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Abstract

The long-time scale nonlinear morphological dynamics of the interface during the thin-film directional solidification

of an SCN/acetone alloy have been simulated by an efficient phase field simulation. In addition to the agreement with

classic theories, the mode transition (lc2lc/2) through periodic–chaotic–periodic solute pinch-off after a step change

of the solidification speed is illustrated; lc is the critical wavelength. The tip-splitting, coarsening, and overshooting

during mode transition are consistent with experimental observations. However, the transition time is up to 5DL/kV2

making a real experiment at lower solidification speed very difficult to perform, where DL is the acetone diffusivity, k

the segregation coefficient, and V the solidification speed. The subcriticality of the primary bifurcation is further

confirmed by simulation.

r 2003 Elsevier B.V. All rights reserved.
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The onset of instability from a planner to a
cellular structure has very rich nonlinear dynamics
and has been paid much attention since the
classical Mullins–Sekerka (MS) theory was pro-
posed [1]. Warren and Langer [2] further extended
the analysis to predict the onset wavelength, with
some success, from a planar to a cellular morphol-
ogy subjected to a step change of the solidification
velocity. However, the prediction of the detailed
nonlinear morphological development remains a
challenging problem in microstructure pattern
formation. It is indeed a difficult problem not
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only for simulation, but also for experiments. The
front-tracking method with bifurcation analyses
has shown some progress [3], but it has failed to
simulate the problem having interface merging or
separation, such as pinching off. Phase field
simulation has emerged as a powerful tool for this
category of problems. However, a quantitative
simulation of alloy solidification is also difficult
because of the problems on the length and time
scales for computation. An extremely small inter-
face thickness is required to reduce solute trap-
ping, while a large domain is required to
accommodate the solute and thermal boundary
layers. On the other hand, near the onset of the
morphological instability, the solidification rate is
d.
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Fig. 1. A portion of the normalized MS loop showing the onset

solidification speed as a function of cellular wavelength for two

different conditions.
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small, and the time scale for morphological
dynamics becomes extremely large. Both seem to
greatly discourage the use of phase field simulation
for further comparison with the classic theories
and experiments. Furthermore, the long-time scale
experiments are difficult to perform because of the
requirements of large system scale and high sample
purity. To reduce the time and length scales for the
experiments, a much lower solute concentration is
required for observing the detailed mode transi-
tions near the onset point. Besides, the speed range
for mode transition decreases with the increasing
of solute concentration [1]. Therefore, even for the
most common transparent succinonitrile (SCN)/
acetone system, the experiments for the long-time
scale morphological dynamics near the onset of
the instability has not yet been reported, and so as
the phase field simulation of the problem.

In the MS theory, the equilibrium is assumed at
the interface. Therefore, the segregation coefficient
k is constant. However, if the interface is diffusive,
solute drag appears in the interface, and the solute
trapping depends on the velocity V and the
interface thickness d as pointed out by Aziz [4]
and Ahmad et al. [5]. The effective segregation
coefficient keff was derived as

keff ¼
k þ V=VD

1þ V=VD
; ð1Þ

where VD is the interface diffusion speed and can
be represented as VD ¼ 0:207 DLlnð1=kÞ=dð1� kÞ
[4], where DL is the solute diffusivity in the melt.
To minimize the solute trapping, while to balance
computing load, the interface thickness cannot be
too small, and this requires a lower solidification.
Unfortunately, at a lower speed, the time scale for
the interface dynamics, being in the order of DL/

V2, becomes very large. In a recent analysis by
Warren and Langer [2], the time for the interface
to fully develop is much longer than that for the
solute boundary layer and is in the order of several
DL/kV2. In other words, for most solutes, k is in
the order of 0.1 or smaller, so that the time scale
for the morphological dynamics is extremely long.
Therefore, an efficient numerical solution requite
adaptive mesh refinement (AMR) that allocates
enough mesh for the interface and solute boundary
layer, while uses much less grids for the rest of the
domain. Taking SCN with 0.2mol% acetone
(k=0.1) as an example, several hours are needed
for the morphological development. On the other
hand, as shown in the stability diagram obtained
from Mullens and Sekerka [1], as shown in Fig. 1,
the speed range for mode transition is very small at
this composition, so that for most available
experiments the detailed nonlinear dynamics near
the onset are very difficult to capture. The mode
transition from the onset wavelength lc to lc/2 is
within 1% of the onset speed Vc. However, if the
concentration is reduced to 0.01wt%, the transi-
tion spans over 10% of Vc or 80% for the lc/4
mode. This is also true for simulation. Therefore,
in this paper, we have purposely reduced the solute
concentration to 0.01wt%, and performed phase
field simulation to illustrate the lone-time scale
nonlinear dynamics of the morphological evolu-
tion. As will be illustrated shortly, quantitative
comparison with the theories is possible. Mean-
while, a full transition from lc to lc/2 and then
back to lc by changing the speed up and down can
be found. Some interesting phenomena are ob-
served and are consistent with experiments.

The phase field simulation is based on the WBM
model [6]. The frozen temperature approximation
(FTA) is adopted having a thermal gradient G.
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FTA is not realistic here based on the heat flow
consideration. However, to focus on solute trans-
port and the comparison with the previous studies,
this assumption is still adopted here. In order to
present the governing equations in dimensionless
form, the variables are rescaled. The concentration
(atomic fraction) c is rescaled by c0 to c�, where c0

is the far field concentration. The coordinates x

and y are rescaled by the interface thickness d to
x� and y�, respectively, and time t by d2/DL to t�.
The phase filed variable f is set to be 1 in liquid
and 0 in solid, while 0.5 at the interface. The steady
solidification speed V is rescaled by DL/d to V�.
Then, the governing equations used can be
represented in dimensionless form [7]:

qf
qt�

� V� qf
qy�
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f e
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The physical properties of pure SCN and acetone
are applied to form an ideal alloy solution
assumed in the WBM model. The only exception
is the latent heat of acetone (9.651� 107 J/m3). It is
modified to fit the measured segregation coefficient
k(0.1) and the liquidus slope m (�222 k/(mol
fraction)). M�

f ; e
�; D�, and S� are the dimension-

less mobility, parameter related to interfacial
energy, diffusivity, and entropy of the alloy
accounting the mixing rule for the melt and the
solid. Also, S�A and S�B are the normalized entropy
of A (solvent) and B (solute), respectively. The
interface thickness d is chosen as 0.2 mm to
minimize solute trapping and balance the compu-
tational accuracy and load. The detailed descrip-
tion of the phase-field parameters can be found
elsewhere [6]. The anisotropic function Z in Eq. (2)
is defined for the four-fold symmetry as

Z ¼ 1þ g cos 4b; ð4Þ

where g is the intensity of the anisotropy (0.04 is
used) and b ¼ tan�1½ðqf=qyÞ=ðqf=qxÞ
 is the
growth orientation of the cell.
To solve these equations, an adaptive finite
volume method has been used. The detailed
implementation of the scheme can be found
elsewhere [8]. On the both sides of the domain,
the symmetry (no flux) condition is used. On the
top boundary, the concentration (c�=1) is given,
while at the lower boundary the concentration is
set by the exit condition with its own concentra-
tion, i.e., qc�=qy� ¼ 0:

Simulation is performed for SCN with
0.01mol% acetone at a thermal gradient of
100K/cm. Before the simulation is conducted, as
shown in Fig. 1, the mode transition near the onset
(lc2lc /4) occurs within a reasonable speed
range, i.e., about 1–2Vc. At this speed range, the
solutal trapping is small, and the maximum effect
segregation coefficient is only about 0.12, which is
very close to the equilibrium one (k=0.1). The
decay length of the solute profile and the interface
position after a step change of solidification speed
at 50 mm/s, which is less than Vc (72.6 mm/s), are
calculated first. The results are in good agreement
with the analytical solution derived by Warren and
Langer [2]. More importantly, the solution field
takes about DL/kV2 (B5 s) to reach a steady state.
However, 5DL/kV2 (B25 s) is required for the
steady interface position. In other words, it is
believed that it will take about the same order of
time for the interface to develop. Increasing the
velocity to 90 mm/s, the interface remains planar
even up to 10 DL/kV2 (15.68 s). However, changing
the speed from 90 to 100 mm, the interface becomes
unstable after 5DL/kV2 (6.35 s). A fully develop-
ment of the morphology requires another 5D/kV2

and the wavelength is about 33.3 mm, which is a lc/
2 mode (lc=68.4 m); is taken from the MS theory.
Similar simulations are performed by increasing
the speed stepwise to 200 mm/s, and then backward
to 75 mm/s. The average amplitude is also mea-
sured as shown in Fig. 2 showing the effects of
solidification speed on the cell amplitude; some
fully developed morphologies are also illustrated
inside the figure. As shown, the lc mode can be
obtained by reducing the speed, even though it is
missed in the increasing speed. Interestingly, as
shown there is a sudden increase on the cell depth
when the speed is changed from 85 (a lc/2 mode)
to 80 mm/s (a lc mode). By further reducing the
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speed to 80 mm/s, the lc mode remains, but the
amplitude decreases. The planar interface is
obtained again when the speed is reduced to
Fig. 2. Bifurcation diagram for the maximum cell amplitude

(A) as a function of the solidification speed. The symbols upper

and lower triangles represent the morphologies obtained by

increasing and decreasing solidification speed, respectively,

while the square symbols indicate the planar interface.

Fig. 3. Comparison of the simulat
75 mm/s. Interestingly, the time needs to smooth
out the interface being about D/kV2 is much
shorter than that to develop. This figure clearly
indicates the lc2lc/2 mode transition is subcri-
tical, which is as predicted by the theory [9] and
observed in experiments [10]. This bifurcation
diagram (Fig. 2) is quite similar to the one
predicted by Lee et al. [11] using a finite element
method for steady-state calculations [11]. How-
ever, there are some important features, which will
be illustrated shortly, were not seen in the previous
simulation or experiments. Fig. 3 shows the results
on the MS loop. As shown, they are in pretty good
agreement; a local view of the MS-loop in a
normal scale is shown on the corner. At higher
solidification speed (>180 mm/s), a shorter-wave-
length mode (near lc/3) is also found.

The interface dynamics during the previous
mode transition are particularly interesting. For
the onset of the instability (from 75 to 90 mm/s), it
takes more than 10DL/kV2 to a fully developed
morphology. However, this morphology is having
a periodic pinch-off structure, as shown in Fig. 4a.
The solute is trapped in the deep groove and then
pinched off forming a packet left behind the
ed results with the MS loop.
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Fig. 5. Morphological transition after a step change of the

solidification speed from 140 to 200mm/s. The morphology at

every 0.07825 s (2.5DL/V2) is shown. On the right the

experimental photographs are also shown (c0=0.32mol%,

V=0.589mm/s, and G=30K/cm; time interval=50min; total

time=250min B4.2DL/V2).

Fig. 4. Time evolution of cell amplitude after a step change of the solidification speed from 140 to 180 mm/s.
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interface. These packets do not detached at the
same time. However, the distance (pinch-off
period) between the packets is the same for each
groove. Increasing the speed to 180 mm/s, the
pinch-off become chaotic, as shown in Figs. 4b
and c. One can notice that the distance between the
pinch-off packets from each groove is different
from one another. After a new mode is developed,
the periodic pinch-off structure appears again, as
shown in Fig. 4d. If we plot the time evolution of a
groove depth, as shown in Fig. 4, the nature of the
interface dynamics can be easily understood.
When the speed is increases, there is a temporary
chaotic period before the new periodic pinch-off
state. A similar transition appears at a high speed
before turning to a global chaotic pinch-off
situation. Moreover, as shown in Fig. 4, the
transition through the global chaotic period takes
more than 2 s, i.e., up to 5DL/kV2, and this will
take a real experiment having a much higher
acetone concentration and lower solidification
speed. For c0B0.3mol% and VB0.5 mm/s, it will
take about 50 h for the mode transition. Such kind
of long-time scale experiments have not yet been
performed. In addition to the long solidification
setup, the decomposition of SCN at the hot zone is
a problem as well [12].

During the transition, the interface shows
clear tip coarsening, groove overshooting and
pinching off, and tip splitting, as shown in
Fig. 5. Some photographs from the experiments
obtained from a higher acetone concentration and
a lower solidification speed (c0=0.32mol%,
V=0.589 mm/s, G=30K/cm) are also shown. As
shown, when two grooves, where solute accumu-
lates, merge together (coarsening), the local solute
concentration increases and forms a deeper groove
(amplitude overshooting) with a pinch-off. After
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the pinch-off, the groove depth decreases quickly.
On the other hand, as the merged interface is
having a too long wavelength, splitting may occur.
The time for the transition is about 0.4 s in the
simulation, but about 250min in the experiments.
However, they are still quite consistent to each
other based on the dimensionless time being about
DL/kV2. Such a transition continues for several
DL/kV2 until a new mode is fully developed.
Nevertheless, the new mode is still time-dependent
in nature. Again, this is a great challenge for a real
experiment with a low solidification or high solute
concentration.

In summary, the long-time scale nonlinear
morphological dynamics near the onset of in-
stability for a thin-film solidification of an SCN/
acetone alloy have been simulated by phase field
simulation. The results are in good agreement with
the reported theories. The transition phenomena,
such as tip splitting, cell coarsening, amplitude
overshooting, and solute pinching-off, are consis-
tent with the long-time scale experimental obser-
vations. The dimensionless time scale for the
morphological evolution is also consistent with
the measured one based on a higher acetone
concentration and a lower solidification speed.
However, the time to complete a morphological
transition by increasing the solidification speed is
up to 5DL/kV2, which could take days in a real
experiment.
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