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Electrical interaction between two cylinders with an
ion-penetrable charged membrane in an oil/water interface
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Abstract

The electrical interaction between two long, parallel cylinders each is covered by an ion-penetrable charged
membrane immersed in an oil/water interface is investigated. The effects of contact angle, radius of cylinder, and
membrane thickness on the electrical interaction force are examined. The results of numerical simulation reveal that
the following conditions lead to a greater electrical interaction force: (i) a larger contact angle, i.e. a larger fraction
of a cylinder in the oil phase; (ii) a larger cylinder radius; and (iii) a thinner membrane. For a fixed ionic strength,
the electrical interaction force is insensible to the type of electrolytes in the water phase, in general. However, if two
cylinders are close enough, then the higher the valence of counterions the greater the electrical interaction force.
© 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction

Colloidal particles are ubiquitous in both hu-
man life and industrial processes. Typical example
varies from biological entities such as blood cells
and microorganisms to inorganic entities such as
silicon oxide particles used in semi-conductor pro-
cessing. Apparently, the behavior of a colloidal
dispersion is closely related to both colloid–col-
loid and colloid–solvent interactions. Previous ef-

forts on the relevant studies are mainly focused on
the case of a single dispersed medium. The poten-
tial applications of a colloidal dispersion in vari-
ous fields, however, have triggered the
investigations on problems and phenomena,
which involve two dispersion media, in the past
two decades.

Emulsion is one of the most significant colloidal
dispersions in practice. Water-in-oil emulsion, for
example, can be found in oil recovery process.
Here, since the formation of water drops may
cause various problems [1], the goal is to create an
unstable dispersion. Another example is water-in-
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oil emulsion, which can be used to produce
nanometer sized metallic and semiconductor par-
ticles. In this case since the water drops play the
role of micro chemical reactors, the task now is to
create environment such that a stable dispersion is
obtained. This can be achieved by dispersing fine
entities such as surfactants, over the liquid– liquid
interface [2]. Tadros and Vincent [3] concluded
that emulsions formed by smaller particles and
particles with a rougher surface, which are capa-
ble of forming an appropriate contact angle with
liquid– liquid interface, are more stable. These
findings were explained by Denkov et al. [4]
through considering a mechanism, which takes
the effect of contact angle hysteresis on the effec-
tive disjoining pressure isotherms into account. In
medical and pharmaceutical applications, emul-
sions have been used to stabilize some hydropho-
bic drugs. Since emulsions are thermodynamically
unstable, the goal here is to maintain their stabil-
ity. Shi et al. [5] showed that bovine submaxillary
gland mucin (BSM) is capable of increasing the
stability of an emulsion.

Lyne et al. [6] examined the electrostatic inter-
action force between two identical, infinitely long,
parallel cylinders in an oil–water interface for the
case of symmetric electrolytes at three oil/water
ratios. The Poisson–Boltzmann equation govern-
ing the spatial variation of electrical potential was
solved numerically. The results obtained reveal
that the repulsive electrical double layer force in

the water phase is of short range nature and that
in the oil phase is of long range nature. Hsu and
Liu [7] discussed the electrostatic interaction be-
tween two long, parallel rod-like objects in an
oil–water interface. Under the Debye–Huckle
condition the governing Poisson–Boltzmann
equation was solved analytically by a Green func-
tion method. They found that the thicker the
double layer the more stable the system under
consideration. For a fixed double layer thickness
the closer the objects to cylinders or the larger the
fraction of the objects in the water phase, the
more stable the system.

In the present study, the electrostatic interac-
tion between two long, parallel cylinders each is
covered by an ion-penetrable charged membrane
immersed in an oil/water interface is investigated.
In particular, the effects of contact angle, radius
of cylinder, and membrane thickness on the elec-
trical interaction force are examined. Typical ap-
plication of the problem under consideration is in
oil-in-water and water-in-oil emulsions where a
dispersed system is stabilized by adsorbing fine
particles on the liquid– liquid interface. The ad-
sorbed particles are usually charged, and form a
thin layer on the interface. Biological system is
another example in which biocolloids can be sim-
ulated by a rigid core covered by a charged mem-
brane layer. The interaction between micelles and
an interface belongs to this category. The problem
considered in this study can also be used to

Fig. 1. Schematic representation of the system under consideration. Two identical, parallel long cylinders of radius A are immersed
in an oil–water interface with contact angle �. Each cylinder is covered by an ion-penetrable membrane of thickness d. h is the
closest surface-to-surface distance between two cylinders.
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Fig. 2. Typical contours for the scaled electrical potential for
the case �h=1.0. (a) �=60°, values for the scaled potential
are (1) −0.3; (2) −0.9; (3) −1.6; (4) −2.6; (b) �=90°,
values for the scaled potential are (1) −0.4; (2) −1.2; (3)
−2.6; (4) −3.0; (c): �=120° values for the scaled potential
are (1) −0.6; (2): −1.4; (3) −2.8; (4) −4.2. Key: a :b=1:1,
I=2×10−3 M, Ca

0=2×10−3 M, �A=10, �d=1, z=1,
�r=78, and T=298 K.

interface. For instance, it is known that the effi-
ciency of a tertiary oil recovery process can be
raised by the addition of an appropriate amount
of emulsifiers. Here, the interaction between

Fig. 3. Variation of scaled electrical interaction force between
two cylinders f * as a function of the scaled separation distance
between two cylinders �(d+h). �=60°, (a), �=90°, (b), and
�=120°, (c). Oil phase, - -, water phase, – – , total, — — .
Key: same as Fig. 2.

simulate the interactions between surfactants,
emulsifiers, and bio-molecules on a liquid– liquid
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Fig. 4. Variation of scaled total electrical interaction force
between two cylinders f * as a function of the scaled separation
distance between two cylinders �(d+h) at various contact
angles � for the case of Fig. 3. �=60°, - -, �=90°, – – , and
�=120°, — — .
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Fig. 5. Variation of scaled electrical interaction force between
two cylinders f * as a function of the scaled separation distance
between two cylinders �(d+h) . �=60°, (a), �=90°, (b), and
�=120°, (c). Oil phase, - -, water phase, – – , total, — — .
Key: same as Fig. 2 except that �A=5.

emulsifiers on oil– liquid interface plays a signifi-
cant role.

2. Analysis

Referring to Fig. 1, we consider two identical,
parallel long cylinders of radius A each is covered
by an ion-penetrable membrane of thickness d in
an oil–water interface. Suppose that the mem-
brane layer carries uniformly distributed negative
fixed charge of valence z and concentration C0.
Let h be the closest surface-to-surface distance
between two cylinders. The fraction of a cylinder
in the oil phase is determined by the contact angle
�. If ��90°, then the faction of a cylinder in the
oil phase is larger than that in the water phase,
and the reverse is true if ��90°. If �=90°, the
faction of a cylinder in the oil phase is the same as
that in the water phase. For simplicity, we assume
that the oil–water interface is flat. Suppose that
the water phase contains a :b electrolyte, and the
oil phase is electrolyte free. In the water phase, if
the spatial concentration of mobile ions follows
the Boltzmann distribution, then the spatial elec-
trical potential at equilibrium, �, can be described
by
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Fig. 6. Variation of scaled total electrical interaction force
between two cylinders f * as a function of the scaled separation
distance between two cylinders at various contact angles for
the case of Fig. 5. �=60°, - -, �=90°, – – , and �=120°, —
— .

phase). The following boundary conditions are
assumed:

��0 as �r�� (7)

Fig. 7. Variation of scaled electrical interaction force between
two cylinders f * as a function of the scaled separation distance
between two cylinders �(d+h). �=60°, (a), �=90°, (b), and
�=120°, (c). Oil phase, - -, water phase, – – , total, — — .
Key: same as Fig. 2 except that �d=0.5.

where Ca
0 is the bulk concentration of cations, kB

is the Boltzmann constant, r is the radial distance,
�0 and �r are respectively the permittivity of a
vacuum and the relative permittivity of the liquid
phase, T is the absolute temperature, F and e are
respectively the Faraday constant and the elemen-
tary charge, �2 is the Laplace operator, and D=
A+ d. Since electrolyte is absent in the oil phase,
the distribution of electrical potential is described
by

�� 2�=
zFC0

�0�r

, A�r�D (3)

�� 2�=0, D�r�� (4)

In terms of scaled variables, Eqs. (1) through (4)
can be expressed as

�� 2�=
g+ iN
a+b

, �A��r��, water phase (5)

�� 2�=
iN

a+b
, �A��r��, oil phase (6)

where �=e�/kBT, �2=e2a(a+b) Ca
0/�0�rkBT,

g= exp(b�)− exp(−a�), N=zC0/aCa
0 = (a+b)

zC0/2I, I being the ionic strength, �� 2 is the scaled
Laplace operator, and i is a region index (i=0
denotes liquid phase, i=1 represents membrane
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Fig. 8. Variation of scaled total electrical interaction force
between two cylinders f * as a function of the scaled separation
distance between two cylinders �(d+h) for the case of Fig. 7.

For convenience, we define the scaled electrical
interaction force f * as

f *=
�8�f

�w

�� e
kBT

�2

(13)

Fig. 9. Variation of scaled total electrical interaction force
between two cylinders f * as a function of the scaled separation
distance between two cylinders �h) for various �d. The total
amount of fixed charge in the membrane remains constant. - -,
�d=5, – – , �d=7.5, — — , �d=10. �=60°, (a), �=90°,
(b), and �=120°, (c). Key: same as Fig. 2 except that �d is
varying.
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where n is the unit normal vector and subscripts o
and w denote oil and water phases respectively.
The electrical interaction force between two cylin-
ders can be evaluated by [6]
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where y is the axis perpendicular to the oil–water
interface and on the mid-plane between two cylin-
ders, and � is osmotic pressure. For a :b elec-
trolytes, we have

�=kBTCa
0 �b exp(−a�)+a exp(b�)
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The governing equations for the electrical po-
tential are solved numerically by PDEase2D [8],
which is based on the finite element method with
Galerkin weighted residuals

3. Results and discussion

Fig. 2 shows the typical contours for the scaled
electrical potential at three different contact an-
gles. This figure reveals that the decrease in elec-
trical potential as a function of distance in the oil
phase is much slower than that in the water phase
which implies that the electrical interaction be-
tween two particles in the water phase is short-
ranged, and that in the oil phase is long-ranged.
This is consistent with the result of Lyne et al. [6].
The simulated variation in the scaled electrical
interaction force between two cylinders f * as a
function of the scaled separation distance between
two cylinders �(d+h) at various contact angles is
presented in Fig. 3, and the corresponding varia-
tion in the total electrical interaction force be-
tween two cylinders as a function of �(d+h) is
summarized in Fig. 4. As can be seen from Fig. 3,
the contribution to the scaled interaction force by
the oil phase is greater than that by the water
phase. It is interesting to note that for the case
�=120°, the electrical interaction force con-
tributed by the water phase has a local maximum
as �(d+h) varies. Fig. 4 suggests that if �(d+h)
is large, the total electrical interaction force be-
tween two cylinders increases with contact angle,
that is, the larger the volume fraction of a cylinder
in the oil phase, the greater the electrical interac-
tion force. This, however, may not be true if
�(d+h) is small. This can be inferred from Fig. 3
in which the double layer interaction in the water
phase is stronger at a smaller contact angle. Simi-
lar conclusions as those drawn from Fig. 3 and
Fig. 4 for the case of 1:1 electrolytes can be
obtained for the case of 2:1 and 3:1 electrolytes.

Fig. 5 illustrates the variation in the scaled
electrical interaction force between two cylinders
f * as a function of the scaled separation distance
between two cylinders �(d+h) at various contact
angles for the case of a smaller �A (i.e. smaller
cylinders) than that of Fig. 3. The corresponding

variation in the total electrical interaction force
between two cylinders as a function of �(d+h) is
summarized in Fig. 6. Note that, as can be seen
from Fig. 5, for a small � if �(d+h) is small, the
electrical interaction force contributed by the wa-
ter phase is larger than that by the oil phase. This
is also observed by Lyne et al. [6], where rigid
cylinders at constant surface potential is consid-
ered. Similar to Fig. 4, the total electrical interac-
tion force between two cylinders increases with
the volume fraction of a cylinder in the oil phase
(or �), as can be seen in Fig. 6. However, the total
electrical interaction force at a small �(d+h) for
the case when �=90° does not exceeds that when
�=120°. A comparison between Fig. 4 and Fig. 6
reveals that the electrical interaction force be-
tween two cylinders increases with the radius of a
cylinder. This is because the larger the radii of the
cylinders the wider the interaction range of the
electrostatic repulsion between them.

The variation in the scaled electrical interaction
force between two cylinders f * as a function of
the scaled separation distance between two cylin-
ders �(d+h) at various contact angles for the
case of a smaller �d (i.e. thinner membrane layer)
than that of Fig. 3 is shown in Fig. 7. The
corresponding variation in the total electrical in-
teraction force between two cylinders as a func-
tion of �(d+h) is summarized in Fig. 8. Here, the
total amount of fixed charge in the membrane
layer is the same as that of Fig. 3. Similar conclu-
sions as those drawn from Fig. 3 and Fig. 4 can
be obtained from Fig. 7 and Fig. 8. Intuitively, it
is expected that the thinner the membrane the
greater the electrical interaction force between
two cylinders since for a constant total amount of
fixed charge, the thinner the membrane the higher
the fixed charge density, and the stronger the
induced electric field. However, as illustrated in
Fig. 9, where the variations in the scaled total
electrical interaction force between two cylinders
as a function of �h at various contact angles for
various �d are presented, this is only correct for
�=90°. For both �=60° and 120° it is correct
only for small separation distance between two
cylinders; for an arbitrary separation distance, no
general rule can be obtained.
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