, the input/output relationship of the

(1)
and
are the resulting group delays of the
where
upper and lower channels, respectively.
Substituting
and
into (1) yields
(2)
where
(3)

l

(4)

(5)
The first term of (2) represents the response of a linear shiftwith input
, whereas the other
invariant system
two terms represent the resulting aliasing distortion. Therefore,
perfect reconstruction requires the following conditions.
of
must be equal to 1,
PR 1: The magnitude
, for all
i.e.,
PR 2: The magnitude
of
must be zero, i.e.,
, for all
PR 3: The magnitude
of
must be zero, i.e.,
, for all
We note from (3) that
must be a either case 1 or case
must be a case 4 LP FIR filter,
2 LP FIR filter, whereas
and
as shown in [9], to ensure the PR 1 condition. Let
have filter lengths equal to
and
, respectively.
can be expressed as [9]
Then,
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filter length. Therefore, the design problem of the two-channel
NDF banks of Fig. 1 is finding such
and
with
finite filter length that the conditions listed in (12) can be
approximately met in some optimal sense.

where

III. OPTIMAL DESIGN OF TWO-CHANNEL
NDF BANKS IN THE
SENSE

for case 1

A. Problem Formulation Using an Approximation Scheme
for case 2
denotes the impulse response of
and
as [9]
we can express

Similarly,

According to the conditions listed in (12), the overall error
sense can be expressed
function to be minimized in the
as

(7)

(13)
where

where

is the squared reconstruction error given by
(14)

and
denotes the impulse response of
tuting (6) and (7) into (3) yields

Substi-

and
denote the squared stopband errors of
, respectively. They are given by

and

and

(8)

(15)
denotes the squared error related to the fourth
where
condition of (12) and is given by

and
Assuming
, we can neglect the LP term of (8) and express

Let
as

(16)
(9)
Next, substituting (6) and (7) into (4) and (5), we can obtain

(10)
and

(11)
respectively, where it is also assumed that the related group
delay difference between the lowpass and highpass subband
channels is equalized.
Following (9)–(11), we can reformulate the conditions required for perfect reconstruction as
for
for
for

represent the relative weights
The parameters
and
From (13), we note that the
between
overall error function is a function of the fourth degree in the
filter coefficients. Therefore, directly minimizing leads to a
highly nonlinear optimization problem. Although many welldeveloped nonlinear programming algorithms can be utilized
to solve (13), to obtain satisfactory design results in several
iterations is not an easy task.
Based on a linearization scheme, we present a method
to efficiently solve the design problem of (13). During the
optimization process for finding the optimal filter coefficients,
and
be the filter coefficients of
and
let
, respectively, at the th iteration. An approximation for
is defined as
(17)
and
denote the magnitude responses
where
and
, respectively. Accordingly,
corresponding to
we have the following approximation for the overall error
function:

(12)
(18)

for
Equation (12) reveals that the conditions for perfect reconand
have infinite
struction can be met only when

of (18) is a quadratic function of the filter
Note that
and
are two known functions
coefficients if
of
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B. The Proposed Design Method
Let
be a grid of equidistant frequencies distributed in the range
to
for evaluating the magnitude response
of
of the NDF bank and the related error functions defined as
is a case 2 LP FIR filter. We define
above. Assume that
is a
matrix with the
the following matrices.
th element given by
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Moreover, let and be two vectors containing the independent filter coefficients as
and
(27)
where the superscript denotes the transpose operation.
Utilizing the above matrix notations, the overall design
problem according to (18) can be approximately reformulated
in matrix form as

(19)
is a

matrix with the

th element given by
(28)
where
(20)

is an

matrix with the

th element given by

diag
diag
, and
is
and all entries equal to one.
a column vector with size
and
Therefore, finding the filter coefficient vectors
that minimize (28) is equivalent to solving the following
linear equations:

(21)
is a
given by

matrix with the

or

th element

(29)
where
(22)

is a
given by

matrix with the

th element
(30)

(23)
is an

matrix with the

After obtaining the coefficient vectors and , we update the
and
at the
th iteration as
coefficients of

th element given by
for

(24)
is a
given by

matrix with the

th element

(25)
is a
given by

matrix with the

for

Our simulations show that the overall error function given
by (28) decreases as the iteration process proceeds when using
(31) to update the designed filter coefficients. It is appropriate
to terminate the design process if the following criterion is
satisfied:
(32)

th element

(26)

(31)

denotes the value of
at the th iteration with
where
and
is a preset small positive
filter coefficients
real number. To initiate the design process, it is appropriate
and
to the
to set the initial filter coefficients
least-squares results, which optimally approximate the desired
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magnitude specifications shown in Fig. 2. That is, the initial
filter coefficient vectors and are given by the closed-form
solutions

B. The Proposed Design Method
Using the matrices given by (19)–(27), we can express (35)
in matrix form as

(36)

(33)
Here, we summarize the proposed method by presenting
the following design procedure.
Design Procedure 1:
Step 1) Specify the design parameters: filter lengths
and
the bandedge frequencies
and
the
and
and the value of
relative weights
Set the iteration number
Step 2) Obtain the initial filter coefficient vectors and
using (33). Then, compute the corresponding initial
and
magnitude responses
Step 3) Compute the coefficients
and
by solving the linear equations of (29).
Step 4) Compute the resulting filter coefficients at the
th iteration using the updating formulas given by
(31).
Step 5) Compute the corresponding overall error function
If the stopping criterion shown by (32) is
satisfied, terminate the design process. Otherwise,
, and go to Step 3.
set

IV. OPTIMAL DESIGN OF TWO-CHANNEL
NDF BANKS WITH
RECONSTRUCTION
RESPONSE AND
STOPBAND RESPONSE
A. Problem Formulation Using a WLS Algorithm
and an Approximation Scheme
In order to achieve the design with equiripple reconstruction
error, the associated overall error function can be formulated
based on the WLS algorithm of [8]

(34)
denotes the frequency response weighting funcwhere
tion. Equation (34) reveals that the design problem becomes
the minimization of the reconstruction error in the weighted
least-squares (WLS) sense and the stopband error in the leastsquares sense. To obtain the design result with equiripple
must be
reconstruction error, the weighting function
appropriately chosen. The WLS algorithm presented in [8]
provides a systematic approach for finding the suitable
Utilizing the result of (17) obtained from approximation, we
reformulate the overall error function of (34) as

(35)

represents a diagonal matrix containing the weight
where
evaluated on the dense grid
values of
, i.e.,
Again, (36) is
and
Hence, finding the filter
a quadratic function of
coefficients that minimize (36) is equivalent to solving the
following linear equations:
or
(37)
where

(38)
After obtaining the coefficient vectors and , we update the
filter coefficients by using the updating formulas of (31) at
th iteration. To achieve the design with equiripple
the
reconstruction error, the WLS algorithm presented in [8] is
during the design process. The
utilized for adjusting
following procedure summarizes the proposed design method.
Design Procedure 2:
Step 1) Specify the design parameters: filter lengths
and
the bandedge frequencies
and
the
and
and the value of
relative weights
Set the iteration number
Step 2) Obtain the initial filter coefficient vectors
and
using (33). Then, compute the corresponding
and
initial magnitude responses
Moreover, set the initial weighting matrix
to
the identity matrix.
and
by solvStep 3) Compute the coefficients
ing the linear equations of (37).
Step 4) Compute the resulting filter coefficients at the
th iteration using the updating formulas given by
(31).
Step 5) Compute the corresponding overall error function
If the stopping criterion shown by (32) is
,
satisfied, go to Step 6). Otherwise, set
and go to Step 3).
Step 6) Find Max(V) and Min(V), which are the maximum
over the extremal
and minimum of
frequencies, respectively, according to the envelope
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and

(42)
(a)

We note that imposing the reset operation in is equivalent to
, as shown by (42). Moreover,
putting a constraint for
(41) and (42) can be rewritten as

(43)
denotes the largest integer not greater than
The
where
sum in (43) is obtained due to the fact that in , only the
samples after the last reset have to be considered. Accordingly,
, which is equal to the impulse
the relationship between
and
, is given by
response

(b)
Fig. 3. Proposed new filter structure. (b) Function block C.

construction of [8]. If
Min

Max
Max

(39)

is satisfied, then terminate the design process. Otherwise, go to Step 7).
according to the WLS algorithm of
Step 7) Adjust
[8] as follows.
of
7.1) Construct the envelop function
7.2) Compute the updating function
according to

for
Let

(40)

(44)

for

; thus, we can rewrite (44) as

for

(45)

has values restricted to 1, 0, and
, we note from (45) that
the following inequalities:

Since
7.3) Update the frequency response weighting function
by performing
Then, we update the corresponding weighting ma, and go to Step 3).
trix , set

within the range of
, it is easy to show that there exists a unique

set of
such that the integer

A. The Proposed Filter Structure
Consider the new filter structure shown by Fig. 3 for realizing the LP analysis and synthesis filters. The input sequence
is first multiplied by to adjust the range of
The
purpose of oversampling by is to keep the error due to the
operation similar to the delta modulation, as shown by the
function block at an acceptable level. The impulse response
has a finite number of samples with values restricted to
1, 0, and 1 only. The reset terminal receives a signal to
clear the contents of the delay element of when
Let the impulse response of the filter structure be
with length
will have length
Setting
to an impulse sequence, we obtain
for

(46)
For any integer

V. OPTIMAL DESIGN OF TWO-CHANNEL NDF
BANKS WITH COEFFICIENTS 1, 0, AND 1

(41)

1 only for
satisfies

can be expressed as
(47)

B. Discrete Optimization Procedure
The procedure is basically a modification of that given in
[10] and described as follows.
1) Constrained Optimization: Let
Assume
represents the continuous coefficient vector excluding
that
, which is fixed at a discrete value, i.e.,
the th coefficient
is a
vector with the th entry
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as

(48)
be the vector of (48) that minimizes the overall error
Let
is fixed at a discrete value
function of (18) when
Let the difference between the optimal continuous value
and the discrete value
of
be
Based on the LMS algorithm of [10], we can obtain
, where

denotes the coefficient vector
, which is obtained
from the Design Procedure 1 or Design Procedure 2, with
omitted.
is an
column vector
, where
and are obtained from
given by
of (30) or (38). Let
be partitioned as
the submatrices of
(49)
where
th column of

and
are the th row and the
, respectively. Then
and

(50)

Let
be
Next, for fixed , we put
and
the coefficient vector that minimizes (18) when
are fixed at discrete values. Assume that the differand the
ence between the optimal continuous value
of the coefficient
is
discrete value
Similarly, we can obtain
, where
represents the vector
with
omitted. We obtain
by following
the coefficient
instead of
This
the same procedure as above with
process is repeated until all of the filter coefficients are chosen
and fixed at discrete values. The required weighting function
for finding the WLS design solution is adjusted based
on the obtained discrete filter coefficients using the systematic
adjusting approach of [8].
2) Tree Search Algorithm: The algorithm used for performing the tree search is basically the same as that presented in
[10]. However, some modifications are made to enhance the
capability of the proposed design method. After obtaining the
optimal continuous coefficient design from (29) or (37), we
and fix it at
discrete values
choose a coefficient
An optimization problem must be
in the vicinity of
to find the
solved for each of the discrete values of
Based on the
,
further optimization
corresponding
problems are produced when the second coefficient

is chosen and fixed at
discrete values. Therefore,
optimization problems must be solved when
and
take on discrete values. To keep the required computation
of the
optimization
load manageable, we select only
problems for further discretizing the remaining coefficients.
optimization problems is to
The criterion for selecting the
problems that provide the
smallest values of
choose the
the overall error function or the weighted peak reconstruction
selected problems produces other
error. Next, each of the
optimization problems when the third coefficient is chosen
discrete values. The search process continues
to take on
until all of the filter coefficients are discretized.
3) Filter Coefficient Selection: We present a criterion for
dealing with the discrete coefficient constraint of (46). In
general, the grid density decreases as the value of discrete
coefficients increases. Thus, the effect of discretizing the small
coefficients is more easily compensated by the remaining
reoptimized coefficients. Hence, we discretize the coefficient
with the largest relative sensitivity first at each tree stage. The
is defined as
relative sensitivity of a continuous coefficient

Relative Sensitivity of

where

Max

(51)

is the th element of the vector

C. The Design Procedures
The following design procedure summarizes the optimal
design with coefficients 1, 0, and 1 under the criterion of
reconstruction response and
filter stopband response.
Design Procedure 3:
Step 1) Use the design method presented in Section III to
find the optimal continuous coefficient vectors
and
Step 2) Choose four powers-of-two values in the vicinity
as the
of the maximum of
values for the step size
Step 3) For a given , perform the discrete optimization procedure described in Section V-B to find
the corresponding discrete coefficients
Step 4) Compute the error function of (28) correspond, and adjust the matrices
and
ing to
Then, recompute the new optimal continuous
from (29).
coefficient vector
Step 5) Repeat Steps 3) and 4) until the overall error
cannot be further reduced.
function
that makes the overall error function
Step 6) Select the
smallest among the four powers-of-two values for
Find the corresponding
by utilizing the
relationship given by (45).
The optimal design with coefficients 1, 0, and 1 under
reconstruction response and
filter
the criterion of
stopband response is summarized as the following design
procedure:
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Design Procedure 4:
Step 1) Use the design method presented in Section IV to
find the optimal continuous coefficient vectors
and
Step 2) Choose four powers-of-two values in the vicinity
as the
of the maximum of
values for the step size
Step 3) For a given , perform the discrete optimization procedure described in Section V-B to find
the corresponding discrete coefficients
Step 4) Compute the reconstruction error function
corresponding to
, and
and
using the WLS
adjust the matrices
algorithm of [8]. Then, recompute the new optimal
from (37).
continuous coefficient vector
Step 5) Repeat Steps 3) and 4) until the peak reconstruction
error cannot be further reduced.
that makes the overall error function
Step 6) Select the
smallest among the four powers-of-two values for
Find the corresponding
by utilizing the
relationship given by (45).
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TABLE I
DESIGN SPECIFICATIONS FOR EXAMPLES 1

AND

2

TABLE II
SIGNIFICANT DESIGN RESULTS FOR EXAMPLE 1

VI. SIMULATION EXAMPLES
In this section, we present several simulation examples of
designing two-channel NDF banks with LP FIR filters having
coefficients of 1, 0, and 1 only for illustration. These
designs are performed on a personal computer with Pentium
CPU using MATLAB programming language. For all design
of frequency grid points used is
examples, the number
Moreover, the ripple ratio for the
set to 8
design problem shown by (24) is set to 0.25. The values of
and used for terminating the design process are set to
for discretizing
10 and 10 , respectively. The number
filter coefficients and the for oversampling are set to 3 and
10, respectively. The performance for each of the designed
filter banks is evaluated in terms of the peak reconstruction
error (PRE) in decibels, the normalized peak stopband ripple
(NPSR) in decibels, and the stopband ripple energies (SRE)
and
They are defined as
of the designed
for

PRE
NPSR

for

of the designed analysis filters are listed in Table III. Fig. 4
plots the corresponding magnitude responses in decibels of
and
and the overall magnitude
in decibels of the designed NDF banks with
response
1, 0, and 1 coefficients (dashed-line) and with the optimal
continuous coefficients (solid-line), respectively. We note that
the satisfactory performances of the designed NDF banks with
the optimal continuous coefficients and coefficients of 1, 0,
and 1 only are very close.
Example 2: The design specifications shown by Table I
and Design Procedure 4 are used for this design. Table IV
lists the significant design results for both of continuous and
discrete coefficients. Table V lists the resulting step size
and discrete coefficients of the designed analysis filters. Fig. 5
depicts the corresponding magnitude responses in decibels of
and
and
, in decibels, of the
designed NDF banks with 1, 0, and 1 coefficients (dashedline) and with the optimal continuous coefficients (solid-line),
respectively. Again, we observe that the designed NDF banks
show very close satisfactory performances.

SRE
VII. CONCLUSION
NPSR
for
SRE

and
(52)

Example 1: We use the design specifications shown by
Table I and Design Procedure 3. Table II shows the significant
design results for both of continuous and discrete coeffiand discrete coefficients
cients. The resulting step size

This paper has presented a technique for the optimal
design of two-channel nonuniform-division filter (NDF)
banks with linear-phase FIR filters having 1, 0, and 1
coefficients only. First, we formulate the design problem
with continuous coefficients for each of two optimal criteria,
namely, least-squares reconstruction response and filter
stopband response and equiripple reconstruction response and
least-squares filter stopband response. The WLS algorithm
of [8] has been utilized to achieve the design of equiripple
reconstruction
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(a)

Fig. 4.

(b)

p
p
Magnitude responses for Example 1. (a) H0 (! )= LL0 and H1 (! )= LL1 : (b) T (! ):

TABLE III
(a) ANALYSIS FILTER COEFFICIENTS FOR THE CONTINUOUS
DESIGN OF EXAMPLE 1. (b) ANALYSIS FILTER COEFFICIENTS
1, 0, +1 OF EXAMPLE 1
FOR THE DESIGN WITH COEFFICIENTS

TABLE IV
SIGNIFICANT DESIGN RESULTS FOR EXAMPLE 2

0

behavior. In conjunction with a new filter structure for realizing the analysis filters, an efficient method to obtain an optimal
design with coefficients restricted to 1, 0, and 1 only has
been presented. The effectiveness of the proposed technique
has been demonstrated by several design examples.
APPENDIX

(a)

Here, we derive the input/output relationship given by (1)
of the NDF bank shown in Fig. 1. From the architecture of
Fig. 1, we have
(53)
After interpolating and filtering, we obtain
and
(54)
Performing decimation yields

(b)
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(a)
Fig. 5.

Magnitude responses for Example 2. (a)

TABLE V
(a) ANALYSIS FILTER COEFFICIENTS FOR THE CONTINUOUS DESIGN
OF EXAMPLE 2. (b) ANALYSIS FILTER COEFFICIENTS FOR
1, 0, +1 OF EXAMPLE 2
THE DESIGN WITH COEFFICIENTS

p

H0 (!)= LL0

and

431

p

(b)

H1 (!)= LL1 : (b) T (!):

In the synthesis system, after interpolating and filtering, we
have

0

(56)
Performing the decimation provides

(a)

(57)
by
, performing filtering by
Next, multiplying
, and taking the summation yields

(58)

(b)

Utilizing the assumption that
and
for
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and
for
respectively, and the assumption that
zero stopband response, (58) becomes

and

,
have

(59)
and
denote the resulting group delays of the
where
upper and lower channels, respectively. Finally, (1) can be
into (59).
obtained by substituting
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