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Abstract

The behavior of a closed co-extrusion process for the preparation of gradient-index polymer optical fibers is modeled theoretically. In
particular, the effects of the essential parameters such as the volume ratios of the inner/outer layer, diffusivities of monomers, diffusion
length, and monomer concentrations, on the distribution of refractive index (RI) are examined. The applicability of the model derived is
justified by comparing with the experimental results from the literature. The latter are gathered from a system using poly(methyl metha-
crylate) as the host polymer, and methyl methacrylate and benzyl methacrylate as monomers. Our results show that the RI distribution of the
fiberspreparedby theco-extrusionprocesscanbesignificantlyadjustedby theessential parameters.q 1998 Elsevier Science Ltd. All rights reserved.
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1. Introduction

Owing to its versatile applications in optical fiber com-
munication and imaging, gradient-index (GRIN) polymer
has become a very attractive material in recent years [1–5].
Various GRIN polymer optical fibers were prepared suc-
cessfully on a laboratory scale. Ishigure et al. [6], for
example, produced a high bandwidth GRIN polymer optical
fiber, which exhibits gigabit signal transmission over 100 m
using a 650 nm high speed laser diode. A GRIN polymer
optical fiber amplifier with a high gain in the visible region
was prepared successfully by Tagaya et al. [7] through dop-
ing Rhodamine B dye into the core of the fiber. GRIN poly-
mer lenses made from polymer fibers have been used as the
essential components of the Selfoc lens array (SLA) for fax
machines [8]. One of the specific characteristics of a GRIN
polymer is that it has a parabolic refractive index (RI) dis-
tribution. This is different from the conventional optical
materials, which usually have a stepwise variation in RI.

One of the successful processes for the preparation of
GRIN polymer fibers is the extrusion process, which com-
prises an internal diffusion and surface evaporation (IDSE)
operation [8–12], and a multi-layer co-extrusion procedure
[13–17]. A closed co-extrusion process was developed by

us to prepare GRIN polymer fibers recently [15–17]. We
showed that this new process is capable of overcoming sev-
eral major drawbacks in the conventional extrusion pro-
cesses, e.g. poor reproducibility and low production rate.
The RI profile of the GRIN polymer fiber prepared was
found to be affected by the nature of the reactant mixtures,
e.g. types of monomer and host polymer used and their
compositions, and the operating conditions, e.g. the feeding
speeds of mixtures, diffusivities of monomers, temperature,
and the length of enclosed (diffusion) zone. Apparently, a
mathematical model which is able to describe the quantita-
tive behavior of the system under consideration is highly
desirable, not only for the understanding of the effects of
various parameters on the performance of the process, but
also for the design of laboratory-scaled experiments.

In this study, a mathematical model for the closed co-
extrusion process developed previously [15–17] is derived.
In particular, the RI profile of a GRIN polymer fiber is
modeled quantitatively. The effects of the essential param-
eters, such as the volume ratios of the inner/outer layer, the
diffusivities of monomers, diffusion length, and monomer
concentration, on the distribution of RI are simulated.

2. Experimental

By referring to Fig. 1, reactant 1, which contained the
solution of polymer PMMA and monomers MMA and
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BzMA, was placed in material supply tank1. Similarly,
reactant 2, which contained the solution of polymer
PMMA and monomer MMA, was placed in material supply
tank 2. These solutions were heated to 608C. The RIs of
PMMA and PBzMA are 1.490 and 1.568 respectively.
Gear pumps3 and 4 were used to feed reactants 1 (inner
layer) and 2 (outer layer) into a concentric die with

volumetric flow rates 0.5 cm3 min¹1 and 1.5 cm3 min¹1

respectively. A bi-layer composite filament was then
extruded at a constant speed out of the orifice of the die5
and fed into an enclosed (diffusion) zone6, which was
maintained at a constant temperature. Inside the diffusion
zone, monomer BzMA diffused toward the outer layer, and
monomer MMA toward the inner layer. This leads to a
variation in the concentration profiles of monomers, and,
therefore, the RI distribution in the filament. After passing
the diffusion zone, the filament was fed to a hardening zone
7 where it was hardened by four UV lamps of 60 W each. A
polymer fiber with a certain RI distribution is withdrawn by
a take-up roll8. Two sets of experimental conditions [15,16]
for comparing with the mathematical modeling results are
shown in Table 1.

3. Modeling

A schematic representation of the system under consid-
eration is shown in Fig. 2. Here,Rf denotes the radius of
inner layerRandL the radius and the length of the diffusion
zone respectively,r the radial distance, andz the distance
measured from the top of the diffusion zone. Suppose that
the operation is isothermal, and the diffusivities of BzMA
and MMA are functions of the mass fraction of PMMA in
the reactant mixtures only. Since the density of the filament
remains approximately the same in the diffusion zone, we

Fig. 1. Schematic representation of the co-extrusion process considered.1
and 2: material supply tanks;3 and 4: gear pumps;5: concentric die;6:
enclosed (diffusion) zone;7: hardening zone;8: take-up roll.

Table 1
Two sets of experiment conditions for comparing with the mathematical
results

Item aa bb

Mixture 1 (inner layer)
PMMA (%) 58 58
BzMA (%) 28 28
MMA (%) 14 14

Mixture 2 (outer layer)
PMMA (%) 60 60
BzMA (%) 0 0
MMA (%) 40 40

T (8C) 80 90
Rf (mm) 0.25 0.42
R (mm) 0.5 0.83
u (cm s¹1) 4.244 4.244
L (cm) 45 45

a Data from Ref. [15].
b Data from Ref. [16].

Fig. 2. Coordinates adopted in the mathematical modeling:r andz are the
radial and axial distances respectively,L is the length of diffusion zone,Rf

and R are the radii of the inner and outer layers of the diffusion zone
respectively.
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assume that the change in the bulk density of the filament is
negligible. Suppose that MMA will not diffuse during the
hardening period. In this case, the variation of the mass
fraction x of MMA or BzMA at a steady-state operation
can be described by

u
]x
]z

¼ Dr
]2x

]r2 þ
1
r

]x
]r

� �
þ Dz

]2x

]z2 (1)

whereu denotes the extrusion velocity,t the time scale, and
Dr andDz the effective diffusivities of MMA or BzMA in
ther andzdirections respectively. The boundary conditions
associated with Eq. (1) are assumed as follows:

x is finite at r ¼ 0 (2a)

]x
]r

¼ 0 at r ¼ R (2b)

Eq. (2b) implies that the wall of the diffusion zone is
impenetrable to MMA or BzMA. The inlet conditions for
BzMA are

x¼ xBzMAi , 0 , r , Rr (2c)

x¼ 0, Rf , r , R (2d)

wherexBzMAi is the inlet mass fraction of BzMA in the inner
layer of the diffusion zone. The inlet conditions for MMA
are

x¼ xMMAi , 0 , r , Rr (2e)

x¼ xMMAo , Rf , r , R (2f)

wherexMMAi andxMMAo are the inlet mass fractions of MMA
in the inner and the outer layers of the diffusion zone respec-
tively. For conditions of practical importance, the Peclect
number (uL/Dz) is large, i.e. the transport of MMA or BzMA
due to convective motion is much significant than that due
to molecular diffusion. Therefore, the last term on the right-
hand side of Eq. (1) is much smaller than the term on the
left-hand side. In this case, Eq. (1) can be rewritten in the
following dimensionless form:

]xp

]zp
¼

]2xp

]rp2 þ
1
rp

]xp

]rp
(3)

where

x p ¼
x
x0

(3a)

zp ¼
zDr

uR2 (3b)

r p ¼
r
R

(3c)

For BzMA, x0 ¼ xBzMAi, andx0 ¼ xMMAo ¹ xMMAi ; xMMAd

for MMA. Since the diffusivity is assumed to remain con-
stant, the solutes do not influence each other. The

corresponding boundary and inlet conditions become

x p is finite at r p ¼ 0 (4a)

]xp

]rp
¼ 0 at r p ¼ 1 (4b)

For BzMA, we have

x p ¼ 1, 0 , r p , Rp
f (4c)

x p ¼ 0, Rp
f , r p , 1 (4d)

and for MMA we have

x p ¼ xMMAi =xMMd ; xp
MMAi , 0 , r p , Rp

f (4e)

x p ¼ xMMAo =xMMd , Rp
f , r p , 1 (4f)

whereRp
f ¼ Rf =R. Solving Eq. (3) subject to Eqs. (4a)–(4d)

gives the spatial variation of BzMA:

x p ¼ Rp2
f þ 2Rp

f

∑̀
m¼ 1

J1(bmRp
f )

bmJ2
0(bm)

exp( ¹ b2
mzp )J0(bmr p )

(5)

Similarly, solving Eq. (3) subject to Eqs. (4a), (4b), (4e), and
(4f) yields the spatial variation of MMA:

x p ¼ (1¹ Rp2
f ) ¹ 2Rp

f

∑̀
m¼ 1

J1(bmRp
f )

bmJ2
0(bm)

3 exp( ¹ b2
mzp )J0(bmr p ) þ xp

MMAi ð6Þ

The dimensionless mass fractions of BzMA and MMA at
the outlet of the diffusion zone,xp

BzMA and xp
MMA respec-

tively, can be obtained from Eqs. (5) and (6) as

xp
BzMA ¼ Rp2

f þ 2Rp
f

∑̀
m¼ 1

J1(bmRp
f )

bmJ2
0(bm)

3 exp( ¹ b2
mzp

BzMA)J0(bmr p ) ð7Þ

xp
MMA ¼ (1¹ Rp2

f ) ¹ 2Rp
f

∑̀
m¼ 1

J1(bmRp
f )

bmJ2
0(bm)

3 exp( ¹b2
mzp

MMA )J0(bmr p ) þ xp
MMAi ð8Þ

whereJ0 andJ1 are the Bessel functions of the first kind of
orders 0 and 1 respectively,bm is the positive root of
J1(bm) ¼ 0. The scaled variables are defined by

zp
BzMA ¼

LDBzMA

uR2 (8a)

zp
MMA ¼

LDMMA

uR2 (8b)

xp
BzMA¼

xBzMA

xBzMAi
(8c)

xp
MMA ¼

xMMA

xMMAd
(8d)
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Lorentz [18] and Lorenz [19] suggested that the optical
property of a non-absorbing media and its chemical struc-
ture correlate through an additive rule. The RInD of a com-
posite material, for example, can be represented by [20]

nD ¼

��������������
1þ 2f

1¹ f

r
(9)

with

f ¼

∑
i

n2
D, i ¹ 1

n2
D, i þ 2

xi

ri∑
i

xi

ri

(9a)

wherenD, i andri being, respectively, the RI and density of
componenti.

4. Results and discussion

4.1. Justification of the mathematical modeling with the
experimental results

Figs 3 and 4 show the variation in the difference between
the RI at the center of a fiber and that at a scaled radial
distance from the centerr*, Dn, as a function ofr*. Both
the data from the experimental conditions of Table 1 and the
results predicted by the present model are shown in the
figures. The comparison of the modeling data with the
experimental data in these two figures shows a satisfactory
agreement. This suggests that the present mathematical
modeling can successfully predict the RI distribution of
the GRIN polymer fibers from the closed co-extrusion

process with [16] or without [15] the core–shell separation
die design. Note that in Fig. 3,Dn almost vanishes in the
region near the boundary of the enclosed zone (r* $ 0.75).
This is due to the fact that the boundary is impenetrable to
BzMA. However, the distribution ofDn in the region of 0#
r* # 0.62 (note: data from Ref. [15] by taking the linear
portion of Dn versusrp2) is approximately parabolic. For
the imaging application, the portion of the fiber correspond-
ing to r* $ 0.62 will be cut off by a core–shell die. For the
case of Fig. 4, the experimental data in the regionr* $ 0.6
without the non-parabolic RI distribution are not shown.
This is because the fiber portion corresponding to this region
was cut off by the core–shell separation die design at the
end of the diffusion zone. In the data fitting procedure, since
the effective diffusivities of monomersDBzMA andDMMA are
not available in the literature, they are treated as adjustable
parameters. A least squares criterion is chosen for the esti-
mation ofDBzMA andDMMA. The estimated values ofDBzMA

andDMMA are in the range of 10¹5–10¹6 cm2 s¹1, which are
in the same order of magnitude as a small molecular ethyl
acetate diffused in PMMA [21]. Note that, although both
DBzMA and DMMA increase with the temperature, the ratio
(DMMA/DBzMM) decreases with the temperature. As will be
discussed later, this ratio should also be considered in the
design stage.

4.2. Applications of the mathematical modeling to the co-
extrusion process

4.2.1. Different volume ratios of the inner/outer layer, Rp
f

The simulated variations inDn as a function ofrp2 for
variousRp

f (radius of inner layer/radius of diffusion zone)
are illustrated in Fig. 5. This figure shows that, for a fixedr*,

Fig. 3. Variation ofDn as a function ofr*. The experimental conditions are
shown in column (a) of Table 1. The estimated values of the adjustable
parameter areDBzMA ¼ 4.72 3 10¹6 cm2 s¹1 and DMMA ¼ 1.18 3

10¹5 cm2 s¹1. 3 : experimental data; :- - - values based on the present
model.

Fig. 4. Variation ofDn as a function ofr*. The experimental conditions are
shown in column (b) of Table 1. The estimated values of the adjustable
parameter areDBzMA ¼ 6.55 3 10¹6 cm2 s¹1 and DMMA ¼ 2.62 3

10¹5 cm2 s¹1. 3 : experimental data; - - -: present model.
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Dn increases with increasingRp
f , passes through a maximum

(at Rp
f ¼ 0:7), and then decreases with a further increase in

Rp
f ( ¼ 0.9). Also, the smaller theRp

f , the closer the anaclas-
tic point of the RI curve to the center of a fiber. Note that if
the distribution of RI is parabolic, i.e.

nD(r p ) ¼ nD(r p ¼ 0) 1¹
A
2

rp2
� �

(10)

whereA is constant, then a plot ofDn versusrp2 yields a
straight line. Fig. 5 shows that, ifRp

f is too small or too large,
theDn value and the portion of the parabolic RI distribution
are too small to satisfy the requirements of imaging applica-
tions. This result can be explained as below. IfRp

f is too
small, the fiber contains only a small portion of the high RI
monomer BzMA. Also, it cannot diffuse too far to the outer
layer. Thus, theDn value and the parabolic RI distribution
will be too small in this case. On the other hand, ifRp

f is too
large, the monomer BzMA will be uniformly distributed
inside the fiber and results in the same kind of the RI dis-
tribution as the above case. In other words, if all the other
conditions are fixed, there exists an optimumRp

f which leads
to a RI distribution most close to a parabolic distribution and
a correspondingDn value as a GRIN polymer fiber for
imaging applications.

4.2.2. Different initial concentrations of the monomer BzMA
The simulated variations ofDn as a function ofrp2 for

various initial concentrations of BzMA from 0.084 to the
maximum value of 0.42 in the inner layer are presented in
Fig. 6. The magnitude ofDn is found to increase with
increasing initial concentration of BzMA, since BzMA
has a higher RI than MMA. This result is also confirmed
by the experimental data of Ref. [16].

4.2.3. Different magnitudes of process parameters zp
BzMA

and zpMMA

Fig. 7 shows the simulated variation ofDn as a function of
rp2 for variouszp

BzMA andzp
MMA . This figure suggests that a

fiber with a largerzp
BzMA andzp

MMA is capable of having a
larger region in which the distribution of RI is close to a
parabolic distribution. The magnitude ofDn, however,
decreases with the increase in bothzp

BzMA and zp
MMA . By

Fig. 5. Simulated variation ofDn as a function ofrp2 at variousRp
f for the

casezp
BzMA ¼ 0:02 andzp

MMA ¼ 0:05. The initial composition of a fiber is the
same as that in Fig. 3. (a)Rp

f ¼ 0:1; (b)Rp
f ¼ 0:3; (c) Rp

f ¼ 0:5; (d) Rp
f ¼ 0:7;

(e) Rp
f ¼ 0:9.

Fig. 6. Simulated variation ofDn as a function of rp2 at various
initial concentrations of BzMA in the inner core for the caseRp

f ¼ 0:5,
zp
BzMA ¼ 0:02 andzp

MMA ¼ 0:05. Inner: 58% PMMA; outer: 40% MMA and
60% PMMA. (a) xBzMAi ¼ 0:420; (b) xBzMAi ¼ 0:336; (c) xBzMAi ¼ 0:252;
(d) xBzMAi ¼ 0:168; (e)xBzMAi ¼ 0:084.

Fig. 7. Simulated variation ofDn as a function ofrp2 at various values
of zp

BzMA and zp
MMA for the case Rp

f ¼ 0:8, zp
BzMA ¼ k 3 0:02, and

zp
MMA ¼ k 3 0:05, k being a proportional constant. Inner: 28% BzMA,

14% MMA, and 58% PMMA; outer: 40% MMA and 60% PMMA. (a)
k¼ 0.25; (b)k ¼ 0.5; (c)k ¼ 1; (d) k ¼ 2; (e)k ¼ 4.
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referring to Eqs. (8a) and (8b), a largezp
BzMA (zp

MMA ) means a
large monomer diffusion coefficientsDBzMA (DMMA), a small
extrusion velocityu, a small fiber radiusR, and/or a large
diffusion lengthL. It results in a uniform distribution of both
monomers BzMA and MMA in the fiber. Hence, a smallDn
value is formed with increasingzp

BzMA andzp
MMA . Note that

the qualitative behavior of the distribution ofDn near the
center of a fiber varies withzp

BzMA andzp
MMA .

The simulated variation ofDn as a function ofrp2 for
various zp

MMA at a fixed zp
BzMA is illustrated in Fig. 8.

According to Eqs. (8a) and (8b), this is equivalent to varying
DMMA at fixedDBzMA. As can be seen from Fig. 8, the larger
the ratio zp

MMA =z
p
BzMA, or DMMA/DBzMA, the lower theDn

value, and the smaller the slope of theDn versus rp2

curve near the center of a fiber. This result suggests that
the RI distribution of the GRIN polymer fiber can be
adjusted through the processing parameters of the co-
extrusion parameters.

A further test of the present mathematical modeling is
shown in Fig. 9. By adjusting the composition of the reac-
tants and the process parameters, a GRIN polymer fiber with
about 70% of its region having a near parabolic RI distribu-
tion can be produced by the co-extrusion process examined.

5. Conclusions

A mathematical model was successfully developed to
describe the RI distribution of the GRIN polymer fiber pre-
pared by the closed co-extrusion process. An optimum value
of the volume ratios of the inner/outer layer which cannot be
too large or too small is required for obtaining a GRIN
polymer fiber with an imaging quality. Also, theDn values
increased with increasing initial concentration of the mono-
mer BzMA in the reactant. The process parameters, such as
monomer diffusion coefficients, fiber radius, extrusion
velocity, and the diffusion length, show a significant effect
on the RI distribution of the polymer fiber.

Appendix A Nomenclature

A constant defined in Eq. (10)
Dr diffusivity in the r direction
Dz diffusivity in the z direction
Jn Bessel functions of the first kind of ordern
L length of the diffusion zone
nD RI
r radial distance
R radius of the diffusion zone
Rf radius of inner layer
u extrusion velocity
x mass fraction
xBzMAi initial mass fraction of BzMA in the inner layer
xMMAd xMMAo ¹ xMMAi

xMMAi initial mass fraction of MMA in the inner layer
xMMAo initial mass fraction of MMA in the outer layer
z distance measured from the top of the diffusion zone

Appendix A.1 Greek letters

bm positive root ofJ1(bm) ¼ 0
r i density of componenti
f parameter defined in Eq. (9a)

Appendix A.2 Superscript

p dimensionless symbol

Fig. 8. Simulated variation ofDn as a function ofrp2 at various values
of zp

MMA for the caseRp
f ¼ 0:5 and zp

BzMA ¼ 0:02. Inner: 28% BzMA,
14% MMA, and 58% PMMA; outer: 40% MMA and 60% PMMA.
(a) zp

MMA ¼ 0:03; (b) zp
MMA ¼ 0:04; (c) zp

MMA ¼ 0:05; (d) zp
MMA ¼ 0:08;

(e) zp
MMA ¼ 0:1.

Fig. 9. Simulated variation ofDn as a function ofrp2 for the caseRp
f ¼ 0:75,

zp
BzMA ¼ 0:04 andzp

MMA ¼ 0:06. Inner: 30% BzMA, 12% MMA, and 58%
PMMA; outer: 40% MMA and 60% PMMA.
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