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Electrophoresis of a spheroid along the axis of a cylindrical pore
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Abstract

The boundary e3ect in electrophoresis can play an important role in applications of practical signi4cance; typical example includes the
electrophoresis in a narrow space and that of a concentrated dispersion. This e3ect is investigated by analyzing the electrophoresis of a
spheroid along the axis of an in4nite non-conducting cylinder in this study for the case of low surface potential. In particular, the e3ects of
particle aspect ratio, the ratio (linear size of particle/radius of pore), double layer thickness, and the charged conditions on particle surface
on the electrophoretic behavior of a particle are discussed. Several interesting results are observed. For example, if the volume of a particle
is 4xed, its electrophoretic mobility has a local maximum as its aspect ratio varies. Also, if wall e3ect is important, the relative magnitudes
of the electrophoretic mobility of a particle follow the order prolate ¡ sphere ¡ oblate, and the reverse is true if it is unimportant.
? 2003 Elsevier Ltd. All rights reserved.
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1. Introduction

Electrophoresis is one of the basic analytical tools for
both quanti4cation and separation of a dispersed system.
It is based on the fact that charged entities would migrate
toward one of the two electrodes of an applied electric
4eld. Smoluchowski pioneered the theoretical analysis on
this phenomenon (Hunter, 1989). He considered the case
when a rigid particle is placed in an in4nite =uid. Under the
conditions of steady state, low electrical potential, constant
particle surface property, and the linear size of the particle is
much larger than the thickness of double layer surrounding
it, Smoluchowski was able to show that the electrophoretic
velocity of the particle is proportional to the product of its
zeta potential and the applied electric 4eld (Morrison, 1970).
The ratio (electrophoretic velocity/applied electric 4eld) is
de4ned as the electrophoretic mobility of the particle.
Although Smoluchowski’s result provides a concise ana-
lytical expression for the dependence of electrophoretic ve-
locity (or mobility) on the applied electric 4eld, some of its
assumptions may need modi4cation to meet conditions of
practice signi4cance. One of these is the liquid surrounding
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a particle is in4nite, i.e., the boundary e3ect is negligible.
This e3ect can be signi4cant; for example, in the case the
electrophoresis is conducted in a narrow space such as a pore
in a membrane or in the case the e3ect of neighboring parti-
cles should be considered such as a concentrated dispersion.
Attempts have been made in the literature to simulate

the boundary e3ect of electrophoresis for various types of
geometry. These include, for example, a sphere moves par-
allel to a plane (Keh and Anderson, 1985; Keh and Chen,
1988; Ennis and Anderson, 1997), normal to a plane (Keh
and Anderson, 1985; Ennis and Anderson, 1997; Keh and
Lien, 1989; Keh and Jan, 1996; Chih et al., 2002; Tang
et al., 2001), along the axis of a cylinder (Keh and
Anderson, 1985; Ennis and Anderson, 1997; Keh and
Chiou, 1996; Shugai and Carnie, 1999), electrophoresis of
multiple spheres and spheroids (Keh and Chen, 1989a,b;
Keh and Yang, 1990; Chen and Keh, 1992; Loewenberg
and Davis, 1995; Sun and Wu, 1995; Shugai et al., 1997), a
body of revolution moves normal to a plane (Feng and Wu,
1994), a sphere at the center of a spherical cavity (Zydney,
1995; Lee et al., 1997, 1998; Chu et al., 2001), an in4nite
cylinder with its axis parallel to a planar wall (Keh et al.,
1991), a sphere moving axially toward a circular hole or
disk (Keh and Lien, 1991).
In this study, we consider the electrophoresis of a spheroid

along the axis of an in4nitely long, non-conducting and
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uncharged cylindrical pore. Choosing spheroidal geometry
has the advantage that it is capable of simulating a wide
class of particles by varying the relative length of its major
and minor axes. We consider two types of charged condi-
tions on particle surface: constant electrical potential and
constant charge density. It was pointed out that these two
charged conditions represent two limiting cases for the case
the surface charge of an entity arises from surface dissocia-
tion reactions (Krozel and Saville, 1992; Carnie and Chan,
1993a,b; Carnie et al., 1994a,b). Constant surface potential
and constant surface charge density correspond respectively
to the cases when the rate of dissociation reaction is in-
4nitely fast and that is in4nitely slow.

2. Theory

Let us consider the problem illustrated in Fig. 1 where a
non-conductive spheroidal particle is placed on the axis of
an in4nitely long, non-conducting and uncharged cylindrical
pore of radius b. The cylindrical coordinates (r; �; z) with its
origin located at the center of the particle are adopted. Let
2a and 2d be respectively the axis length of the particle in
r- and in z-direction. Note that if d=a¿ 1, the particle is a
prolate spheroids (needle-like), if d=a=1, it is spherical, and
if d=a¡ 1, it is an oblate spheroids (disk-like). A uniform
electric 4eld E is applied in the z-direction, and the particle
moves along the axis of the cylindrical pore. The axisym-
metric nature of the present problem suggests that only the
(r; z) domain needs to be considered. Based on the Gauss
law, it can be shown that the spatial variation of the electrical
potential� is governed by the Poisson–Boltzmann equation

∇2� =− �
�
=−

N∑
j=1

zjenj0 exp(−zje�=kBT )
�

; (1)

where ∇2 is the Laplace operator, � is the permittivity of
the liquid phase, � is the space charge density, N is the
number of ionic species, nj0 and zj are respectively the bulk
number concentration and the valence of ionic species j, e is
the elementary charge, kB is the Boltzmann constant, and T
is the absolute temperature. For convenience, the electrical
potential � is decomposed into the potential in the absence
of the applied electric 4eld, �1, and the electrical potential
outside the particle that arises from the applied 4eld, �2

(Henry, 1931). The applied electric 4eld is weak so that the
e3ect of double layer polarization is negligible. Suppose that
the surface potential of particle is low, and, therefore, �1

can be described approximately by

∇2�1 = �2�1; (2)

where � = (e2
∑N

j z2j nj0=�kBT )1=2 is the reciprocal Debye
length. Similarly, the electrical potential associated with the
applied electric 4eld, �2, is described by

∇2�2 = 0: (3)

Two kinds of boundary conditions are considered. In the

Fig. 1. Schematic representation of the problem considered. A spheroidal
particle is placed on the axis of an in4nitely long, uncharged cylindrical
pore of radius b. An electric 4eld E parallel to the axis of the pore is
applied. The cylindrical coordinates (r; �; z) are adopted. 2a and 2d are
respectively the lengths of the axes of the particle in r- and z-direction.

4rst kind the surface of the particle is maintained at con-
stant electrical potential, and the boundary conditions for
the electrical 4eld are

�1 = �a; n · ∇�2 = 0 on particle surface; (4)

@�1

@r
= 0;

@�2

@r
= 0; r = b; (5)

�1 = 0; ∇�2 =−E ; |z| → ∞; r ¡b; (6)

where �a is the electrical potential on particle surface and
n is the unit normal directed into the liquid phase. In the
second kind, the surface of the particle is maintained at
constant charge density, and the boundary conditions for the
electrical 4eld are

n · ∇�1 =
−�a

�
; n · ∇�2 = 0 on particle surface;

(7)
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@�1

@r
= 0;

@�2

@r
= 0; r = b; (8)

�1 = 0; ∇�2 =−E ; |z| → ∞; r ¡b; (9)

where �a is the charge density on particle surface.
Suppose that the =ow 4eld can be described by the

Navier–Stokes equation in the creeping =ow regime.
We have

�∇2u −∇p= �∇�; (10)

∇ · u = 0: (11)

In these expressions, u, �, and p are respectively the ve-
locity, the viscosity, and the pressure of the liquid phase.
Here, we assume the liquid phase is incompressible and has
constant physical properties. Also, both the surface of par-
ticle and that of pore are no-slip (Backstrom, 1999). Then
boundary conditions associated with Eqs. (10) and (11) are

u = U iz on particle surface; (12)

u = 0; r = b and |z| → ∞; r ¡b; (13)

n · ∇p= n · (�∇2u − �∇�) on particle surface;

r = b and |z| → ∞; r ¡b: (14)

Here, iz is the unit vector in the z-direction.
In our case, the forces acting on the particle include the

hydrodynamic force and the electrostatic force. The axisym-
metric nature of the geometry considered implies that only
the forces in the z-direction need to be calculated. The elec-
trostatic force acting on the particle in the z-direction, Fz

E ,
can be evaluated by

Fz
E =

∫ ∫
S
� EZ dS =

∫ ∫
S
�
(
− @�

@z

)
dS; (15)

where S represents particle surface. The hydrodynamic force
acting on the particle in the z-direction, FZ

D , comprises the
force arising from the viscous force, and that arising from
the hydrodynamic pressure (Backstrom, 1999). We have, in
mathematical expression,

FZ
D =

∫ ∫
S
�
@(u · t)

@n
tz dS +

∫ ∫
S
−pnz dS: (16)

Here, t and n are the unit tangential and unit normal vectors
on particle surface, respectively, n is the magnitude of n, and
tz and nz are the z-component of t and that of n respectively.
At steady state, the net force acting on a particle vanishes,
that is,

FZ
D + FZ

E = 0: (17)

The electrophoretic mobility of a particle is estimated by
a trial-and-error procedure. An arbitrary particle velocity is
guessed, and the equations governing the =ow 4eld and the
electric 4eld are solved numerically subject to the associ-
ated boundary conditions. The electric force and the viscous
force experienced by the particle are then calculated, and the

results substituted into Eq. (17) to see if it is satis4ed. If it is
not satis4ed, then a new particle velocity is assumed, and the
above procedure is repeated. FlexPDE (version 2.22, PDE
Solutions Inc., USA), a di3erential equation solver, which
is based on a 4nite element method, is adopted to solving
the governing equations for the =ow and the electric 4elds.
The applicability and the accuracy of this software was ex-
amined previously (Hsu and Kao, 2002) by using it to solve
the electrophoresis of a sphere along the axis of a cylindri-
cal pore, and comparing the result obtained with those of
Ennis and Anderson (1997) and Shugai and Carnie (1999).
The former is based on a re=ection method, which is unreli-
able if the ratio (particle radius/pore radius) is large. On the
other hand, the latter used a numerical approach, which is
inaccurate if the ratio (particle radius/pore radius) is small.
Hsu and Kao (2002) concluded that the performance of the
present numerical procedure was satisfactory regardless of
the magnitude of the ratio (particle radius/pore radius).

3. Results and discussion

For a more concise presentation, the scaled elec-
trophoretic mobility, !, de4ned below is used in subsequent
discussions:

!=
U�

��refE
; (18)

where �ref is a reference potential; for the case of constant
surface potential �ref is the particle surface potential �a, and
for the case of constant surface charge density �ref is kBT=e.
Solving Eqs. (2) and (3) subject to boundary conditions

speci4ed in Eqs. (4)–(6) or (7)–(9) gives the electric 4eld,
and solving Eqs. (10) and (11) subject to boundary con-
ditions speci4ed in Eqs. (12)–(14) gives the =ow 4eld.
Figs. 2 and 3 show the typical electrical and =ow 4elds
obtained.

3.1. Constant surface potential

Fig. 4 shows the variation of the scaled electrophoretic
mobility of a particle ! as a function of particle aspect
ratio d=a for the case when its surface potential is constant.
Both the result for the case when a is 4xed and that when
particle volume is 4xed are presented. Fig. 4 reveals that
for both the case when a is 4xed and the case when particle
volume is 4xed, ! increases with d=a 4rst, passing through
a maximum, and then decreases with a further increase in
d=a. As shown in Fig. 5, when a is 4xed, a large d=a implies
a large particle surface area, and the amount of charge on its
surface is large, which yields a great electric force acting on
it, and its mobility becomes large. On the other hand, as the
surface area of a particle becomes large, the viscous force
acting on its surface also becomes large, which has the e3ect
of reducing its mobility. The situation for the case when
particle volume is 4xed is more complicated than that for
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Fig. 2. Typical results for the electric 4eld # = e =kBT , and =ow 4eld
u∗ = u=U , (b), for the case of constant surface potential with %=0:4 and
�∗a (=�a=(kBT=e)) = 0:5.

the case a is 4xed. This is because ! is now in=uenced by
both the viscous force acting on a particle and the thickness
of double layer surrounding it. As illustrated in Fig. 5, when
particle volume is 4xed if d=a¡ 1 (oblate), the surface area
of a particle decreases with the increase in d=a. It reaches
a minimum at d=a = 1 (sphere), and then increases with a
further increase in d=a for d=a¿ 1 (prolate). Because the
viscous force acting on a particle is proportional to its sur-
face area, ! increases with d=a when d=a is small. As d=a
becomes large, a is small, and because % is 4xed, b is small
too. Since the thickness of the double layer surrounding the
particle is 4xed, the larger the d=a the easier for the dou-
ble layer to touch the wall of the cylindrical pore, the more
signi4cant the boundary e3ect, which is disadvantageous to
the movement of the particle, and ! becomes smaller. The
special behavior of ! for the case when particle volume is
4xed is the net result of these e3ects.

Fig. 3. Typical results for the electric 4eld # = e =kBT , (a), and =ow
4eld u∗ = u=U , (b), for the case of constant surface charge density with
% = 0:4 and �∗a (=�a=(��kBT=e)) =−1.

The variation of the scaled electrophoretic mobility of
a particle ! as a function of % (=a=b) at various particle
aspect ratio d=a when its surface potential is constant is
illustrated in Fig. 6. Both the results for the case a is 4xed
and those for the case when particle volume is 4xed are
presented. Note that in Fig. 6(a), both a and b are 4xed, and
in Fig. 6(b), b varies with a. Fig. 6 indicates that for a 4xed
d=a, ! decreases with the increase in %. This is expected
because the larger the %, the closer the particle to the wall
of the cylinder, and the more signi4cant the hydrodynamic
retardation arising from the presence of the latter. Note that if
% is small, the electrophoretic mobility of a prolate (d=a¿ 1)
is larger than that of an oblate (d=a¡ 1), but the reverse is
true if % is large. This is because if % is small, the wall e3ect
is relatively unimportant. In this case, if a is 4xed, a large d=a
implies a large particle surface area, and therefore, a large
amount of surface charge, which yields a great electric force



J.-P. Hsu et al. / Chemical Engineering Science 58 (2003) 5339–5347 5343

Fig. 4. Variation of scaled electrophoretic mobility ! (=U�=�aE�) as
a function of particle aspect ratio d=a for the case of constant surface
potential with % = 0:4 and �∗a (=�a=(kBT=e)) = 0:5. Curve 1, a is 4xed,
2, particle volume is 4xed. Curve 1, �a = 1; 2, �a = (d=a)−1=3.

Fig. 5. (a) Variations of the ratio (surface area of a particle/that when
d=a = 1) as a function of particle aspect ratio d=a. (b) Variation of
the ratio (surface area of a particle projected onto a plane parallel to
z-axis/that when d=a= 1) = &ad=&a20, a0 being the radius of the particle
when d=a = 1, as a function of particle aspect ratio d=a. Curve 1, a is
4xed, 2, particle volume is 4xed. Curve 3 in part (b) is the variation of
the ratio (surface area of a particle projected onto a plane perpendicular
to z-axis/that when d=a = 1) = &a2=&a20 when particle volume is 4xed.

Fig. 6. Variation of scaled electrophoretic mobility ! as a function of % at
various particle aspect ratio a=d for the case of constant surface potential
with �∗a = 0:5 and �a = 1. (a) a is 4xed, (b) particle volume is 4xed.

acting on the particle, and its mobility becomes large. On the
other hand, if % is large, the wall e3ect becomes signi4cant.
In this case, the hydrodynamic retardation is mainly deter-
mined by the magnitude of the projected area of a particle
on a plane parallel to the z-axis. Since the larger the d=a, the
larger the projected area, as shown in Fig. 5(b), ! of a pro-
late becomes smaller than that of an oblate. When particle
volume is 4xed and % is small, the hydrodynamic retardation
on the movement of a particle is mainly determined by the
magnitude of its projected area on a plane perpendicular to
the z-axis. For a given %, since particle volume is 4xed, the
smaller the d=a, the larger the a, and the larger the projected
area is, as shown in Fig. 5(b), and therefore, ! of an oblate
is smaller than that of a prolate. If % is large, the wall ef-
fect becomes signi4cant. As in the case when a is 4xed, the
hydrodynamic retardation is mainly determined by the mag-
nitude of the projected area of a particle on a plane parallel
to the z-axis. As shown in Fig. 5(b), because the larger the
d=a, the larger the projected area, ! of a prolate becomes
smaller than that of an oblate.
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Fig. 7. Variation of scaled electrophoretic mobility ! as a function of
�a at various particle aspect ratio a=d for the case of constant surface
potential with %= 0:4 and �∗a = 0:5. (a) a is 4xed, (b) particle volume is
4xed.

Fig. 7 illustrates the variation of the scaled electrophoretic
mobility of a particle ! as a function of �a at various par-
ticle aspect ratio d=a when its surface potential is constant.
Both the results for the case a is 4xed and those for the case
when particle volume is 4xed are presented. Fig. 7 reveals
that for a given d=a, ! increases with the increase in �a.
This is expected since the larger the �a, the thinner the dou-
ble layer surrounding a particle and the smaller the viscous
retardation arising from its presence. As can be seen from
Fig. 7(a), when a is 4xed, if �a is small, ! of a prolate is
smaller than that of an oblate, and the reverse is true if �a is
large. This is because in Fig. 7(a) if �a is small, the double
layer surrounding a particle is thick, and the wall e3ect is
important. In this case, because the projected area of a pro-
late on a plane parallel to the z-axis is larger than that of an
oblate, the viscous retardation of the former due to wall ef-
fect is greater than that of the latter, an oblate moves faster
than a prolate. On the other hand, if �a is large, the double
layer surrounding a particle is thin, the wall e3ect becomes
unimportant. In this case the behavior of ! is similar to that

Fig. 8. Variation of scaled electrophoretic mobility ! as a function of
particle aspect ratio d=a for the case of constant surface charge density
with %=0:4 and �∗a (=�a=(��kBT=e))=−1. Curve 1, a is 4xed, 2, particle
volume is 4xed. Curve 1, �a = 1; 2, �a = (d=a)−1=3.

shown in Fig. 6 for the case when % is small, that is, ! is
mainly controlled by the surface area of a particle and its
projected area on a plane perpendicular to the z-axis. If a is
4xed, since the surface area of a prolate is larger than that of
an oblate, the electric force acting on the former is greater
than that acting on the latter, and therefore, a prolate moves
faster than an oblate. If particle volume is 4xed, because the
projected area of a prolate on a plane perpendicular to the
z-axis is smaller than that of an oblate, as shown in Fig. 5(b),
the hydrodynamic retardation of the former is smaller than
that of the latter, and therefore, a prolate moves faster than
an oblate.

3.2. Constant surface charge density

Fig. 8 shows the variation of the scaled electrophoretic
mobility of a particle ! as a function of particle aspect ratio
d=a for the case of constant surface charge density. Both the
result for the case when a is 4xed and that for the case when
particle volume is 4xed are illustrated. Fig. 8 reveals that if
a is 4xed, |!| increases monotonically with the increase in
d=a for the range of d=a examined, which is di3erent from
the result when particle surface is maintained at a constant
surface potential, as presented in curve 1 of Fig. 4. As in the
case of constant surface potential the increase of |!| with
d=a arises from the increase in the amount of surface charge
with d=a. The behavior of |!| as d=a varies when particle
volume is 4xed is similar to that of! for the case of constant
surface potential shown in Fig. 4, and can be explained by
the same reasoning.
The variation of the scaled electrophoretic mobility of a

particle ! as a function of % at various particle aspect ratio
d=a for the case of constant surface charge density is illus-
trated in Fig. 9. Both the results for the case when a is 4xed
and those when particle volume is 4xed are presented.
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Fig. 9. Variation of scaled electrophoretic mobility ! as a function of % at various particle aspect ratio a=d for the case of constant surface charge density
with �∗a = 1 and �a = 1. (a) a is 4xed, (b) particle volume is 4xed.

The trend of the absolute scaled mobility as % varies is
similar to the scaled mobility shown in Fig. 6, in which
surface potential is constant, that is, |!| decreases with the
increase in %, which is expected since the larger the % the
more signi4cant the wall e3ect. Note that, however, when
a is 4xed, the curves correspond to di3erent values of d=a
do not cross each other as that observed in Fig. 6(a); |!|
of a prolate is always larger than that of an oblate for the
range of % examined. As can be seen in Fig. 9(b) if particle
volume is 4xed, the behavior of the absolute scaled mobil-
ity is similar to the scaled mobility shown in Fig. 6(b), in
which surface potential is constant.
Fig. 10 illustrates the variation of the scaled elec-

trophoretic mobility of a particle ! as a function of �a at

various particle aspect ratio d=a for the case of constant
surface charge density. Both the results for the case when a
is 4xed and those when particle volume is 4xed are shown.
Fig. 10 reveals that for a given d=a, |!| increases mono-
tonically with the increase in �a, which is similar to that
observed Fig. 7, and can be explained by the same reason-
ing. However, the curves in Fig. 10 correspond to di3erent
values of d=a do not cross each other; |!| of a prolate is
always larger than that of an oblate.
The geometry considered in this study is an idealized

one, where a spheroidal particle is moving along the axis
of a cylindrical pore. In practice, the shape of a particle
and its position, the direction of its movement, and the
shape of boundary can all be arbitrary. In this case, the
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Fig. 10. Variation of scaled electrophoretic mobility ! as a function of �a
at various particle aspect ratio a=d for the case of constant surface charge
density with %=0:4 and �∗a =1. (a) a is 4xed, (b) particle volume is 4xed.

electrophoresis problem is of complicated nature, and
solving the governing equations subject to the associated
boundary conditions becomes non-trivial, even if it is solved
numerically. In general, an eNcient three-dimensional nu-
merical scheme for the resolution of a boundary-value
problem needs to be developed.

4. Conclusions

In summary, the electrophoretic mobility of a spheroidal
particle along the axis of a cylindrical pore is investigated.
Using the geometry of the former has the advantage that
it is capable of simulating a wide class of particles. We
show that for the case when the wall e3ect is signi4cant,
which occurs if the double layer surrounding a particle is
thick and/or the linear size in the direction perpendicular
to its movement is large, the projected area of the particle
on a plane parallel to its movement plays the key role in
the determination of its electrophoretic behavior. On the
other hand, if the wall e3ect is insigni4cant, the projected

area of a particle on a plane perpendicular to its movement
plays the key role. If the volume of a particle is 4xed, its
electrophoretic mobility exhibits a local maximum as its
aspect ratio varies, which is observed in both the case when
particle surface is maintained at a constant potential and
when it is maintained at a constant charge density. When
the linear size of a particle in the direction perpendicular
to its movement is 4xed, its electrophoretic mobility has a
local maximum as particle aspect ratio varies if its surface is
maintained at a constant potential, but the local maximum is
not observed if its surface is maintained at a constant charge
density. For a 4xed particle volume, the relative magnitudes
of the electrophoretic mobility of prolate, sphere, and oblate
depend on the degree of wall e3ect. If the wall e3ect is
important, it follows the order prolate ¡ sphere ¡ oblate,
and the reverse is true if the wall e3ect is unimportant.

Notation

a half axis length of particle r-direction, m
b radius of cylindrical pore, m
d half axis length of particle in z-direction, m
e elementary charge, C
E electric 4eld, Vm−1

Fz
E electrostatic force acting on particle in z-direction,

N
Fz
D hydrodynamic force acting on particle in

z-direction, N
iz unit vector in z-direction, dimensionless
kB Boltzmann constant, J K−1

n unit normal vector on particle surface, dimension-
less

n magnitude of n, dimensionless
nz z-component of n, dimensionless
nj0 bulk number concentration of ionic species j, m−3

N number of ionic species, dimensionless
p pressure, Pa
S particle surface, m2

t unit tangential vectors on particle surface, dimen-
sionless

tz z-component of t, dimensionless
T absolute temperature, K
u velocity of liquid phase, m s−1

u∗ scaled velocity of liquid phase, dimensionless
zj valence of ionic species j, dimensionless

Greek letters

� permittivity of liquid phase, C2 N−1 m−2

∇ gradient operator, m−1

�ref reference potential, V
�a electrical potential on particle surface, V
� viscosity of liquid phase, kg m−1 s−1

� reciprocal Debye length, m−1

� space charge density, C m−3
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�a charge density on particle surface, C m−1

# scaled electrical potential, dimensionless
' electrical potential, V
'1 potential in the absence of applied electric 4eld, V
'2 electrical potential outside particle that arises from

applied electric 4eld, V
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