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Abstract
In this paper, a model order reduction technique for MEMS heat-transfer
system-level modeling is presented. A 3D heat-transfer solver, which is
appropriate for MEMS thermal analysis, is implemented using the
finite-difference method (FDM). The numerical models generated by the
FDM solver can be reduced into low-order macromodels by an
Arnoldi-based technique. This order reduction operation has been
implemented as an automatic process. Because the macromodels are
generated from the finite-element or the finite-difference (FEM/FDM)
approximation of the original solid models, they preserve the original
characteristics for most operation conditions. Also, since the orders of the
macromodels are much less than those of their original FEM/FDM models,
the computational costs are significantly reduced by about two to four orders
of magnitude. This performance improvement thus makes the macromodels
compatible for system-level or circuit simulations, which is essential for
overall performance prediction. We also demonstrate that the macromodel
results are in good agreement with the experimental results. The
macromodels are also converted into the circuit component modules written
by the hardware description language, and are inserted into a circuit
simulator for system-level simulations with other circuit components.

1. Introduction

There are numerous heat-transfer applications in MEMS, such
as thermal actuation, uncooled infrared sensing, chip cooling,
temperature sensing, PCR and so on [1–5]. Most of the
applications need feedback loops for precise control, sensing
or actuation, and thus require compact and accurate heat-
transfer models for system-level modeling [6]. The typical
approach for creating compact models is to use the lumped-
element methods [6–8]. In order to extract the lumped
elements of the system, the device has to be divided into a
few heat-transfer sub-systems which have simple geometrical
shapes. Then the heat capacity of each sub-system can be
approximated as a lumped constant heat capacity (Cth), and
the energy transportation mechanisms of each sub-system,
such as conduction, convection and radiation effects, can be
approximated as lumped heat resistors (Rth). Alternatively,
the lumped elements can also be represented as the thermal

∗ This paper is the extension of the paper that was orally presented in
Transducers ’03 (Paper ID: 4D2.4).

impedance matrix [7]. The thermal lumped elements (thermal
impedance) can be either derived analytically, or extracted
by using finite-element (FEM) or finite-difference (FDM)
simulations. Finally, the overall heat-transfer model of the
whole system is formed by appropriately connecting the
lumped elements of the sub-systems together. Although
this approach can create a compact or simplified model for
an originally complex system, it might require many costly
finite-element (FEM) or finite-difference (FDM) simulations
to extract appropriate Cth and Rth for each sub-system.
Furthermore, the accuracy of the lumped-element approach
is detrimentally affected if the original device geometry is
too complicated to be partitioned into a reasonable number
of thermal sub-systems whose lumped-element models can
be accurately represented. In recent years, the use of
model order reduction techniques to generate MEMS compact
models (macromodels) has received great attention [9]. The
Krylov-subspace methods were proposed to create thermo-
electric compact models from the full FEM/FDM models
for MEMS as well as semiconductor devices [10–12]. In
[10], the application of the Krylov-subspace method on the
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thermo-electric effect for a microthruster is presented, and the
comparison between this method and other order-reduction
methods is also provided. The comparison of different
versions of the Krylov-subspace methods for thermo-electric
applications is presented in [11].

In this work, we apply the Arnoldi algorithm [12–16]
to automatically create heat-transfer macromodels from
complex three-dimensional (3D) FDM/FEM models, and
demonstrate the applications of the technique on the MEMS
transduction effects (e.g., electro-thermal actuating as well as
thermo-resistive sensing) with various heat-transfer boundary
conditions. The goal of this work is to provide MEMS
designers compact but accurate heat-transfer macromodels,
which are compatible with system-level simulators, for
arbitrarily shaped micro devices. Because the macromodels
are reduced from the original 3D solid model of the system,
potentially they are not only as efficient as the reduced
systems consisting of lumped elements, but also are capable
of capturing the geometric characteristics which the lumped-
element approach lacks.

This paper is organized as follows. The governing
equations for heat-transfer effects and the algorithm of the
Arnoldi-based technique are presented in section 2. In
section 3, two simulated examples and the comparison
between different approaches are demonstrated. The
convergence of the model discretization and the study on
the required orders of the macromodels are presented. The
experimental data of thermal actuators are also provided in
this section. In section 4, we will demonstrate that the
generated compact models can be written in the hardware
description language (HDL-AMS), and then plugged into a
circuit simulator for coupled analysis with integrated driving
or sensing circuitry. Finally, section 5 concludes this paper.

2. Theory

2.1. Heat-transfer governing equations

The governing equation for transient heat-transfer problems is
the so-called heat equation (Fourier’s equation) [17, 18], as
shown below:

∇2T +
1

k
g(r⇀, t) = 1

α

∂T

∂t
, Region R, t > 0 (1)

where T is the temperature distribution, g(r⇀, t)is the volume
heat generation per unit volume at position r⇀ and at time
t, α

(= k
ρc

)
is the thermal diffusivity, ρ is the density, c is

the specific heat and k is the thermal conductivity. R is the
computational domain (or the MEMS structures in our study),
and the boundary and initial conditions can be represented as

ki

∂T

∂ni

+ hiT = fi(t), Boundary Si, t � 0 (2)

T (r⇀, t) = F(r⇀), Region R, t = 0 (3)

whereF(r⇀) is the initial temperature distribution, fi(r
⇀, t) is

the heat flux flowing out of the boundary Si , ki is the thermal
conductivity on the boundary Si and hi is the convection
coefficient on the boundary Si .

Since the typical operating temperatures of most MEMS
devices are relatively low for noticeable radiation effect
[19], the radiation effect is not considered in this study.

The governing equation and the boundary conditions can be
approximated either using the finite-element method or the
finite-difference method [17, 20, 21]. In this work, we develop
a 3D transient heat-transfer solver using the finite-difference-
based spatial discretization on the governing equation. The
time integration is performed explicitly by the Runge–Kutta
method [22]. Note that the boundary conditions implemented
in the solver can be classified as the Dirichlet type and
the Neumann type. The former includes the boundaries of
prescribed temperature. The latter includes the boundaries of
prescribed heat flux and natural heat convection. The volume
condition of prescribed heat generation at each node is also
implemented.

2.2. Technique of model order reduction (MOR)

Although the 3D FDM heat-transfer solver is capable of
calculating transient behaviors for 3D geometries with various
boundary and volume conditions, the computational cost will
be very expensive if the 3D thermal computational domain
is so complex (i.e., complicated shapes of devices) that
a large number of nodes are required. Fortunately, the
governing equation and the boundary conditions, as shown in
equations (1) and (2), are linear equations, and therefore
the system matrices formulated by the FDM or FEM
approximation process for equations (1) and (2) can be
‘reduced’ by an Arnoldi-based model order reduction (MOR)
technique. The detailed description of the model order
reduction procedure is as follows.

The dynamic system equation formulated by the FDM
approximation of the governing equation (equation (1)) and
the boundary conditions (equation (2)) can be written as

.
x⇀ = Ax⇀ + Bu⇀ y⇀ = CT x⇀ + Du⇀, (4)

where A is an n × n matrix, and is formulated by the finite-
difference discretization, n is the total number of nodes and
x⇀ is the vector which contains the unknown temperature
(state) on each node. The input vector u⇀ is a set of the
input functions. The input functions could be prescribed
temperatures, heat flux effects, convection effects or volume
heat generations on specific nodes or boundaries. The matrix
B contains the corresponding scaling factors for connecting
each input function to each state. The matrices C and D

can be deliberately designed so that the output vector y⇀

will contain the quantities of interest. For example, y⇀ can
be the average temperatures of different components or the
temperature distribution on a specific area. Examples of
formulating the C matrix for different MEMS modeling cases
will be presented in section 3.

In the Laplace domain, the transfer function of the system
(equation (4)) is

T (s) = CT (Is − A)−1B + D

= CT (I − sA−1)−1b + D (5)

b = −A−1B.

After expanding the transfer function in Taylor series about
s = 0, we obtain

T (s) = CT (I + sA−1 + s2A−2 + · · ·)b =
∞∑

k=0

mks
k,
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Figure 1. The Arnoldi algorithm.

where mk are the coefficients of the Taylor series, (mk =
CT (A−k)b ). The Taylor expansion can be truncated to

approximate the transfer function T (s). However, (A−k)b

lines up with a single eigenvector quickly so that this
procedure is usually numerically unstable. Therefore, we
apply the Arnoldi-based algorithm to stably compute the first
q orthogonal bases {v⇀i} i = 1, . . . , q that spans the Krylov
subspace:

Kq(A
−1, b) = span{b,A−1b,A−2b, . . . , A−(q−1)b}. (6)

The procedure of generating the orthogonal bases {v⇀i} is
in fact the Gram–Schmidt process with the initial basis
{b,A−1b,A−2b, . . . , A−(q−1)b}. Given the matrix V whose
columns are {v⇀i}, the reduced system (macromodel) is

.
x⇀ = Aqx

⇀

q + Bqu
⇀ y⇀ = Cq

T x⇀q + Du⇀, (7)

where

Aq = vT Av Bq = vT B Cq = vT C.

The Arnoldi algorithm for generating V is listed in figure 1.
Note that the reduced system, as shown in equation (7), has
the same input (u⇀) and the output (y⇀) as the original system
(equation (4)). Since the typical ranks of Aq , Bq and Cq

are very small, the computational efficiency for simulating
transient responses and frequency responses of the reduced
model is significantly increased. In other words, the reduced
system still provides the results of interest (the output y⇀) based
on the prescribed variables (input u⇀), but requires much less
state variables (x⇀q) than the original system. Note that the
original geometric information and the boundary conditions
cannot be completely retrieved from the macromodel if q is
less than n, but it still provides excellent accuracy for most
practical MEMS cases even though q is much less than n.
Various MEMS examples of generating macromodels as well
as the study on the macromodel accuracy will be presented in
section 3. The procedure of the heat-transfer macromodeling
from creating original device 3D solid models to performing

Macromodel 
generation using 
MOR techniques  

FEM/FDM 
Approximation of  

Heat Transfer effects  

System -level analysis 
with Heat Transfer 

macromodel  

Figure 2. The procedure of the macromodeling.

system-level simulation is shown in figure 2. This procedure
of generating macromodels has been implemented as an
automatic process in this work.

It has to be pointed out that the Arnoldi method described
in this work is not capable of dealing with nonlinear systems
[16]. Therefore, many material properties used in this work
(e.g., the electrical conductivity and the thermal conductivity)
are assumed constant. In practice, however, some of these
material properties are nonlinear functions of temperature, and
the modeling error introduced by these nonlinearity effects
becomes significant when temperature variation is large. The
discussions on the temperature dependence of polysilicon
properties for electrothermal microactuators can be found
in [23].

3. Applications of the MOR techniques
and discussions

In this section, two examples of applying the MOR technique
for efficient and accurate MEMS heat-transfer modeling
are presented. The first example provides the estimation
of the tip deflection of a thermal actuator based on the
temperature calculation from the macromodels generated by
the technique. Measured results are also presented. The
second example demonstrates the temperature calculation
for the thermal absorption element of an infrared imager
(bolometer) using a macromodel. The macromodel results
are verified with the FDM solver and/or the commercial FEM
package Coventorware [24]. The study on the accuracy versus
the orders of the reduced models will also be discussed.

3.1. Case study I: thermal flexure actuator

Figure 3 shows the CCD picture of a thermal actuator [1]
fabricated by the multi-user MEMS process (MUMPS) [25].
The device’s movable polysilicon structure, which is designed
for in-plane motion, is supported by the two anchors. With
a constant electrical current flowing through the hot arm
and the cold arm (when a constant voltage is applied across the
two contact pads), the asymmetric shape of the device causes
the current density in the hot arm to be larger than that in
the cold arm. The uneven heating arising from the asymmetric
current density will make the temperature in the hot arm higher
than that in the cold arm. The thermal expansion difference
between the two arms results in an in-plane bending of the
whole structure.
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Lh (hot arm)  

Lc (cold arm)  

Lf 
(flexure)  

Wc 

anchor  

Figure 3. The CCD picture of the experimental device. Note that
the contact pads are on the right side of the picture, and are not
completely shown.

Table 1. The dimensions of the thermal actuator.

Geometrical dimensions Length (µm)

Length of hot arm (Lh) 200
Width of hot arm (Wh) 3
Length of cold arm (Lc) 160
Width of cold arm (Wc) 16
Gap (g) 3
Length of flexure (Lf) 40
Width of flexure (Wf) 3
Thickness (t) 2

Table 2. The mechanical, thermal and electrical properties of the
thermal actuator (polysilicon).

Mechanical property
Density (kg µm−3) 2.23 × 10−15

Thermal property
Thermal conductivity (pW/µm K) 1.48 × 108

Specific heat (pJ/kg K) 1.0 × 1014

Convection coefficient (pW/µm2 K) 5

Electrical property
Sheet resistance (�/sq) 10

This heat-transfer effect of the thermal actuator is modeled
by imposing several thermal boundary and volume conditions
on the structure. Natural convection boundaries are applied
to the surfaces adjacent to the air. Constant-temperature
boundaries are applied to the interfaces between the anchors
and the substrate [19]. A volume condition of heat-generation
distribution (W m−3) is applied to the whole structure. The
heat-generation distribution is determined by the electrical
current density distribution, which is accurately estimated
by using the Coventorware. The mechanical, thermal and
electric properties as well as the dimensions of the measured
and simulated device are listed in tables 1 and 2. Note that the
temperature dependence of electrical resistivity is not included
in the model.

Figure 4 shows the average temperature increases versus
time calculated by the FDM solver, the Coventorware FEM
solver and the macromodel. The temperatures on the bottom
surfaces of the anchors are fixed at 300 K. The applied
voltage across the contact pads is 3 V. For the FDM model,
the thermal actuator is meshed into 11 127 nodes. For the
Coventorware FEM model, the same structure is also meshed
into 11 127 nodes (5168 linear brick elements). The order of
the macromodel is 5. Figure 5 shows the average temperature
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Figure 4. Comparison of the FDM, the macromodel and the
Coventorware results for the average temperature increase of the
thermal actuator.
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Figure 5. Average temperature increase of the device calculated by
the FDM solver for different numbers of nodes.

of the device calculated by the FDM solver for different
number of nodes, and indicates that the calculated solutions
monotonically converge to a stable value for the node numbers
greater than 8000. Therefore, the FDM/FEM discretizations
with 11 127 nodes are satisfactory for this specific case. Under
the same discretization conditions (i.e., the same number of
nodes), it is well known that the FEM approaches potentially
are more accurate than the FDM approaches because most
FEM solvers use ‘piecewise-linear’ approximation to describe
field distribution, while typical FDM solvers approximate
field distributions in a ‘discrete’ manner (piecewise constant)
between each node [26]. Since the temperature variation
is relatively mild inside the device structure, the simulated
transient results between the Coventorware (FEM) and
the FDM solvers are indistinguishable (less than 0.01%).
Figure 6 shows the relative average error versus time. Note
that the relative average error in the figure is defined as

e(t) =
∣∣∣∣∣Tave(t) − T̂ ave(t)

Tave(t)

∣∣∣∣∣ , (8)

where Tave(t) is the average temperature of the device
calculated by the FDM solver over time, and T̂ave(t) is
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Figure 6. The discrepancy between the FDM solver and the
macromodels with different orders.

Table 3. The performance comparison of the FDM solver and the
macromodels.

Simulation
time (s) Speed-up factor Error (%)

MOR order = 2 <0.01 >2 × 106 0.93
MOR order = 5 0.01 2 × 106 0.50
MOR order = 10 0.44 4 × 104 0.50
FDM 18743.000 N/A

the average temperature of the device calculated by the
macromodels over time. Table 3 presents the comparison
of the performance as well as the accuracy between the
results by the FDM solver and by the macromodels with
various orders. These preliminary numerical results show that
the macromodels of order 5 (or higher) match full-meshed
FDM/FEM results very well (1% error). The results also
demonstrate that the macromodels give three to four order-
of-magnitude reductions in computational times. All the
simulations are performed using a Windows-based PC with
single Pentium-III 800 MHz CPU and 512 MB RAM.

Note that the computational time for reducing a full-
meshed model to a macromodel is about 15 s per order for
this case. This computational time is also called the model
generation time, and is in fact a ‘one time charge’ in the
macromodeling process. Once a macromodel is generated, all
the future simulations using the macromodel will not incur
the model generation time again. Therefore, the comparison
of the computational performance between the full-meshed
models and the macromodels does not include effect of the
model generation time. Moreover, the model generation times
are also negligible when compared with the computational
time required for a transient full-meshed simulation for a
meaningful time period (e.g., about the thermal time constant
of the device, 0.3 ms). Figure 7 shows the steady state
temperature distribution of the thermal actuator at the time 3 ×
10−4 s. This figure also indicates that the highest temperature
occurs at the hot-arm segment far away from the anchor.
Figure 8 shows the frequency responses of the macromodels
with different orders. Note that the output for this case is the
average temperature change of the device, and the excitation
is the volume heat generation. The discrepancies in average
temperature change are less than 3% between the results
of the macromodels with orders greater than 2 (from dc to
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Figure 7. The temperature distribution on the top surface of the
thermal actuator calculated by the FDM solver.
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Figure 8. The frequency responses of the average temperature
increase of the actuator for different orders.

100 MHz). On the other hand, the result of the second-
order macromodel deviates significantly (more than 10%)
from all other macromodels as the frequency is greater than
10 kHz.

The measured tip deflections of the thermal actuator are
also compared with the results estimated by the macromodels.
The analytical relationship between the tip deflection and the
temperatures in each segment has been derived in [27]. The
following derivation shows the integration of the heat-transfer
macromodel, the analytical relationship in [27] and the
corresponding material properties [28].

The deflection of the thermal actuator can be represented
as

d = 2Lh
2

EtWh
3
(R1Lh − 3R3), (9)

where E is the Young’s modulus, t is the thickness of the
thermal actuator, Lh and Wh can be found in table 1 and R1

and R3 can be obtained by solving the following equations:

R
⇀ = K−1X

⇀

, (10)
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where

R
⇀ =




R1

R2

R3


 , K =




k11 k12 k13

k21 k22 k23

k31 k32 k33




X
⇀ =




0

αT [Lh(T h − Ts) − Lc(T c − Ts) − Lf(T f − Ts)]

0


 ,

where Lh, Lf and Lc are described in table 1, and the analytical
forms of kij can be found in appendix A. T h, T c and T f are
the average temperature of the hot arm, the cold arm and the
flexure, respectively. Finally, αT (K−1) is the coefficient of
thermal expansion of polysilicon [28], and is a function of the
temperature in the structure:

αT =
{

3.725[1 − exp(−5.88 × 10−3(Tavg − 124))]

+ 5.548 × 10−6Tavg

}
×10−6.

(11)

The deflection of the actuator can be evaluated by plugging
into the analytical model (equations (9) and (10)) the average
temperature increases of the hot arm, the cold arm and the
flexure (T h, T c and T f ), which can be directly calculated by the
macromodels if the C matrix (see equation (4)) is deliberately
arranged so that the elements in the output vector y⇀ will be the
temperatures of interest:

y⇀ =




T h

T c

T f


 (12)

C =




[H1 H2 . . . Hn]

nh
[C1 C2 . . . Cn]

nc

[F1 F2 . . . Fn]

nf




(13)

D = 0, (14)

where nh, nc and nf are the total number of the nodes in the hot
arm, the cold arm and the flexure, respectively. Hi, Ci and Fi

are either 1 or 0; for the first row vector of the C matrix, if the
node i is inside the hot arm, then Hi is equal to 1. Otherwise it
is 0. The same criterion is applied to the second and the third
rows for the cold arm (Ci) and the flexure (Fi), respectively.

Figure 9 shows the comparison of the transient average
temperature increases of the hot arm, the cold arm and the
flexure for different approaches (when an input voltage of
3 V is applied). The deviation between the macromodel
(order 5) and the FDM solver is within 0.5%. Figure 10 shows
the average temperature increases in different parts (T h, T c

and T f , the components of the output vector y⇀) of the devices
calculated by a macromodel (order 5) under various input
voltages from 0 to 6.5 V. The comparison of the measured and
the calculated in-plane deflection of the actuator is shown in
figure 11. At low temperature, the measured results match with
the FDM solver and the macromodels very well. However,
at high input voltage, the simulated results over-predict the
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FDM solver. These calculated temperatures are used for estimating
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arm and the flexure calculated by the macromodels with different
input voltages.

deflections. It is speculated that the discrepancy is due to the
fact that the heat loss from radiation effect becomes notable
when a high input voltage is applied. The same phenomenon
for the thermal actuator has also been observed in [27], in
which the quantitative discussion on this phenomenon for
different dimensions of the actuators can be found.

3.2. Case study II: infrared imager absorber

In this subsection, we demonstrate that the heat-transfer
macromodels can be used to simulate the absorber of an
infrared imager. Figure 12 shows a typical schematic of a
pixel cell in an infrared imager [2]. This cell consists of a
Si3N4 suspended structure (absorber) of 0.5 µm in thickness
and two supporting tethers. A thin film (50 nm) of vanadium
oxide (VOx), which has a large temperature coefficient of
resistance (TCR), is deposited on the suspended structure. The
temperature at the two bottom surfaces of the two anchors is
fixed at 300 K. The convection effect is ignored since typically
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Figure 12. The schematic of an infrared imager cell.
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surface of the infrared sensor calculated by the FDM solver and the
macromodels with different MOR orders.

an infrared imager chip is operated at pressures lower than
100 mTorr. The initial temperature of the whole device is
300 K. The size of the absorber is 40 × 40 µm2, and the
tethers are 50 µm long and 8 µm wide.

In the FDM simulation, this device is meshed into 7395
nodes. The thermal properties are listed in table 4. Figure 13
shows the transient results calculated by the FDM solver and
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Figure 14. Error versus the order of the macromodels of the infrared
imager cell for different frequencies. The definition of the error is
the average difference between the results by the FDM solver and
the results by the macromodels for one period of the input flux.

Table 4. The mechanical and thermal properties of the infrared
sensor.

Mechanical property (silicon nitride)
Density (kg µm−3) 3.18 × 10−15

Thermal property (silicon nitride)
Thermal conductivity (pW/µm ◦C) 3.01 × 107

Specific heat (pJ/kg ◦C) 1.7 × 1014

Convection coefficient (pW/µm2 K) 5

Table 5. The performance comparison of the FDM solver and the
MOR solver.

Simulation
time (s) Speed-up factor Error (%)

MOR order = 3 0.44 3 × 104 0.868
MOR order = 5 3.37 4 × 103 0.397
FDM 12 421 N/A

the macromodels. The input heat flux impinging on the top of
the absorber is 10−9 W µm−2. The figure indicates that the
results by the macromodels with orders greater than 3 agree
with the FDM result very well. This preliminary calculated
result also shows that the intrinsic thermal time constant of the
pixel is about 200 µs, which is adequate for a readout circuitry
with a frame rate of 60 Hz. Table 5 shows the comparison
of the computational cost and the accuracy between the FDM
solver and the macromodels. About a four order-of-magnitude
reduction in computation cost is achieved for the macromodel
of order 3.

Figure 14 shows the relationship between the errors and
the orders of macromodels for periodic input flux signals under
different frequencies. The definition of the error is the average
difference between the results by the FDM solver and the
results by the macromodels for one period of the input flux.
Obviously, the higher the operation frequency, the higher
the required order of the macromodel under a pre-defined
condition of error tolerance. For example, if the tolerance
of error is less than 1%, the minimum order is about 20
for the device whose maximum operation frequency is below
1 MHz. Therefore, this figure can be used as a guideline
for choosing appropriate orders of macromodels at different
maximum operation frequencies.
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Figure 15. The readout circuit schematic with the heat-transfer
macromodels (MOR models) written in HDL.

4. HDL-based simulation

In this section, we will demonstrate that the macromodel for
the IR imager cell can be plugged into a circuit simulator by
using the analog hardware description language (HDL-AMS)
[29, 30]. The schematic of the readout circuit for the pixel
array of an infrared imager is shown in figure 15 [2]. Each
heat-flux-sensitive resistor element is connected between
Vsubstrate and a MOS switch. In order to integrate the
heat-transfer macromodel with control/sensing circuitry, it
is necessary to make the macromodel an ‘entity’ of an
electric resistor written in HDL-AMS. In order to increase
the sensitivity, the total resistance of the VOx material needs
to be large. Therefore, the typical layout of the VOx layer is
shown in figure 12, and can be approximated as a long but
thin line. Based on this approximation, the total resistance of
the VOx layer can be written as a function of the local average
temperature variation of the layer:

R(T ) =
∫ L

0

ρ

A(l)
[1 + α · �T (l)] dl, (15)

where α is the temperature coefficient of resistance (TCR),
L is the effective total length of the VOx layer, �T (l) is
the local average temperature change at the location l, A(l)

is the cross-section area of the VOx layer at the location l, ρ is
the resistivity of the VOx layer. The TCR of the VOx layer is
−0.02 K−1 [2]. In order to further simplify equation (15),
we assume that the cross-sectional area of the VOx layer
is uniform and is equal to A. The total resistance can be
written as a function of the average temperature change of

(a)

(b)

(c)

(d)

Figure 16. Simulated VHDL-AMS results for a constant input heat
flux impinging on the top surface of the imager cell: (a) heat flux
versus time. (b) The simulated temperature variation simulated by
the solver. (c) Resistance versus time. The initial resistance is
50 k�. (d ) The current variation versus time.

the VOx layer:

R(�Tavg) = ρL

A
(1 + α · �Tavg), (16)

where �Tavg is the average temperature increase.
Consequently, the output y of equation (4) is formulated as
the average temperature variation (�Tavg) of the VOx layer.
The corresponding C matrix is

CT =
[

I1

nr

I2

nr

. . .
Inr

nr

]
, (17)

where Ii is equal to 1 if node-i is located on the VOx layer.
Otherwise Ii is zero. nr is the total number of the nodes which
are located on the VOx layer.

It has to be emphasized that the resistance derivation
described above is primarily for an intuitive demonstration
of formulating the C matrix. A more accurate resistor
model, which includes the correction for the non-rectangular

594



Extraction of heat-transfer macromodels for MEMS devices

shapes of resistor layouts, can be easily derived based on any
VLSI design textbooks [31]. The HDL-AMS template of a
second-order macromodel for the heat-flux-sensitive resistor
(equation (16)) is listed in appendix B. As shown in figure 15,
since the input terminals of the monolithic integrators are held
at ground potential, the bias voltage of each resistor is equal
to Vsubstrate. Assuming that there are 256 pixels in each row
and that the typical frame rate of the imager is 60 Hz, each
pixel in a row is biased at Vsubstrate for 65 µs (= 1/(60 ×
256)). The electric current flowing through each resistor is
integrated by a monolithic integrator. The integrators’ outputs
are transferred to storage registers before being multiplexed
out serially. The capacitance used in the simulation is 10 pF.
Figures 16(a)–(d) show the simulated results for a pixel of
the infrared imager under a constant heat flux for 65 µs.
Figure 16(a) is the input flux. The average temperature
increase of the nodes on the VOx layer is shown in figure 16(b).
Figure 16(c) is the corresponding resistance change due to the
temperature increase caused by the input flux. Since the TCR
of the VOx is negative, the resistance curve decreases as the
temperature of the absorber increases. Figure 16(d) is the
output current change due to the resistance change. Figure 16
also indicates that the HDL-based simulated results by the
SMASH [32] and the results by the FDM solver are almost
indistinguishable (less than 1% discrepancy).

5. Conclusion

A model order reduction technique for generating heat-
transfer macromodels for MEMS devices is presented in this
work. This technique reduces the matrices created by the
FEM/FDM discretization into low-order macromodels which
are compatible for system-level analysis. Transient simulated
results for two MEMS thermal devices are presented. The
comparison between the full-meshed models (the original
FEM/FDM solvers) and the macromodels are also provided.
In terms of computational cost, the macromodels are about
three to four orders-of-magnitude faster than the full-meshed
models for less than 1% discrepancy. The experimental results
of thermal actuators are also in good agreement with the
macromodel results. The relationship between the required
orders of macromodels for different operation frequencies is
also studied. For an infrared imager absorber under a heat
flux of 1 MHz, the required macromodel order is about 20,
which is much less than the order of its full-meshed model.
The macromodels are converted as an ‘entity’ of a circuit
simulator using HDL-AMS. The system-level simulations,
which include the HDL-based heat-transfer macromodel and
other circuit components, are also demonstrated.
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Appendix A. The analytical forms of the entries of
the K matrix in equation (10)

k11 = 4

EtWh
3

(
Lh

3 + Lf
3
)

+
4

EtWc
3

(
3gLh
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3
)
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)
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)
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EtWh
3

(
Lh

2 + Lf
2
) − 6
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)
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12

EtWh
3
(gLf)
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12

EtWc
3
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Appendix B. VHDL-AMS entity of the macromodel
for an infrared imager cell

>>> VHDL

library IEEE;
use IEEE.electrical systems.all;
use IEEE.math real.all;
entity MOR is
generic(

alpha : real :=-0.02;
R node : real :=1681.0;
R0 : real :=50000.0;
b1 : real :=3.2959e5;
b2 : real := 1.0568e5;
a11 : real :=-0.0859e5;
a12 : real :=-1.7218e5;
a21 : real :=-0.0276e5;
a22 : real :=-2.2491e5;
c1 : real :=22.2723;
c2 : real :=7.1415);
port(terminal P, N : electrical);

end MOR;
architecture behav of MOR is

QUANTITY VPTON across IPTON through P to N;
QUANTITY y : real;
QUANTITY s1 : real;
QUANTITY s2 : real;
QUANTITY R : real;
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begin
break s1 => 0.0, s2 => 0.0;
s1’dot == a11∗ s1+a12∗ s2+b1;
s2’dot == a21∗ s1+a22∗ s2+b2;
y == ((c1∗ s1+c2∗ s2)/R node);
R == R0∗(1.00-alpha∗y);
VPTON == R∗ IPTON;

end behav;
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