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Abstract

Efficient adaptive phase field simulation based on a finite volume method is carried out to study the morphological

development during directional solidification of a nickel/copper alloy. The adaptive nature of the method allows the

calculation to cover different length scales for the interface, solute diffusion, and heat conduction. With the frozen

temperature approximation, our calculated results are in reasonable agreement with previous ones (J. Crystal Growth

200 (1999) 583). However, the use of a much larger domain allows us to perform simulation at low speed near the onset

of constitutional supercooling, where both solutal boundary layer and cell wavelength are large. For the same domain

size, the calculated results without using the frozen temperature approximation remain about the same, even though the

release of latent heat lowers the steady interface position and the thermal gradient in the melt side.

r 2003 Elsevier Science B.V. All rights reserved.
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1. Introduction

In directional solidification of alloys, the onset
of morphological instability and the following
pattern development are fundamental and impor-
tant problems, which have attracted extensive
research for the past 40 years. The classic

Mullins–Sekerka instability [1] provides the first
approach to predict the onset cellular wavelength
from a steady-state planar interface. Warren and
Langer [2] further accounted the initial transient to
the Mullins–Sekerka analysis, and with some
success, to predict the primary spacing from the
initial instability to a steady array. Although the
theory for morphological instability has made
some significant progress, the detailed pattern
formation, being a highly nonlinear problem, and
its prediction still rely on numerical simulation.
However, the geometrical complexities have
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discouraged the use of front tracking approaches
[3,4]. The recently developed alloy phase-field
simulation [5–9] seems to be useful in this category
of the problem, and some promising examples
have been demonstrated by Boettinger and War-
ren [9] recently.
By using the frozen temperature approximation

(FTA), Boettinger and Warren [9] made the first
attempt to simulate the pattern formation at high
speed during directional solidification of a nickel/
copper system by modifying their binary phase
field model [5–8]. Reasonable agreement with the
classic theory was found near the absolute stability
limit (at high speed). Some important phenomena,
such as solute trapping and tip splitting, were also
illustrated. Because the thermal boundary layer
was not considered due to FTA and the thinner
solutal boundary layer, at high speed, as well as
the smaller cell wavelength, they were able to use a
small domain for simulation by using a structured
grid. However, under the restrictions inherent in
using a structured mesh, numerical studies of
phenomena at lower speeds and truly non-iso-
thermal effects including the heat of fusion, both
having large solutal and thermal boundary layers,
become very difficult. In this report, we present an
efficient adaptive phase field simulation for the
same problem. Due to the adaptive nature of the
method, the domain size, which is only limited by
computer memory, can be extremely large cover-
ing both the length scales for thermal and solutal
boundary layers, while the minimum cell size
remains small enough for the diffusive interface.
Although, as will be discussed shortly, it is still not
enough to resolve all the problems, the present
simulation may shed a light to a more realistic
simulation in the future. In the following section,
the phase field model and the adaptive finite
volume method are described briefly. Section 3 is
devoted to results and discussion, followed by
conclusions and comments in Section 4.

2. Phase field simulation and adaptive finite volume

method

For comparison purposes, the model employed
in Refs. [9,10] is adopted here. Similar to the

treatment by Boettinger and Warren [9], the
equations are recast into a moving frame with
constant speed V. From the observer point of
view, the system can been regarded as a domain
having continuous feeding from the top and
flowing out from the bottom, as illustrated on
the left-hand side of Fig. 1; the velocity is fixed
assuming the density change is negligible; natural
convection is ignored as well. This model at
constant temperature was first proposed by Wheel-
er et al. [5], the so-called WBM model, using the
minimum of a Gibbs free-energy function. Penrose
and Fife [11] and Warren and Boettinger [7]
further derived a similar model based on an
entropy function, which can be used for non-
isothermal growth. However, the temperature
effect was ignored in their simulation until

Fig. 1. Cellular directional solidification (left) and adaptive

mesh (right) for simulation; the grey area on the left indicates

the solute concentration distribution, where the darker area is

for the dimensionless concentration of 0.945 and lighter area

around it for 1.274.
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recently. Loginova et al. [10] took the energy
equation into account, where some ideas due to
Caginalp and Xie [12] were introduced. In order to
present the governing equations in dimensionless
form, the variables are rescaled. The temperature
is rescaled to y ¼ ðT � Tref Þ=DT ; where Tref and
DT are the reference temperature and temperature
difference, respectively. The concentration (atomic
fraction) c is rescaled by c0 to c�; where c0 is the far
field concentration. The length, in terms of the
coordinates x and y, is rescaled by l, the time t by
l2=DL to t�; and the velocity V by DL=l to V�;
where l is a characteristic length and DL the solute
diffusivity in the melt. In other words, l2=DL is the
characteristic time and DL=l is the characteristic
velocity. The variables having a superscript
asterisk are all dimensionless based on the
characteristic variables. The phase filed variable
f is set to be 1 in liquid and 0 in solid, while 0.5 at
the interface. Then, the governing equations can
be represented in dimensionless form

*C� qy
qt�

� V� qy
qy� þ

30gðfÞ
*St

� �
qf
qt�

¼ r � *Le ry; ð1Þ

qc�

qt�
� V�qc�

qy� ¼r � D�½rc þ c�ð1� c0c
�Þ


 ðS�
B � S�

AÞrf�; ð2Þ

qf
qt�

� V� qf
qy� ¼

*M�
f *A�2 r � ðZ2rfÞ �
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ZZb
qf
qy

� ��

þ
q
qy

ZZb
qf
qx

� ��
� *M�

f
*S�; ð3Þ

where *C� is the normalized heat capacity being
scaled by the value at c0; i.e., *C� ¼ *C= *Cðc0Þ: The
variable with a tilde is the concentration-weighted
average. For example, the heat capacity *C is
defined by

*C ¼ ð1� cÞCA þ cCB; ð4Þ

where CA and CB are the heat capacity of the
solvent (A) and the solute (B). Inside the two-
phase region of the interface, the properties are
obtained by using a weighting function pðfÞ; which
is obtained from a double well function gðfÞ
defined by gðfÞ ¼ f2ð1� fÞ2: The weighting
function pðfÞ for the averaged physical properties
of the solid/liquid mixture is chosen such that

p0ðfÞ ¼ 30gðfÞ: For example, the normalized
diffusivity of the solution is given by

D� ¼ D=Dðc0Þ ¼ ½DS þ pðfÞðDL � DSÞ�=DL; ð5Þ

where the diffusivities have been assumed not
affected by the solute concentration, i.e., D ¼ *D:
The Stefan number *St  *Cðc0ÞDT=D *H; where D *H

is the heat of fusion, while the Lewis number *Le 
*a=DL; where *a  *K= *Cðc0Þ is the concentration-
averaged thermal diffusivity. In addition, S�

A and
S�
B are the normalized entropy of A and B,
respectively, being scaled by R=Vm; i.e., S�

i ¼
SiVm=R (i ¼A or B); Vm is the molar volume and
R the gas constant. The entropies of A and B are
defined as follows:

SAðf;TÞ ¼ WAg0ðfÞ þ p0ðfÞDHA
1

T
�
1

TAm

� �
; ð6Þ

SBðf;TÞ ¼ WBg0ðfÞ þ p0ðfÞDHB
1

T
�
1

TBm

� �
; ð7Þ

where WA and WB are constants and TAm and TBm
are the melting points of A and B, respectively;
DHA and DHB are the heats of fusion per volume.
Again, in Eq. (3) *S� is the concentration-averaged
entropy (normalized).
The anisotropic function Z in Eq. (3) is defined

for the four-fold symmetry as

Z ¼ 1þ g cos 4b; ð8Þ

where g is the intensity of the anisotropy and b ¼
tan�1½ðqf=qyÞ=ðqf=qxÞ� determining the growth
orientation of the cell. In this study, we have
purposely chosen (1 0 0) is in the x-direction and
(0 1 0) in the y-direction. Finally, the dimensionless
mobility function *M�

f being scaled by DLVm=ðRl2Þ
is taken from the average of Mi ¼
Ti2

mbi=ð6
ffiffiffi
2

p
DHidiÞ; i ¼A or B, where bi is the

kinetic coefficient and di the interface thickness,
which are assumed to be the same for A and B
here. Similarly, *e�

2

is a dimensionless parameter
being rescaled by l2: For each component, e2i ¼
6
ffiffiffi
2

p
sidi=Ti

m where si is the interfacial energy. All
the parameters chosen are the same as those in
Ref. [6], which are similar to the ones used in
WBM model.
To solve these equations, an adaptive finite

volume method has been used. The detailed
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implementation of the scheme can be found
elsewhere [13,14]. The simulation starts from a
planar interface in a large slender domain, as
shown in Fig. 1; the height H in the y-direction is
larger in order to cover the thermal and solutal
boundary layers. On the other hand, the width W

in the x-direction is chosen such that enough cells
can be considered. On the both sides of the
domain, the symmetry (no flux) condition is used.
On the top boundary, the concentration (c� ¼ 1)
and temperature (y ¼ 1) are given, while at the
lower boundary condition, only the temperature
(y ¼ 0) is given. However, the concentration at the
lower boundary is set by the exit condition with its
own concentration, i.e., qc�=qy� ¼ 0 When a
steady state is reached, the average concentration
(normalized) at the exit boundary is equal to 1.
The initial conditions for the phase field variable is
given by

f ¼
1

2
1þ tanh

y� � y�
0

2
ffiffiffi
2

p
 !" #

; ð9Þ

where y�
0 is the initial interface position. The

concentration is set by a step function as

c� ¼
1; fX0:5;

0:86; fo0:5:

(
ð10Þ

The initial position can be given exactly
according to the concentration (0.86) and the
linear temperature profile. In addition, ðTH �
TcÞ=H ¼ G and T ¼ Tm;c at the interface, where
G is the given thermal gradient and Tm;c the
liquidus temperature from the phase diagram.
However, for comparison purposes, we have
adopted the same initial condition used in Ref.
[9] as much possible; the step function in solute
concentration at equilibrium is used. In addition,
the noise can be introduced if necessary. However,
in the present calculation, the morphology will
develop even without noises. Nevertheless, by
introducing the noise through

qf
qt�

-
qf
qt�

� *Mfarð16gðfÞÞ *S� ð11Þ

the steady state can be reached more quickly,
where a is the noise intensity and r the random
number ranging from �1 to 1.

A sample mesh during growth is shown on the
right-hand side of Fig. 1. One can see that the
mesh adapts to the interface shape nicely. As
shown, mesh refinement is performed by subdivid-
ing uniformly each parent cell into four kid cells.
As such, the detailed substructures can also be
described nicely if the mesh level is large enough;
in Fig. 1, eight levels are used for the mesh; the
finest cell size remains to be smaller than 0.6l,
which needs to be smaller than the interface
thickness and the solute boundary layer thickness.
It should be pointed out that the solutal boundary
layer thickness, estimated by D=V ; is about
5
 10�8m for the largest speed used here (2 cm/s),
which is about the value of the interface thick-
ness adopted here. In other words, to have an
accurate calculation, the cell size needs to be much
smaller than this value. However, in the previous
calculations [9], the cell size is only about
4.4
 10�8m, which is believed to be inadequate
for high-speed calculations. A typical calculation
for high speed takes less than one hour of CPU
time. However, for low speed, it may take much
longer, up to several days, on a PC having a 2GHz
P4-CPU. Two criteria are used here for the
refinement. One is based on the phase field
variable (refinement at 0:05ofo0:95) and one is
on the concentration gradient (refinement for
rcj j > 0:01). In addition, the level difference for
adjacent cells is also restricted to one, and this
improves significantly the accuracy of the method.
By mapping the grid into a quad-tree data
structure, the dynamic pointer functions in FOR-
TRAN90 can be fully adopted and this makes the
programming straightforward. The implicit Euler
scheme is used for time integration and this allows
larger integration timesteps to be used. Never-
theless, the limitation for the timesteps is that the
interface advancement needs to be inside the
refined zone. Otherwise, numerical instability can
cause problems. In the present simulation, the
CPU time for a growth scales about Wdc; where
dc is the solutal boundary layer thickness. In
other words, the computational cost is about
linearly proportional to the area having larger
solutal gradients. This is comparable to the per-
formance of the scheme proposed by Provatas
et al. [15].
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3. Results and discussion

For comparison purposes, the Ni/Cu system
used by Warren and Boettinger [9] is considered
here. The physical properties and system related
parameters are as follows, unless otherwise stated:
W ¼ 400l; H ¼ 500l; y0 ¼ 368l; G ¼ 2:15
 104

K/cm, DT ¼ 49:5145K, Tref ¼ 1558:06275K, c0 ¼
0:4083 (atomic fraction), and 5 levels are used for
meshes. All physical properties and phase field
parameters related to the alloy properties are given
in Ref. [9], where the same kinetic coefficient
b ¼ 0:35 cm/K has been chosen, which is about
570 times smaller than the collision limited growth
of metal. Increasing this coefficient requires the
decrease of timestep for integration. However, we
have examined several values, and found that the
steady-state morphology is not affected much,
even though the transient behavior is affected much
more. The interface thickness (d ¼ 4:5
 10�8 m) is
also chosen to be about the same as that in Refs.
[9,10]. Again, for steady state, we do not find any
significant difference by reducing this value, except
solute trapping. With a larger interface thickness,
the maximum value buildup at the interface region
is smaller, but the global solutal field remains
similar. However, reducing the interface thickness
also requires a smaller timestep and this increases
the computation time proportionally, especially for
the low growth speed. In fact, from Eq. (3) *M�

f *A�2

being proportional to b can be regarded is a
dimensionless diffusivity for the phase field vari-
able. Decreasing b; while increasing d; makes the
simulation easier. However, a too large d value will
lead to large error in the estimation of solute
trapping. Therefore, as a trade-off and for the
comparison purposes with previous work [9–10],
we have chosen b and d values similar to the ones
used by Boettinger and Warren [9] and Loginova
et al. [10].

3.1. Frozen temperature approximation (FTA)

From the Mullins–Sekerka’s analysis, the inter-
face remains flat at low speed (lower than the
critical velocity) and high speed (higher than the
absolute stability limit). Therefore, with a given
thermal gradient 2.15
 104K/cm [9], we first carry
out calculation for V ¼ 4 cm/s without introdu-
cing any disturbance (a ¼ 0). As shown in Fig. 2a,
the interfaces remain flat all time and show very
little segregation; the concentration is uniform.
Even with a disturbance (a ¼ 0:4), the interface
gets some ripples and some segregation occurs at
the beginning. However, the interface eventually
becomes flat and the solution is the same as the
one without the disturbance at steady state. If we
lower the growth rate slightly to 3 cm/s, some
patterns form. Fig. 3 shows the comparison of the
calculated time evolution of the interface and

Fig. 2. Time evolution of interface and solutal fields for V ¼ 4 cm/s: (a) without artificial noises (a ¼ 0); (b) with artificial noises
(a ¼ 4); the grey shading indicates the solute concentration distribution.
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concentration without Fig. 3(a) and with Fig. 3(b)
artificial noises. As shown, beside some difference
at the transient state, the steady pattern and
concentration fields remain about the same.
Therefore, unlike that in free dendritic growth,
the noises affect very little the final steady state of
the growth here. Therefore, the absolute stability
limit is between 3 and 4 cm/s. As will be discussed
shortly, this value is way below the Mullins–
Sekerka prediction.
The steady-state patterns and solute fields for

different speeds are summarized in Fig. 4. Appar-
ently, the cell wavelength decreases with the
increasing growth rate. For the cases with a lower
growth rate, such as 0.0625 or 0.125 cm/s, the
domain width (W ¼ 400l) seems to be too small to
cover enough cells for simulation. In other words,
the symmetry assumption at the side boundaries
starts to break down. In addition, in our calcula-
tions, we have not yet found any chaotic pattern
formation, which was observed by Boettinger and
Warren, at the speed of 0.0625 cm/s.
In addition, with the lower growth rate, the

solute boundary layer thickness also increases,

which can be estimated by DL=V : In other words,
for a speed of 0.01 cm/s, the boundary layer
thickness is up to 1500l. This indicates that for
the lower speed, the simulation requires not only
larger width, but also a much longer length.
Therefore, for V ¼ 0:03125 cm/s, we have to
increase the width to 2000l and length to 5000l
for calculation; 9 levels of grid are used. The time
evolution of the interface and concentration (at
later stage) is shown in Fig. 5. Again, the time for
reaching a steady state is also much longer being
larger than t� ¼ 70; 000; which also makes the
calculation difficult. For the same domain size, it
requires about 2000
 5000, i.e., 107, cells for a
structured mesh. However, by using the adaptive
grid, 105 cells are adequate, which is about two
orders of magnitude smaller. For
V ¼ 0:015625 cm/s, the result is similar, but the
dimensionless time to steady state is longer than
200,000.
For a speed of 0.0078125 cm/s or lower, we have

not yet found any pattern development. The
interface remains flat at all time. This indicates
that we have crossed the lower critical boundary

Fig. 3. Time evolution of interface and solutal fields for V ¼ 3 cm/s: (a) without artificial noises (a ¼ 0); (b) with artificial noises
(a ¼ 4); the grey shading indicates the solute concentration distribution.
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for the planar interface. The summary of the
calculations is put into the stability diagram
obtained from the Mullins–Sekerka theory (MS-
loop), as shown in Fig. 6, where the data by
Warren and Boettinger [9] are put together for
comparison. As shown, the agreement is reason-

ably good. In addition, the trend pretty much
satisfies the scaling law of Vl2=constant [16],
where l is the tip radius or cell wavelength. In
Fig. 6, wavelength is obtained by taking an
average of the cellular spacing after a steady state
is reached. Both our and previous calculations

Fig. 5. Time evolution of interface and solutal fields for V ¼ 0:03125 cm/s; a ¼ 0:4: The grey shading indicates the solute concentration
distribution.

Fig. 4. Steady-state cellular structures and solutal fields at different growth speeds; the grey shading indicates the solute concentration

distribution.
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show a much lower absolute stability limit. This
could be the cause of solute trapping, which will be
discussed in the next section. We also put the MS-
loop using the velocity-dependent segregation
coefficient in Fig. 6 (dashed line) for comparison.
As shown, the agreement of the absolute stability
limit is greatly improved.

3.2. Segregation coefficients and solute trapping

From the previous calculations, if we take the
concentration along the cell tip, the segregation
behavior can be better understood, as illustrated in
Fig. 7a. We do not put the result of lower speeds
because the solutal boundary layer is much
thicker. As shown from Fig. 7a, the peak concen-
tration increases with decrease in growth rate. The
ratio of solute concentration in the solid (CS) and
liquid (CL) also increases with the decreasing
speed. Furthermore, we can thus define a velo-
city-dependent segregation coefficient kv ¼ CS=CL:
At equilibrium and zero interface thickness, kv is
equal to k and is independent of the growth rate,
where k is the equilibrium segregation coefficient
(k ¼ 0:86 here). The increase of kv is due to the
solute trapping in the diffusive interface. Aziz [17]
and Aziz and Kaplan [18] have derived the

segregation coefficient kv; which is as a function
of interface diffusion velocity VD is given by

kv ¼
k þ V=VD

1þ V=VD
: ð12Þ

If we assume that VD is unknown and can be
obtained by the best fitting of above equation to
the simulated data, as shown in Fig. 7b, we get
VD ¼ 0:767 cm/s. Ahmad et al. [19] also derived
VD based on a simple model, and they came out
with a formula assuming DS5DL

VD ¼ 0:207
DL lnðl=kÞ
dð1� kÞ

; ð13Þ

where d is interface thickness (4.5
 10�8m). Based
on this, VD ¼ 0:484 cm/s, which is lower than ours.
However, Boettinger and Warren [9] obtained an
even larger value at VD ¼ 1:03 cm/s. Therefore,
our calculated value is still in a reasonable range as
compared with previous works.
In addition, from Eq. (13) it is also clear that the

interface diffusion velocity increases with the
decreasing interface thickness. In other words,
when the interface thickness is small, the diffusion
velocity increases and kv is closer to k: This
indicates that the solute trapping is reduced with a
thinner interface thickness. Although the interface
thickness used here is still much larger than the
real one, the solute trapping behavior is pretty
much predicted. Furthermore, the predicted abso-
lute limit in Fig. 6 is also reasonable. We have
summarized our results in Table 1, where the
results by Boettinger and Warren [9] are included
for comparison.

3.3. Non-isothermal effects

In the previous calculations, FTA is used, so
that the energy equation is not used for simulation.
For truly non-isothermal cases, we have to include
the energy equation, Eq. (1), in our simulation. In
other words, Eqs. (1)–(3) need to be solved
simultaneously. Once the energy is included, the
heat of fusion released during solidification can be
considered. As a result, the thermal gradient in the
melt side will decrease, while in the solid side
increase. Because the thermal gradient in the
simulation is very large being 2.15
 104K/cm, it

Fig. 6. Summary of the calculated points on the Mullins–

Sekerka instability loop (MS-loop); the dashed line is calculated

using the velocity-dependent segregation coefficient kv:
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Fig. 7. (a) Solute distribution along the dendrite tip at different growth speeds; and (b) calculated segregation coefficients as a function

of growth rate.
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is not realistic to consider a large domain having a
reasonable temperature at the top and the bottom.
Instead, we have chosen the same domain size as
the previous examples. It should be pointed out
that including the energy equation does not
increase the computational effort too much.
However, since the thermal diffusivity
(2.7
 10�5m2/s) is several orders larger than
solutal diffusivity (10�9m2/s), the far field bound-
ary can be affected quickly. For a realistic
simulation, the domain needs to be large enough.
Due to the restriction of the large thermal
gradient, and for the comparison with the theory,
the upper and lower temperatures are kept the
same. For a planar interface, at steady state, the
temperature and interface can be determined
analytically

y ¼ 1þ ðym;c � 1Þ
1� e�PeðH�y�Þ

1� e�PeðH�y�
i
Þ
when y� > y�

i ;

ð14Þ

y ¼ ym;c
1� e�PeðH�y�Þ

1� e�PeðH�y�
i
Þ
when y�oy�

i ; ð15Þ

where the interface position y�
i can be determined

from the Stefan condition

ðym;c � 1Þ
1� e�Peðy�

i
�HÞ ¼

ym;c
1� e�Pe y�

i

� St�1; ð16Þ

where Pe  Vl=*a is the Peclect number. For a
small Pe number, which is usually true for the
metallic system at a normal growth rate, the
temperature profiles in the melt and the solid are
essentially linear. The interface energy balance at
the interface also implies GS ¼ GL þ Pe St�1;
where GS and GL are the thermal gradient at the
solid and liquid, respectively. Our calculated
thermal profiles are in good agreement with
previous analytical results at all speeds. The
calculated thermal profiles (y vs. y�) at 2 cm/s at
two different thermal gradients are shown in
Fig. 8, where the initial temperature distribution
(a straight line) is included for comparison. As
shown, to get a larger effect of latent heat, the
thermal gradient needs to be lower. Unfortunately,
at the lower thermal gradient at the same speed,
the cell wavelength is larger; the MS-loops at
different thermal gradients are included in the
same figure for reference. The increase of the cell
wavelength is linearly proportional the computa-
tional cost, and this indicates that almost one
order of magnitude higher in CPU time for
2.15
 103K/cm and two orders for 2.15
 102K/
s (for 2 cm/s). In other words, the domain width
needs to be increased about 50 times for
2.15
 102K/cm because of the much longer cell
wavelength.

Table 1

Comparison of calculated values with Boettinger and Warren [9]

V (cm/s) l (cm) Ttip (K) CL;tip CS;tip k Vl2 (cm/s)

Boettinger and Warren [9] 0.0625 2.56
 10�4 1576.273 � � � 4.1
 10�9

0.125 2.84
 10�4 1578.7 0.442 0.385 0.872 1.01
 10�8

0.25 2.04
 10�4 1578.1 0.438 0.387 0.884 1.04
 10�8

0.5 1.54
 10�4 1576.8 0.434 0.391 0.901 1.19
 10�8

1 1.32
 10�4 1574.9 0.425 0.394 0.927 1.74
 10�8

2 8.71
 10�5 1569.8 0.422 0.403 0.955 1.52
 10�8

3 Planar 1563.5 0.424 0.408 0.964 �
4 Planer 1556.1 0.423 0.408 0.966 �

Present 0.0625 7.68
 10�4 1580.0 0.442 0.384 0.869 3.68
 10�8

0.125 4.61
 10�4 1579.9 0.438 0.385 0.879 2.65
 10�8

0.25 3.29
 10�4 1579.1 0.435 0.388 0.892 2.71
 10�8

0.5 1.92
 10�4 1577.6 0.431 0.393 0.912 1.84
 10�8

1 1.21
 10�4 1575.5 0.426 0.398 0.936 1.47
 10�8

2 1.15
 10�4 1573.5 0.419 0.402 0.959 2.65
 10�8

3 9.8
 10�5 1569.7 0.417 0.405 0.971 2.88
 10�8

4 Planer 1565.2 0.417 0.408 0.978 —
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The time evolution of the interface and solute
fields for both FTA and non-FTA results are
illustrated in Fig. 9. As shown, except the lower
interface positions due to the release of latent heat,
the results are very close. Further comparison is
shown in Table 2. The difference, except in the
interface position, is within simulation errors. This

seems to further validate the reasonable assump-
tion of FTA. However, this could be misleading.
In this simulation, also that in Ref. [9], the thermal
gradient is very high being 2.15
 104K/cm, so
that the effect of latent heat is small. With smaller
thermal gradients, say 2.15
 102K/cm, the effect
could be much more. However, it requires much

Fig. 8. Calculated thermal distributions at two different initial thermal gradients at V ¼ 2 cm/s (DT=G=l is equivalent to y�); the lower

right corner shows the MS loops at different thermal gradients.

Table 2

Comparison with FTA/non-FTA calculated results

V (cm/s) l (cm) d�
g (cm) Ttip (K) yi;tip (l)

0.5 1.92
 10�4/1.92
 10�4 6.24
 10�4/5.36
 10�4 1577.6/1577.6 194.253/193.084

1 1.21
 10�4/1.29
 10�4 1.74
 10�4/1.88
 10�4 1575.5/1575.5 175.773/166.334

2 1.15
 10�4/1.21
 10�4 3.28
 10�5/4.06
 10�5 1573.5/1573.5 155.136/140.181

3 9.8
 10�5/8.5
 10�5 5.98
 10�6/5.26
 10�6 1569.7/1569.7 117.196/98.474

4 Planer 0 1565.2/1565.2 72.298/55.997

d�
g : the glove depth.
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more CPU time to get a result, because as just
mentioned, the domain size needs to be increased
significantly. Therefore, for a realistic simulation,
one would need a larger interface thickness, and
this implies that a new phase field model, e.g. with
anti-solute trapping, that is less sensitive to the
interface thickness is desirable.

4. Conclusions and comments

We have presented an efficient adaptive phase
simulation for directional solidification. The mor-
phological development and solute trapping from

planar to cellular growth, as well as the absolute
stability limit, are illustrated with and without the
FTA. With the adaptive mesh, the large solutal
boundary layer and wavelength at low speed can
be simulated, while keeping small enough cells for
the diffusive interface. Such a simulation could be
much more difficult to carry out by using a
structured mesh. Our results agree reasonably well
with the previous studies. However, due to the
large thermal gradient used here, the effect of
latent heat is not significant, even at high growth
rate. However, the computation at lower thermal
gradients, which result in much larger cell wave-
length and solutal boundary layer, remains a great
challenge for simulation, even with the current
adaptive scheme. Not only is the large domain
required, but also the time constant is inevitably
large for a realistic simulation. Nevertheless, the
present simulation approach has shed some light
for a realistic simulation, and with a more power-
ful computer, such a realistic simulation could be
feasible.
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