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Plastic Deformation
of a Perforated Sheet
With Non-Uniform Circular Holes
Along the Thickness Direction
For a perforated sheet with circular holes, used in shadow masks, the diameter o
circular hole varies through the thickness, and the non-uniform circular holes are
ranged in a triangular pattern. In order to simplify the analysis, a perforated sheet w
equivalent circular holes of uniform diameter is proposed such that its plastic behavi
similar to that with the given non-uniform circular holes. In this study, a yield criterion
discussed for the perforated sheet with uniform circular holes by employing an equiv
continuum approach, which is then applied to examine the plastic deformation o
perforated sheet with non-uniform circular holes. The analytical results predicted by
theory, including those for the apparent yield stresses and strain ratios, are verified b
results obtained from the finite element analysis and also from experiments.
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1 Introduction
Perforated sheets with circular holes arranged in a triang

pattern are widely used in the metal industry. In most applicatio
the diameter of each circular hole is uniform in the thickne
direction of the perforated sheet, such as tube sheets employ
heat-exchanger equipment@1#. However, the diameter of eac
hole varies through the thickness of the perforated sheet in
case of shadow masks used in high-resolution color picture tu
@2# as illustrated in Fig. 1. Such a hole is termed ‘‘non-unifor
circular hole’’ in this paper. For the proper design and manuf
ture of products made of perforated sheets with non-uniform
cular holes, the characterization of the plastic deformation of
perforated sheet, including the definition of a yield criterion a
its associated flow rule, is fundamental.

Previous investigations of the plastic deformation of perfora
sheets@3–7# focused on sheets with circular holes that are unifo
in the thickness direction, and are arranged in a triangular pat
Those investigators proposed various yield criteria for the pe
rated sheets with the help of an equivalent continuum appro
after assuming a plane stress condition and a state of isotrop
the base metal of the perforated sheet. The yield criteria prop
by them are not applicable, however, to describe the plastic
havior of the perforated sheets with non-uniform holes.

For perforated sheets with non-uniform circular holes, the p
tic state varies in the thickness direction, and a three-dimensi
model is generally needed for a rigorous analysis of the defor
tion behavior. However, Baik et al.@8–10# proposed a simplified
two-dimensional model, assuming that a perforated sheet
non-uniform circular holes behaves in the same way as that
uniform circular holes having a mean diameter. They also con
ered the yielding at the center of the minimum ligament width
identify the overall yield condition of the perforated sheet. Ho
ever, the stress state at the center of the minimum ligament w
has been found to be inadequate to describe the initial yieldin
the perforated sheet.

In the present study, the perforated sheet with non-uniform
cular holes arranged in a triangular array, as shown in Fig. 1,
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investigated. The diameter of an auxiliary uniform circular ho
in which the plastic behavior is considered as equivalent to
for the non-uniform circular hole, was defined at the outset,
considered hole being called ‘‘equivalent uniform circular hol
in this paper. A perforated sheet with equivalent uniform circu
holes was supposed to behave in a manner similar to that
non-uniform circular holes in the plastic range of deformation
theoretical model was then developed in the present study to
termine the initial yielding of the perforated sheet with unifor
circular holes by examining the average values of the stress c
ponents along the entire minimum ligament width, instead

M.
Fig. 1 Geometry of the non-uniform circular hole
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those at the center of this ligament. An appropriate yield criter
and its associated flow rule were then developed for the pla
deformation of perforated sheets with uniform circular holes, a
subsequently applied to perforated sheets with non-uniform ci
lar holes on the basis of the proposed equivalence. The prop
theoretical models were validated by the finite element anal
and also by experimental results.

2 The Diameter of an Equivalent Uniform Circular
Hole

Yielding generally occurs in the base metal along the minim
ligament width when a perforated sheet with uniform circu
holes is loaded, as shown in Fig. 2. The effective stress in the
metal along the minimum ligament is equal to the yield stress
the base metal when the perforated sheet begins to yield. By
suming that the base metal of the perforated sheet is perfe
plastic, and yielding occurs instantaneously and uniformly acr
the thickness, the yielding loadF under a uniaxial loading of a
unit cell, as shown in Fig. 2, in the perforated sheet with no
uniform holes can be expressed as

F5E
0

t

@Py2a~z!#sydz, (1)

wheresy is the yield stress of the base metal of the perfora
sheet. The diameter of the non-uniform circular holea(z) varies
through the thickness of the perforated sheet, wherez is the dis-
tance in the thickness direction of the perforated sheet, as sh
in Fig. 3. Py is the perforation pitch andt is the thickness of the
perforated sheet, as illustrated in Fig. 2.

On the other hand, the yielding load of the perforated sheet w
equivalent uniform circular holes, where the stress is uniform
distributed across the thickness of the perforated sheet, ca
written as

F5t3~Py2ā!sy , (2)

whereā is the diameter of the equivalent uniform circular hole,
depicted in Fig. 3~b!.

The diameterā of the equivalent uniform circular hole is ob
tained by equating the yielding load for the perforated sheet w
non-uniform circular holes with that having equivalent unifor
circular holes. It follows from equations~1! and ~2! that

ā5
1

t E0

t

a~z!dz. (3)

The diameter of the equivalent circular hole evaluated by us
Eq. ~3! will be validated by the finite element analysis and expe
ments, which compare the apparent stress-strain relation of
perforated sheet with equivalent uniform circular holes with t
containing non-uniform circular holes. The detailed validation
depicted in the section of results and discussions.

Fig. 2 Triangular pattern of circular holes showing yielding
along the minimum ligament width
76 Õ Vol. 125, JANUARY 2003
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3 A Yield Criterion for the Perforated Sheet With Uni-
form Circular Holes

For the given geometrical configuration of the perforated sh
thex andy directions are chosen coincidentally with the directio
of the principal axes of anisotropy in the perforated sheet w
uniform circular holes arranged in a uniform triangular pattern,
illustrated in Fig. 4. The ligament ratior is defined as the ratio o
the ligament widthW to the perforation pitchP in a unit cell, as
displayed by the areaABCD in Fig. 4, whererx andry are the
ligament ratios in thex and y directions, respectively, and ar
given byrx5Wx /Px andry5Wy /Py whereWx , Px andWy , Py
are ligament width and perforation pitch normal to thex and y
directions, respectively. The significance of the equivalent u
form circular hole for the geometrical configuration of the perf
rated sheet with non-uniform circular holes for shadow mask
illustrated in Fig. 3. The ligament ratiory of the perforated shee
with equivalent uniform circular holes generally lies within a lim
ited range of low values of the ligament ratio, and is appro
mately 0.23 for most shadow masks. Therefore, a yield criter
was developed to investigate the plastic deformation of the pe
rated sheet with uniform circular holes for sufficiently low liga
ment ratios. Earlier works@7–10# assumed yielding to begin alon
the ligaments defined by the lines AB and AO shown in Fig.
However, the stress distribution of the perforated sheet furnis
by the finite element simulations, performed in the present stu
indicates yielding to occur in the ligament along AO when t
ligament ratiory is less than 0.5. By considering yielding only i
the ligament along AO, a theoretical model that defines a yi
criterion for the perforated sheet was developed in this paper

Fig. 3 Non-uniform circular hole and the equivalent uniform
circular hole: „a… non-uniform circular hole; and „b… equivalent
uniform circular hole

Fig. 4 Circular holes arranged in a triangular pattern
Transactions of the ASME
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3.1 Yield Criterion. Consider an equivalent sheet met
that has the same overall dimensions and mechanical properti
those of the perforated sheet metal. The stresses existing in
equivalent sheet metal are only apparent stresses, defined a
external forces divided by the equivalent areas upon which
forces act. LetSx andSy be the apparent stresses acting in the u
cell ABCD, as shown in Fig. 4, in thex andy directions, respec-
tively, which are presumed to be uniform in the equivalent co
tinuum model. The (x,y) components of the apparent stress c
be transformed into those referred to the~j,h! coordinates under
biaxial loading in thex andy directions as indicated in Fig. 4. It i
easily shown that

Sj5
1

4
~Sx13Sy!,

Sh5
1

4
~3Sx1Sy!, (4)

Sjh52
A3

4
~Sx2Sy!.

Dividing the apparent stresses by the corresponding ligamen
tios, the mean values of the true stresses across the ligament
base metal are obtained as

s̄h5
Sh3Ph

Wh
5

Sh3Py

Wy
5

Sh

rh
5

1

4ry
~3Sx1Sy!, (5)

s̄jh5
Sjh3Ph

Wh
5

Sjh3Py

Wy
5

Sjh

rh
52

A3

4ry
~Sx2Sy!, (6)

where s̄h and s̄jh are the mean true normal and shear stres
across the ligament in theh direction. It should be noted tha
according to the geometry of the perforation,Wh5Wy , Ph
5Py , andrh5ry .

In order to obtain the mean true normal stress along the l
ment in thej direction, it does not seem to be realistic to define
as the ratio of the apparent stress,Sj , to the corresponding liga
ment ratio,rj . In this study, a factor ofk is introduced to modify
the definition of the mean true normal stress in thej direction,
which may be expressed as

s̄j5
k3Sj

rj
5

k

rx
3

1

4
~Sx13Sy! (7)

whererj5rx according to the geometry of the perforation pa
tern, displayed in Fig. 4. In the present study, a theoretical mo
using the method of complex stress potentials based on the th
of elasticity, developed by Isida and Igawa@11#, was adopted to
calculate the distribution of the transverse normal stresssj along
the minimum ligament width AO. The value ofk, which is a
function of the ligament ratio@12#, was then determined accordin
to Eq. ~7!, and was plotted in Fig. 5 forry<0.5.

As mentioned earlier, this study assumes the base metal o
perforated sheet to be isotropic and the plastic deformation of

Fig. 5 Values of k for various ligament ratios
Journal of Engineering Materials and Technology
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perforated sheet to occur under plane stress condition. Unde
plane-stress condition, the von Mises yield criterion applied to
base metal of the perforated sheet furnishes

s̄j
22s̄js̄h1s̄h

213s̄jh
2 5Yb

2, (8)

where Yb is the uniaxial yield stress of the base metal of t
perforated sheet. The yield criterion for the perforated shee
obtained by substituting the stresses in~5!, ~6!, and ~7! into the
von Mises yield criterion~8!. The result is

S 1

16D F S k2

rx
22

3k

rxry
1

18

ry
2DSx

21S 6k2

rx
2 2

10k

rxry
2

12

ry
2DSxSy

1S 9k2

rx
2 2

3k

rxry
1

10

ry
2DSy

2G5Yb
2. (9)

The yield criterion expressed by~9! is not general, however, fo
the plastic behavior under arbitrary stress states. We therefore
a shear term,Sxy , into the yield criterion~9!, to obtain the modi-
fied form

S 1

16D F S k2

rx
22

3k

rxry
1

18

ry
2DSx

21S 6k2

rx
2 2

10k

rxry
2

12

ry
2DSxSy

1S 9k2

rx
2 2

3k

rxry
1

10

ry
2DSy

2G1N3Sxy
2 5Yb

2 (10)

whereN is the anisotropic coefficient of the shear term, which
yet to be determined.

For perforated sheets with uniform circular holes arranged i
triangular pattern, there are three axes of symmetry for the a
ciated state of anisotropy. Since the degree of anisotropy is s
@7#, the anisotropic behavior of the perforated sheet can be
proximately described by assuming a state of planar isotro
Then the yield stress in pure shear with respect to the anisotr
axes should be the same as that in simple shear with respect t
same axes. A state of pure shear is given by

Sx5t, Sy52t and Sxy50, (11)

wheret is the associated yield shear stress. Substituting Eq.~11!
into Eq. ~10!, we obtain

t2

16S 4k2

rx
2 1

4k

rxry
1

40

ry
2D 5Yb

2. (12)

In the case of simple shear represented by

Sx5Sy50, and Sxy5t, (13)

we have

N3t25Yb
2. (14)

Considering the equality oft given by ~12! and ~14!, we obtain
the coefficientN of the shear term as

N5
1

16S 4k2

rx
2 1

4k

rxry
1

40

ry
2D . (15)

The yield criterion is now determined completely, and is rewritt
as

S 1

16D F S k2

rx
22

3k

rxry
1

18

ry
2DSx

21S 6k2

rx
2 2

10k

rxry
2

12

ry
2DSxSy

1S 9k2

rx
2 2

3k

rxry
1

10

ry
2DSy

21S 4k2

rx
2 1

4k

rxry
1

40

ry
2DSxy

2 G5Yb
2.

(16)

If the uniform circular hole diameter is zero,rx5ry51, and the
apparent stresses of the perforated sheet are the same as the
true stresses in the base metal, wherek is also equal to unity, the
yield criterion ~16! reduces to the von Mises yield criterion.
JANUARY 2003, Vol. 125 Õ 77

license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



r

o

t

a
t
t

is
the
ry
try.

lso

of
in-
ses,

d by

er-
ow

as
eet.

46
eet,
the
d
in

u-
ile
nd
ret-
re-

ir-
ed
d to

ng’s
re-

ely

198
ely
-
by
ess
the
ess

lar
ni-
w

Downlo
The apparent yield stresses for the perforated sheet can be
dicted by using the yield criterion. Assuming a uniaxial tension
the y direction, the apparent yield stressYy can be expressed as

Yy543S 9k2

rx
2 2

3k

rxry
1

10

ry
2D 21/2

Yb . (17)

Similarly, the apparent yield stress in thex direction,Yx , can be
determined from

Yx543S k2

rx
22

3k

rxry
1

18

ry
2D 21/2

Yb . (18)

Considering a uniaxial tension in the direction inclined at an an
of 45° to thex direction, the apparent yield stressY45 is obtained
as

Y45583S 20k2

rx
2 2

12k

rxry
1

56

ry
2D 21/2

Yb . (19)

3.2 Associated Flow Rule. The associated flow rule can b
established by assuming that the yield functionf (Si j ) is identical
to the plastic potential. The components of the apparent strain
ėi j are therefore defined as

ėi j 5l̇
] f

]Si j
, (20)

wherel̇ is a factor of proportionality. Since the apparent strainei j
may be substituted for the apparent strain rate as the stress
do not vary significantly over a small range of strains@13#, Eq.
~20! becomes

ei j 5l
] f

]Si j
. (21)

wherel is a positive scalar quantity.
Using the yield function of~16! substituted into the associate

flow rule ~21!, we obtained the normal strains as

ex5lS 1

4D 2F2S k2

rx
22

3k

rxry
1

18

ry
2DSx1S 6k2

rx
2 2

10k

rxry
2

12

ry
2DSyG ,

(22)

ey5lS 1

4D 2F S 6k2

rx
2 2

10k

rxry
2

12

ry
2DSx12S 9k2

rx
2 2

3k

rxry
1

10

ry
2DSyG .

(23)

For a uniaxial tension in they direction, the apparent strain rati
Ry defined as the ratio of the negative apparent strainex in the x
direction to the apparent strainey in the y direction, can be ex-
pressed as

Ry52
ex

ey
52

S 6k2

rx
2 2

10k

rxry
2

12

ry
2D

2S 9k2

rx
2 2

3k

rxry
1

10

ry
2D . (24)

Similarly, for a uniaxial tension in thex direction, the apparen
strain ratioRx is found to be

Rx52
ey

ex
52

S 6k2

rx
2 2

10k

rxry
2

12

ry
2D

2S k2

rx
22

3k

rxry
1

18

ry
2D . (25)

4 Finite Element Analysis
The finite element simulations were performed to analyze

validate the analysis of the local deformation of the perfora
sheet subjected to uniaxial and biaxial tension. In view of
symmetry in the geometric configuration of the perforated shee
78 Õ Vol. 125, JANUARY 2003
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repetitive portion, as depicted by the area OFAE in Fig. 4,
adopted as a unit cell for the finite element simulations. For
deformation simulation of the unit cell OFAE, the symmet
edges FO and OE have to be fixed in the direction of symme
Under a uniaxial tension in thex direction, the side FA is given a
constant displacement and the deformation of the side EA is a
assumed uniform. Under a uniaxial tension in they direction, the
side AE is given a constant displacement and the deformation
the side FA is also assumed uniform. The simulation results,
cluding the apparent stress-strain curve, apparent yield stres
and apparent strain ratios, are compared with those predicte
both the theoretical analysis and experiments.

The finite element simulations were first conducted for the p
forated sheet with non-uniform circular holes, used in shad
masks illustrated in Fig. 6~b!, in order to verify the theoretical
prediction of the equivalent uniform circular hole diameter,
well as the apparent stress-strain relation for the perforated sh
The diameter of the non-uniform circular hole varies from 0.2
mm to 0.120 mm in the thickness direction of the perforated sh
as illustrated in Fig. 1. The apparent stress-strain relation for
perforated sheets with uniform circular holes, within a limite
range, are also simulated by the finite element model, shown
Fig. 6~a!. The predicted diameter of the equivalent uniform circ
lar holes for the shadow masks is approximately 0.20 mm, wh
the uniform circular holes of diameters, 0.18 mm, 0.20 mm a
0.22 mm are adopted to obtain the prediction values. The theo
ical model is justified by comparing the apparent stress-strain
lation for the perforated sheet with uniform and non-uniform c
cular holes. The finite element software ABAQUS was employ
in the present study, and the plane stress element was use
perform simulations.

5 Experimental Work
Invar ~Fe-36Ni! and stainless steel~AISI-304! were used as the

base materials to manufacture various perforated sheets. You
modulus and Poisson’s ratio for invar are 151 GPa and 0.28,
spectively, and the corresponding flow curve is approximat
represented by the empirical equations̄5229.911280«̄ (MPa).
Young’s modulus and Poisson’s ratio for stainless steel are
GPa and 0.30, respectively, and its flow curve is approximat
given by s̄530811449«̄ (MPa). The significance of the adop
tion of an equivalent uniform circular hole could be established
comparing the experimental results for the apparent yield str
ratios and the apparent strain ratios with those predicted by
proposed yield criterion under the assumption of a plane-str
condition.

The 0.137 mm thick perforated sheet with non-uniform circu
holes made of invar was investigated to verify the equivalent u
form circular hole for the given non-uniform hole used in shado

Fig. 6 Finite element models for a unit cell: „a… two-
dimensional; and „b… three-dimensional
Transactions of the ASME
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masks. The invar sheet metal was etched to make the perfor
with various uniform circular holes with a given perforation pitc
and tensile tests were performed in order to confirm the equiva
uniform circular hole model. The selected hole diameters w
0.18 mm, 0.20 mm and 0.22 mm, and a perforation pitch of 0
mm was adopted for the purpose.

The experimental results for the uniaxial tensile tests, furni
ing the apparent yield stress ratios and apparent strain ratios,
used not only to verify the theoretical results but also to confi
the results determined by the finite-element method. Perfor
sheets with ligament ratiosry50.25, 0.3, 0.4 and 0.5 were pre
pared for the experimental work. The sheets were cut from a
mm thick stainless steel sheet along both thex andy directions to
prepare the tensile specimens. The distance between the cent
two adjacent holes was subsequently recorded to determine
material flow during the deformation. The average distance
tween the centers of two adjacent holes in the loading and
transverse directions was measured after the test, and then
pared with that before the test to evaluate the apparent s
ratios.

6 Results and Discussions
The maximum and minimum diameters of the non-unifo

holes in a 0.137 mm thick shadow mask are 0.246 mm and 0
mm, respectively, as depicted in Fig. 1, while the diameter of
predicted equivalent uniform circular hole is found to be 0.20 m
approximately. The relation between the apparent stress and
parent strain obtained from the finite element analysis and exp
ments, for perforated sheets with the non-uniform circular ho
and also those with various diameters of uniform circular ho
are shown in Figs. 7 and 8, respectively. It can be seen from b

Fig. 7 Apparent stress and strain relation obtained from FEM
for uniaxial tension in the y direction

Fig. 8 Apparent stress and strain relation obtained from ex-
periments for uniaxial tension in the y direction
Journal of Engineering Materials and Technology
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the figures that the variation of the apparent stress with appa
strain for the perforated sheet with non-uniform circular holes
very close to that for the perforated sheet with uniform circu
holes having a diameter of 0.20 mm. This observation agrees v
well with that predicted by the theoretical model.

The stress distributions along the ligaments AO and AB, sho
in Fig. 4, were analyzed by the finite element method for t
perforated sheet with ligament ratios ofry50.154, 0.285, 0.462,
0.515, and 0.615, respectively, to confirm the deformation mo
for low ligament ratios. The true effective stress distributio
along the minimum ligaments obtained by the finite eleme
analysis reveal that the location of the maximum true effect
stress is very nearly in the minimum ligament when the ligam
ratio is small. This result lends support to the assumption that
initial yielding occurs in the minimum ligament.

The effectiveness of the proposed yield criterion for the per
rated sheet with uniform circular holes and low ligament ratios
established by comparing the predicted values of the appa
yield stress ratios,Yx /Yy and Y45/Yb , and the apparent strain
ratios, Rx and Ry , with those obtained from the finite elemen

Fig. 9 Comparison of apparent yield stress ratios „Yx ÕYy…

Fig. 10 Comparison of apparent yield stress ratios „Y45 ÕYb…

Fig. 11 Comparison of the apparent strain ratios Rx
JANUARY 2003, Vol. 125 Õ 79
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analysis, as well as with the experimental results. A graph
comparison of the apparent yield stress ratios,Yx /Yy is made in
Fig. 9, which indicates that the predicted values agree with th
obtained from the finite element analysis and from experime
Over a range of relatively large ligament ratios, the theoret
model predicts slightly lower apparent yield stress ratios, tho
the difference is not significant. The apparent yield stress ra
Y45/Yb , predicted by the proposed yield criterion and deriv
from the experimental tests are shown in Fig. 10. The agreem
is seen to be satisfactory, although a slightly larger differenc
noted. The discrepancy is apparently due to the assumptio
planar isotropy used in the derivation of the coefficient of t
shear term in the yield criterion.

Figures 11 and 12 present the results for the apparent s
ratios,Rx andRy , respectively, obtained by the theoretical ana
sis, the finite element simulations, and the experimental data
various ligament ratios. It is seen in Fig. 11 that the results ag
with one another both in trend and in magnitude forRx . However,
the discrepancy between the values ofRy obtained from the three
methods is significantly higher when the ligament ratio is lar
than 0.4, as seen in Fig. 12. This indicates the need for fu
research to improve the theoretical model to accomplish a be
description of the plastic behavior of perforated sheets with li
ment ratio greater than 0.4.

7 Conclusions
This study introduced the concept of equivalent uniform circ

lar holes to analyze the plastic deformation of perforated sh
with non-uniform circular holes used in shadow masks. T
stress-strain relation for perforated sheets containing non-unif
circular holes, obtained by the finite element method and exp

Fig. 12 Comparison of the apparent strain ratios Ry
80 Õ Vol. 125, JANUARY 2003
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ments, was compared with that predicted by the proposed the
ical model to demonstrate the effectiveness of the present the

A new yield criterion and its associated flow rule were al
developed for the analysis of the plastic deformation of perfora
sheets with equivalent uniform circular holes. The assumption
the location of plastic yielding for the perforated sheet is gener
not applicable over the whole range of the ligament ratio. Ho
ever, the yielding of the perforated sheet with uniform circu
holes, and with ligament ratios smaller than 0.5, is found to oc
along the ligament width AO shown in Fig. 4. The mean values
the stress components in the base metal along the ligament w
AO were therefore considered in this paper to examine the yi
ing of the perforated sheet. The validity of the proposed yi
criterion was confirmed by comparing the predicted apparent y
stress ratios and apparent strain ratios with those obtained by
finite element analysis and experiments. The agreement was fo
to be good for low ligament ratios.
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