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Abstract

The electrophoretic motion of an entity comprised of a rigid, uncharged core covered by a charge-regulated
membrane which simulates a biological cell, in a general a:b electrolyte solution is analyzed. The membrane carries
a fixed charge which arises from the dissociation of the acidic functional group HA. We show that the higher the
concentration of cations in the bulk liquid phase, the lower the absolute Donnan potential, �8D�, and the lower the
concentration of functional group, N0, the lower the �8D�. Also, the higher the pH, the higher the absolute electrical
potential, and the greater the N0, the lower the pH. The absolute mobility of a cell, �m �, increases with pH, but
decreases with the increase in the friction coefficient of the membrane phase, g. For a fixed total number of HA, if
g is large, m/ms is less than unity, ms being the mobility of the corresponding rigid particle, and it decreases with the
thickness of membrane d, and the inverse is true if g is small. For a medium g, the variation of m/ms as a function
of d has a local maximum, and depending upon d, it can be either greater or less than unity. © 1999 Elsevier Science
B.V. All rights reserved.
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1. Introduction

The electrophoretic behavior of a biological cell
in an applied electric field provides important
information about its properties such as the sign
of surface charge and the level of surface poten-

tial. For a rigid spherical particle, if the electrical
double layer is thin, it can be shown that the
following relation holds [1]:

ms=U/E=oz/h, (1)

where ms and U denote respectively the elec-
trophoretic mobility and the velocity of the parti-
cle, E and z are respectively the strength of
applied electric field and the zeta potential, and o
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and h the permittivity and the viscosity of the
liquid phase, respectively.

A biological cell can be simulated by a rigid,
uncharged core coated by a membrane layer,
which is ion-penetrable and carries dissociable
functional groups [2–5]. Human erythrocytes, for
example, have a glycoprotein layer of �15 nm
thick which forms the outer boundary of the lipid
layer [6,7]. In this case, since the fixed charges
carried by a particle are distributed in the mem-
brane layer, rather than over a rigid surface, Eq.
(1) needs to be modified accordingly.

It is often assumed that the electrical potential
is low and the liquid phase contains symmetric
electrolytes. This is mainly because that solving
analytically the Poisson–Boltzmann equation,
which governs the spatial variation of the electri-
cal potential of the system under consideration, is
almost impossible in the general case. Ohshima
and Kondo [8] solved the problem of a planar
particle covered by a charged ion-penetrable sur-
face layer in a symmetric electrolyte solution. The
problem of an ion-penetrable spherical particle in
a general electrolyte solution was discussed by
Ohshima [9]. In these studies, the difficulty of
solving a nonlinear Poisson–Boltzmann equation
prohibits the derivation of an explicit expression
for both electrical potential and the mobility of a
particle. Ohshima et al. [10,11] examined the elec-
trophoretic mobility of a planar colloidal particle
covered by an ion-penetrable surface layer having
uniformly distributed fixed charge. A more gen-
eral case in which the fixed charge can assume a
linear or exponential distribution was discussed
by Hsu et al. [12]. Ohshima et al. [13] considered
the case of an arbitrary non-uniform fixed-charge
distribution. Hsu et al. [14] investigated the elec-
trophoretic mobility of an ion-penetrable cell hav-
ing an arbitrary continuous fixed-charge
distribution. A 1:1 electrolyte solution was as-
sumed, and the governing equations were solved
numerically. Hsu and Fan [15] modeled the elec-
trophoretic mobility of a planar particle coated
with an ion-penetrable charged membrane in a
uniform electric field taking the effects of the
distributions of fixed charge and dielectric con-
stant into account. In an analysis of the elec-
trophoretic mobility of a planar particle covered

by an ion-penetrable membrane in an asymmetric
electrolyte solution Hsu et al. [16] were able to
derive a semi-analytical result for the case of
uniformly distributed fixed charge.

Here, we consider the problem in which the
degree of dissociation of the functional groups in
the membrane, and, therefore, the distribution of
fixed charge carried by a particle, is dependent
upon the conditions of the liquid phase. This
extends the analysis of Hsu et al. [16] to a more
general case. In particular, we will focus on the
effect of pH on the electrophoretic mobility of a
cell.

2. Modeling

By referring to Fig. 1, we consider a particle
comprises a rigid, uncharged core and an ion-pen-
etrable membrane of thickness d. The particle is
immersed in an arbitrary a:b electrolyte solution,
and an electric field E parallel to its surface with
strength E is applied. The membrane contains
uniformly distributed functional group HA, which
is capable of undergoing the dissociation reaction

Fig. 1. A schematic representation of the system under consid-
eration where d is the thickness of membrane, fd denotes the
electrical potential at the membrane–solution interface, and
fD represents the Donnan potential.
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HA=H+ +A− (2)

This expression implies that the fixed charge in
the membrane phase is negative, and the particle
migrates in the direction opposite to E. In prac-
tice, since the linear size of a cell is much larger
than the thickness of the electrical double layer
near cell surface, the cell surface can be consid-
ered as planar, and a one-dimensional description
is satisfactory.

2.1. Distribution of electric potential

If the dielectric constant of the liquid phase o is
constant, the spatial variation of electric potential
8 can be described by the Poisson equation [1]

928= −
r

o
, (3)

where r denotes the space charge density. Sup-
pose that the pH of the bulk solution is constant,
and both the dissociation reaction represented by
Eq. (2) and the distributions of ions in the liquid
phase are at equilibrium. Then, we have

[H+(x)]=CH
0 exp

�
−

F8(x)
RT

n
, (4a)

Ke=
[H+(x)] [A−(x)]

[HA(x)]
, (4b)

where Ke denotes the equilibrium constant for the
dissociation reaction expressed in Eq. (2), F and R
are the Faraday and gas constant, respectively, T
is the absolute temperature, x denotes the position
variable, and [H+], [A−], and [HA] represent
respectively the concentrations of H+, A−, and
HA. The value of [A−] can be determined from
Eqs. (4a) and (4b), and the conservation of [HA]
as

[A−(x)]=
N0

[1+CH
0 exp(−F8(x)/RT)/Ke]

, (4c)

where CH
0 and N0 are, respectively, the bulk con-

centration of H+ and the concentration of the
functional group. The spatial variation of the
fixed charge in the membrane phase rfix(x) can be
expressed as

rfix(x)= −F [A−(x)]

= −
FN0

[1+CH
0 exp(−F8(x)/RT)/Ke]

, (5)

In the liquid phase, r comprises free ions only,
and in the membrane phase it contains both the
free ions and rfix. Therefore,

r(x)

=aCa
0F exp(−aF8/RT)−bCb

0F exp(bF8/RT)

+CH
0 F exp(−F8/RT), d5xB� (6a)

r(x)

=aCa
0F exp(−aF8/RT)−bCb

0F exp(bF8/RT)

+CH
0 F exp(−F8/RT)

−N0F/[1+CH
0 exp(−F8/RT)/Ke], 0Bx

Bd, (6b)

where Ca
0 and Cb

0 are the concentrations of cations
and anions, respectively. Substituting Eqs. (6a)
and (6b) into Eq. (3), and employing the elec-
troneutrality condition

aCa
0−bCb

0 +CH
0 =0, (7)

we obtain

o1

d28

dx2=aCa
0F [exp(bF8/RT)−exp(−aF8/RT)]

+CH
0 F [exp(bF8/RT)−exp(−F8/RT)

+N0F/[1+CH
0 exp(−F8/RT)/Ke], 0

BxBd (8a)

o2

d28

dx2=aCa
0F [exp(bF8/RT)−exp(−aF8/RT)]

+CH
0 F [exp(bF8/RT)

−exp(−F8/RT) d5xB� (8b)

In these expressions, o1 and o2 denote respectively
the permittivity of the membrane phase and that
of the liquid phase. The boundary conditions
associated with Eqs. (8a) and (8b) are assumed to
be

8�0 and d8/dx�0 as x�� (9a)

8(x�d−)=8(x�d+)=8d (9b)
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o1(d8/dx)x�d− =o2(d8/dx)x�d+ (9c)

d8/dx=d28/dx2=0 and 8=8D as

x�0, (9d)

The last expression arises from the condition that
the membrane is thick compared with double
layer, and the potential at the inner side of the
membrane reaches an asymptotic value 8D, the
Donnan potential [17]. For a simpler treatment,
Eqs. (8a) and (9d) are rewritten in the following
scaled forms:

d2c

dX2=o %[aG1+MHG2+M0G3], 0BXBd %

(10a)

d2c

dX2=aG1+MHG2, d %5XB� (10b)

c�0 and dc/dX�0 as X�� (11a)

c(X�d %−)=c(X�d %+)=cd (11b)

(dc/dX)X�d%− =o %(dc/dX)X�d%+ (11c)

dc/dX=d2c/dX2=0, and

c=cD as X�� (11d)

In these expressions, c=F8/RT, o %=o2/o1, X=
k2x, G1=exp(bc)−exp(−ac), G2=exp(bc)−
exp(−c), G3=1/[1+Me exp(−c)], d %=k2d,
MH=CH

0 /Ca
0, M0=N0/Ca

0, Me=CH
0 /Ke, and

k2
2=Ca

0F2/o2RT, k2 being the reciprocal Debye
length. Solving Eq. (10b) subject to Eq. (11a), we
have

dc

dX
=21/2!a

b
(ebc−1)+e−ac−1

+MH
�1

b
(ebc−1)+e−c−1

n"1/2

,

d %5XB� (12)

Similarly, Eqs. (10a), (11b), (11c) and (12) lead to

dc

dX
= (2o %)1/2!a

b
(ebc−o %)+e−ac−o %

+MH
�1

b
(ebc−o %)+e−c−o %

n
+M0[ln(ec+Me)− ln(ecd+Me)]

+ (o %−1)

×
�a

b
ebcd+e−acd+MH

�1
b

ebcd+e−cd
�n"1/2

,

0BXBd % (13)

Eqs. (12) and (13) can be rewritten as

dY
dX

=a( f1)1/2, 0BXBd % (14a)

dY
dX

=a( f2)1/2, d %5XB�, (14b)

In these expressions, Y=exp(ac/2), k=2+2b/a,
and

f1=
o %

2
!2(a+MH)

a(k−2)
Yk+Y2M0ln

�Y2/a+Me

Yd
2/a+Me

�
+{(o %−1)

2(a+MH)
a(k−2)

Yd
k−2+Yd

−2

+MHYd
−2/a]−

o %[ak+MH(ak−2a+2)]
a(k−2)

"
Y2

+MHY2−2/a+1}, 0BXBd % (15a)

f2=
1
2
�2(a+MH)

a(k−2)
Yk

−
ak(1+MH)−2aMH+2MH

a(k−2)
Y2

+MHY2−2/a+1
n

, d %5XB� (15b)

Solving Eqs. (14a) and (14b) analytically for Y is
nontrivial, and an approximate method is adopted
in the following discussion. Suppose that f1

1/2 and
f2

1/2 can be approximated respectively by

f1
1/2$a1Y2+b1Y+c1, 0BXBd % (16a)

and

f2
1/2$a2Y

2+b2Y+c2, d %5XB�, (16b)

where ai, bi, and ci, i=1,2, are constant. Substi-
tuting these expressions into Eqs. (14a) and (14b),
and integrating the resultant expressions subject
to Eq. (11b), we obtain

Yi=
1

2ai

� 2Pi

1−Qi(X)
−bi−Pi

n
, Ri]0,

i=1, 2 (17a)
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Yi=
1

2ai

!
Pi tan

�aPi(X−d %)
2

+ tan−1

�2aiYd+bi

Pi

�n
−bi

"
, RiB0, i=1, 2 (17b)

where Ri=bi
2−4aici, Pi=
�Ri �, i=1, 2, and

Qi(X)=exp[aPi(X−d %)]
�

1−
2Pi

(2aiYd+bi+Pi)
n

,

i=1, 2 (18)

In these expressions, i is a region index, i=1
denotes the membrane phase, and i=2 represents
the liquid phase.

The Donnan potential can be estimated by
combining Eqs. (10a) and (11d) to yield

(a+MH)YD
k−2−aYD

−2−MHYD
−2/a

+M0/(1+MeYD
−2/a)=0, (19)

where YD=exp(acD/2), cD being the scaled Don-
nan potential. Eqs. (11d) and (13) yield

a
b

(ebcD−o %)+e−acD−o %+MH�1
b

(ebcD−o %)+ (e−cD−o %)
n

+M0

[ln(ecD+Me)− ln(ecD+Me)]+ (o %−1)�a
b

ebcd+e−acd+MH
�1

b
ebcd+e−cd

�n
=0

(20)

Once cD is calculated by Eq. (19), this expression
can be used to evaluate cd, the scaled potential at
the membrane–liquid interface.

2.2. Distribution of 6elocity

For convenience, we let the cell be fixed in
space, and the fluid moves parallel to cell surface
in the direction of electric field. The spatial varia-
tion of fluid velocity is governed by the Navier–
Stokes equation [10]

h
d26(x)

dx2 −g6(x)+rel(x)E=0, 0BxBd

(21a)

h
d26(x)

dx2 +rel(x)E=0, d5xB� (21b)

where g is the frictional coefficient of membrane
phase. The following boundary conditions are
assumed:

6�−U and d6/dx�0 as x�� (22a)

6(x�d−)=6(x�d+) (22b)

(d6/dx)x�d− = (d6/dx)x�d+ (22c)

6(x�0)=0, (22d)

where U is constant. Eqs. (8a), (8b), (21a) and
(21b) lead to

d2u
dX2−l2u=

M
m

(aG1+MHG2), 0BXBd %

(23a)

d2u
dX2=

M
m

�d2c

dX2

�
, d %5XB� (23b)

where u=6/U, l2=g/hk2
2, and M=o2RT/hF.

The boundary conditions in Eqs. (22a), (22b),
(22c) and (22d), can be rewritten as

u�−1 and du/dX�0 as X�� (24a)

u(X�d−)=u(X�d+) (24b)

(du/dX)X�d’− = (du/dX)X�d’+ (24c)

u(X�0)=0 (24d)

Solving Eqs. (23a) and (23b) subject to Eqs. (24a)
and (24b) gives

u(X)=
M
m

c(X)−1, d %5XB� (25a)

u(X)=AelX+Be−lX+
1
m

W(X), 0BXBd %

(25b)

In these expressions, B= −A, and

A=
1

2 sinh(ld ’)
{

1
m

(Mcd−W1)−1] (26a)

W(X)

=
1

2l
[elX& X

0

e−lXR2(X) dX

−e−lX& X

0

elXR2(X) dX ] (26b)
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W1=
1

2l
[eld’& d’

0

e−lXR2(X) dX

−e−ld’& d’

0

elXR2(X) dX ] (26c)

R2(X)=M(aG1+MHG2) (26d)

2.3. Electrophoretic mobility

The electrophoretic mobility of a cell, m (=U/
E), can be determined from Eqs. (25a), (25b) and
(24c) as

m=
1
l

tanh(ld ’)[W2−M(dc/dX)X�d’+]−W1

+Mcd (27)

where

W2=
1
2

[eld’& d’

0

e−lXR2(X) dX

+e−ld’& d’

0

elXR2(X) dX ] (27a)

Therefore, m is a function of both the electrical
potential at the membrane–liquid interface and
the distribution of electrical potential in the mem-
brane phase.

3. Results and discussion

The coefficients ai and bi, i=1, 2, 3, in Eqs.
(16a) and (16b) are estimated through regression
analysis. Fig. 2 shows the typical variations of f1

1/2

and f2
1/2 as a function of Y ; both the exact values

and those estimated based on regression analysis
are illustrated. This figure suggests that the ap-
proximate expressions, Eqs. (16a) and (16b), are
reasonably accurate. Table 1 presents the typical
deviation of the electrophoretic mobility predicted
on the basis of Eqs. (16a) and (16b) from the
exact numerical calculation based on Eqs. (15a)
and (15b). This table reveals that the performance
of the present approximate method is satisfactory.

Fig. 3 presents the variation in the absolute
scaled Donnan potential �cD� as a function of Ca

0

at various pH. The simulated spatial variations of

Fig. 2. (a) Variation of f1
1/2 as a function of Y ; (b) Variation of

f2
1/2 as a function of Y. The parameters used are N0=0.05 M,

Ca
0=0.01 M, a=3 and b=1. The fitted values for the

parameters defined in Eqs. (16a) and (16b) are a1=0.4852,
b1=1.0023, c1= −0.8508, a2= −0.3463, b2= −0.4644, and
c2=0.8106. Solid lines represent the values based on a regres-
sion analysis, and open circles the exact values. Key: o %=1,
Ke=1.0×10−5 M, CH

0 =1.0×10−7 M, T=298.15 K, and
o2=78×8.854×10−12 C V−1m−1.

the scaled electrical potential c at various pH are
shown in Fig. 4. Fig. 3 reveals that for a fixed pH,
�cD� decreases with the increase in Ca

0. This is
because that the higher the Ca

0, the greater the
shielding effect of electrolyte, and, therefore, the
lower the potential inside the membrane phase.
Fig. 3 also shows that for a fixed Ca

0, �cD� in-
creases with pH. According to Eqs. (4b) and (5),
the higher the pH, the easier for HA to dissociate,
and the higher the concentration of fixed charge,
which leads to a higher �cD�. This is also justified
by Fig. 4.The spatial variation of pH can be
derived from Eq. (4a) as

pH(X)= − log10[H+(X)]

= [ln(1/CH
0 )− �c(X)�]/ln 10 (28)

Fig. 5 shows the spatial variation of pH for
various concentrations of the functional group
N0. As can be seen from this figure, pH decreases
with the increase in N0. This is because that the
larger the N0, the higher the absolute potential in
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Table 1
Typical percentage deviation (DV) of the electrophoretic mo-
bility based on the approximate expressions (Eqs. (16a) and
(16b)), from the exact numerical calculation based on Eq. (13)a

DVa b

1 1 4.203×10−5

12 2.685×10−4

9.072×10−413
21 6.948×10−5

3.730×10−42 2
1.202×10−323

31 9.992×10−5

32 4.866×10−4

1.861×10−333

a DV= �(approximate-exact)/exact�×100%. Parameters used
are Ca

0=0.01 M, CH
0 =10−7 M, N0=0.01 M, Ke=10−5 mol

m−3, o %=1, z=1, d %=5, g=1012 N s m−4.

Fig. 4. Spatial variation of the scaled electrical potential c at
various pH values for the case o %=1, Ke=10−5 M, Ca

0=0.01
M, CH

0 =10−7 M, N0=0.05 M, T=298.15 K, a=3 and
b=1.

the membrane phase, and the smaller the pH, as
suggested by Eq. (28).

Fig. 6 illustrates the variation in the absolute
mobility �m � as a function of pH at various values
of friction coefficient g. This figure reveals that for
a fixed pH, the larger the g, the smaller the �m �, as
expected. For a fixed g, �m � increases with pH.
This is because that the lower the pH, the higher

the concentration of H+, and its shielding effect
leads to a smaller net amount of negative fixed
charges in the membrane phase. Also, the lower
the pH, the less the degree of dissociation of HA,
and therefore, the smaller the �m �.

Fig. 3. Variation in the absolute scaled Donnan potential �cD�
as a function of the concentration of cation at various pH
values for the case a=b=1. Key: same as Fig. 2.

Fig. 5. Spatial variation in pH at various concentrations of
functional groups for the case d %=5, Ca

0=0.01 M, a=2 and
b=1. Key: same as Fig. 2.
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Fig. 6. Variation in the absolute mobility �m � as a function of
pH at various values of friction coefficient g for the case
d %=5, Ca

0=0.01 M, N0=0.05 M, a=3 and b=1. Key: same
as Fig. 2.

Fig. 7. Variation in the ratio m/ms as a function of the scaled
thickness of membrane at various pH values for the case the
total number of dissociable functional groups in membrane is
fixed. Parameters used are N0d %=0.2 M, Ca

0=0.01 M, g=
1016, a=3 and b=1. Key: same as Fig. 2.

Figs. 7–9 simulate the variations of the ratio
m/ms (=mobility of a cell/mobility of a rigid
particle), as a function of the scaled thickness of
membrane d % at various g and pH values. The
total number of dissociable functional groups is
fixed. Note that if d %=0, the mobility reduces to
that predicted by the Smoluchowski’s theory for a
rigid particle, Eq. (1), and m/ms=1. Fig. 7 sug-
gests that if g is large, m/ms is less than unity, and
it decreases with the increase in d %, and m/ms is
insensitive to the variation in pH. On the other
hand, if g is small, m/ms increases with d %, and m/ms

increases with pH, as can be seen from Fig. 8. It
is interesting to note that for a medium g, the
variation of m/ms as a function of d % has a local
maximum, as illustrated in Fig. 9. This can be
elaborated as follows. The greater the d %, the
easier for the functional group in the membrane
phase to dissociate, and the greater the amount
the fixed charges. On the other hand, the total
resistance due to the presence of the membrane
phase also increases with d %. If d % is small, the
former effect dominates, and m/ms increases with
d %, and the reverse is true if d % is large. Therefore,

a local maximum for m/ms may exist at a medium
d %. Note that, depending upon the thickness of
membrane, m/ms can be either greater or less than
unity.

Fig. 8. Variation in the ratio m/ms as a function of the scaled
thickness of membrane at various pH values for the case of
Fig. 7 except that g=1011.
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Fig. 9. Variation in the ratio m/ms as a function of the scaled
thickness of membrane at various pH values for the case of
Fig. 7 except that g=5×1013.

4. Conclusion

In summary, the electrophoretic behavior of a
biological cell, simulated by a particle comprises a
rigid, uncharged core with a charge-regulated
membrane is discussed. A semi-analytical method,
which is applicable to a general electrolyte solu-
tion, is proposed for the resolution of the govern-
ing equations of the system under consideration.
The result of numerical simulation reveals that the
electrophoretic mobility of the particle is influ-
enced by the pH of the liquid phase, the concen-
tration of charged groups contained in membrane
phase, and the friction coefficient of the mem-
brane phase. The variation of the mobility of a
particle as a function of membrane width may
exhibit a local maximum.
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The classic result for a rigid particle can be
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