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Abstract—Most of the existing methods designed to 
implement fractional interpolation and decimation are 
limited by rational scaling factors such as L/M, where L and 
M are positive integers. The general procedure is usually 
done with up-sampling by L first, and then followed by 
down-sampling by M. This scheme, however, requires two 
steps to fulfill and is not capable in dealing with irrational 
scaling factors, which can not be represented by L/M. In this 
paper, we propose a new method to solve the above two 
difficulties by a single step. Furthermore, a perfect 
reconstruction filter bank is derived using this new method 
and the experimental results are presented. 
 
Index terms—irrational scaling, interpolation, decimation, 
nonuniform filter bank, perfect reconstruction 

 

Ⅰ. INTRODUCTION 
 
In a conventional filter bank system, the scaling operation 
is very important in that it controls the sampling rate to 
meet the system requirements. However, as long as a 
discrete time system is considered, most previous works 
fail to realize a scaling operation with irrational factors. 
For example, given a discrete time signal [ ]nx , how can 

we scale it by 2 ? Although it seems quite difficult to be 
realized in time domain, Rao [1]-[3] developed a practical 
method to accomplish it using the concept of frequency 
domain warping. This method, however, requires the 
computation of inverse discrete-time Fourier transform 
(IDTFT) which lacks a closed form formula to avoid the 
computational approximation. Furthermore, it is not well 
suitable in a perfect reconstruction (PR) filter bank in 
practice. 

Partly motivated by the frequency warping concept, 
we propose a new method devoted to maintaining the 
linearity while doing the frequency warping. Fortunately, 
this leads to a concise closed form formula in time domain, 
which is invulnerable to any computational approximation. 

It also works very well in the proposed PR filter bank 
structure. 

The paper is organized as follows. Section Ⅱ 
provides the derivation of the new scaling method and the 
structure of the irrational scaling PR filter bank is shown 
in SectionⅢ. Section Ⅳ presents the simulation results of 
the above scheme. Finally the conclusion is made in 
Section Ⅴ. 
 

Ⅱ. PROPOSED IRRATIONAL SCALING 
ALGORITHM 

 
Given a discrete time signal [ ]nx , suppose its scaled 
version is [ ]nxa , where a  is the scaling factor and ℜ∈a , 

0>a . In this way, 1>a  is equivalent to interpolation 
and 10 << a  is for decimation. Referring to the scaling 
property of continuous time Fourier transform (CTFT) as 
below, 

( ) ( )ωjXtx CTFT⎯⎯ →←  
 

( )ajXa
a
tx CTFT ω⎯⎯ →←⎟
⎠
⎞

⎜
⎝
⎛                      (1) 

 
we could reasonably infer (1) to its DTFT counterpart, i.e. 
 

[ ] ( )ωjDTFT eXnx ⎯⎯ →←  
 

[ ] ( )ajDTFT
a eXanx ω⎯⎯ →←                    (2) 

 
Because ( )ωjeX  is a continuous time function with period 
π2 , ( )ajeX ω  by definition exists whenever ℜ∈a . 

( ) [ ]∑
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By (2), 

20360-7803-8834-8/05/$20.00 ©2005 IEEE.



[ ] ( ){ }
( )

[ ] dweekxa

deeXa

eXaIDTFTnx

a

a

jwn

k

kja

a

a

njaj

aj
a

∫ ∑

∫

−

∞

−∞=

−

−

=

=

=

/

/

/

/

2
1

2
1

π

π

ω

π

π

ωω

ω

π

ω
π

 

[ ] ( ) ω
π

π

π

ωdekxa a

a

aknj

k
∫∑

−

−
∞

−∞=

=
/

/2
                        (3) 

We now divide (3) into 2 disjoint cases, ones being 
ank =  and the others being ank ≠ . For ank = ,  
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For ank ≠ , 
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From (3),(4) and (5), 
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Note that we have changed the upper bound and lower 
bound of the definite integral of (3) from [ ],π π− +  to 

[ ],a aπ π− +  for the purpose of removing the high 
frequency spectrum. The unwanted spectrum is introduced 
when scaling a periodic signal to a different new period, 
which is, in our case, from π2  to aπ2 . In other words, 
changing the integral upper/lower bound is equivalent to 
applying an ideal low-pass filter after up-sampling. We 
also ignore the absolute value of a  because 0>a  

throughout this paper. Eq.(6) is only suitable in the case 
where 1>a , i.e. interpolation. 

For the case where 10 << a , i.e. decimation, the 
upper and lower bound should be changed back to 
[ ],π π− +  again to avoid the aliasing due to down 
sampling. This is equivalent to applying an ideal low-pass 
filter before down-sampling. 
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For convenience, we summarize the above two formulas 
in Table 1.  

 
Table 1  Irrational scaling formulas 

Interpolation a>1 [ ]sinc
k

nx k k
a

∞

=−∞

⎛ ⎞−⎜ ⎟
⎝ ⎠

∑  

Decimation a<1 [ ] ( )sinc
k

a x k n ak
∞

=−∞

−∑  

 
This is not the only way to derive irrational scaling 

formulas. Adams [4] has given a different approach to do 
irrational interpolations from the view point of sinc-
interpolated discrete time signals. However, this method 
has difficulties in doing irrational decimations without 
aliasing. It is a surprise that after a modification of the 
down-sampling counterpart, identical formulas can be 
achieved as those shown in Table 1. The details are 
described in Appendix. 
 

Ⅲ. IRRATIONAL SCALING PERFECT 
RECONSTRUCTION FILTER BANK STRUCTURE 

( )n1− ( )n1−

[ ]nx [ ]ny

 Fig.1  Irrational scaling perfect reconstruction filter bank 
structure 

 
The fundamental structure of the PR filter bank using 
irrational scaling factors is shown in Fig.1, where 

R∈βα , , 1, >βα , and 111 =+ βα
. The basic goal is 

to perfectly reconstruct the output such that [ ] [ ]nxny =  
under any circumstances, even if α  and β  are irrational 
numbers. 

In Fig.1, the up sampling and down sampling kernel 
is almost identical to the results in Section Ⅱ, except for 
small modifications by replacing a  by a1  in the 
decimation case, in which we rearrange in Table 2. 
 

Table 2  Irrational up and down sampling kernels 
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Ⅳ. EXPERIMENTAL RESULTS 
 

To test the proposed PR FB structure in Fig.1, we take 
a 256 points normalized Gaussian random signal with 
zero mean and unit variance as input sequence [ ]x n , 

choosing 21 =α  and 222 +=α  to construct a two-
channel non-uniform PR FB. Since the index k  in Table 
Ⅱ has a range from minus infinity to infinity which is not 
feasible in practical implementations, here we choose 

[ ]256, 256k = − +  in our experiment and observe the 

reconstruction errors due to truncation of k . After 
reconstruction, the mean absolute value of the 
reconstruction error is only 0.0026, which is shown in 
Fig.2(e). Note that these errors are introduced by 
truncation of k , which makes the equivalent low-pass 
filters no ideal any more. However, the errors keep 
decreasing as k  grows larger and the filter bank structure 
virtually becomes perfect reconstruction as k →∞  

Although the above formulas are designed for one-
dimensional signals, they could be well extended to work 
with two-dimensional images via two separable scalings 
in horizontal and vertical directions. The modified 
structure is shown in Fig.3 for the 4-channel non-uniform 
PR FB case. 

As a result, we take a gray level 256*256 “Lena” image 

as an input, choosing 
2

33,3 +
== xx βα  and 2yα = , 

2 2yβ = +  to produce a rectangular down sampled 
image, and using the system in Fig.3 to reconstruct the 
original image perfectly. The results are shown in Fig.4. 
As we can see, the down sampled image in the upper 

channel is of 182*148（ ⎥⎥

⎤
⎢⎢

⎡
⎥⎥
⎤

⎢⎢
⎡

3
256*

2
256 ）  resolutions. 

The reconstructed image is of 256*256 resolutions and is 
almost identical to the original image. The mean absolute 
value of the reconstruction error is about 0.05. 
 

Ⅴ. CONCLUSION 
 
In this paper, a perfect reconstruction filter bank using 
irrational scaling factor is proposed. The advantage of the 
new scaling algorithm is that it is a concise closed form 
formula in time domain, and it completes an irrational 
scaling in a single step with removing unwanted images 
and avoiding aliasing simultaneously. The experimental 
results have shown the perfect reconstruction after a 
several irrational scalings. 
 

APPENDIX 
 

At first, we consider [ ]nx  as a non-aliasing sampled 
version of a continuous time signal ( )tx , i.e. 
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where we have assumed the sampling period 1=T . 
Choosing the new sampling period aT 1=′ , we get 
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[ ]sinc
k

nx k k
a

∞

=−∞

⎛ ⎞= −⎜ ⎟
⎝ ⎠

∑                 (8) 

For 1>a , (8) is the same as (6). On the other hand, as for 
1<a , we pre-filter )(tx  with an ideal low pass filter 

( )ωjH  to avoid the aliasing effect caused by decimation, 
where 
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                   ( ) ( ){ } ( )sinch t ICTFT H j a atω= =  
is the impulse response of ( )ωjH . 
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where ( )txLP  denotes the low pass filtered signal of ( )tx . 
The last step is to re-sample ( )txLP  with new period 

aT 1=′ , i.e. 

[ ] ⎟
⎠
⎞

⎜
⎝
⎛=
a
nxnx LPa

 

[ ] ( )sinc
k

a x k n ak
∞

=−∞

= −∑               (9) 

Note that (9) is the same as (7), which completes the 
derivation of the alternative approach. 
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Fig. 2 (a)Original input signal. 
(b)Down sampled 2=α  signals. 
(c)Down sampled 22 +=β  
signals. (d)Perfectly reconstructed 
output signal. (e)Reconstruction error. 

(d) (e)  
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Fig.3  2D PR filter bank structure 

 

 
 

  
(a) (b) (c) (d) 

Fig.4  (a) Original input image. (b) Down sampled image in the upper channel.  
(c) Perfectly reconstructed output image. (d) Reconstruction error. 

2039



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (None)
  /CalCMYKProfile (None)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveEPSInfo false
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.00333
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.00333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00167
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /Description <<
    /JPN <FEFF3053306e8a2d5b9a306f300130d330b830cd30b9658766f8306e8868793a304a3088307353705237306b90693057305f00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /FRA <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU <FEFF005500730065002000740068006500730065002000730065007400740069006e0067007300200074006f0020006300720065006100740065002000500044004600200064006f00630075006d0065006e007400730020007300750069007400610062006c006500200066006f007200200049004500450045002000580070006c006f00720065002e0020004300720065006100740065006400200031003500200044006500630065006d00620065007200200032003000300033002e>
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


