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Abstract

The drag coefficient of an isolated, rigid cylindrical particle in a Carreau fluid is evaluated. The result of numerical simulation reve
in general, the shear-thinning nature of a Carreau fluid yields a drag coefficient smaller than that for the corresponding Newtonian fl
the smaller the Reynolds number, the more appreciable the decrease of the drag coefficient as the relaxation time constant of the C
increases. The influence of the index parameter of a Carreau fluid on the drag coefficient depends largely on the magnitude of the
time constant and is insensitive to the Reynolds number. Only if the relaxation time constant is sufficiently large is the influence of
parameter on the drag coefficient significant. If the Reynolds number and/or the relaxation time constant is sufficiently large, the
upstream of a particle becomes asymmetric to that downstream. In general, the influence of the index parameter, the relaxation tim
and the Reynolds number on the flow field follows the order index parameter< relaxation time constant< Reynolds number.
 2005 Elsevier Inc. All rights reserved.
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1. Introduction

The terminal velocity of particles in a fluid medium is o
of its basic characteristics. Through appropriate meas
ments, the drag acting on a particle can be estimated, w
in turn, can be used to evaluate its physical properties. Pr
cal application includes, for example, design of viscomet
fluidized beds, and pipe transportation systems. The w
applications of terminal velocity have triggered active st
ies in the past; various theoretical and experimental attem
have been made to investigate the sedimentation behav
particles. Available results for the terminal velocity and
drag for the free setting of particles in Newtonian fluids
ample in the literature. In contrast, those in non-Newton
fluids are relatively limited.

Fluids that exhibit non-Newtonian behavior are not u
common in practice. Blood, polymer solution, and emuls
are typical examples. Many empirical expressions have b
* Corresponding author. Fax: +886-2-23623040.
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proposed for the description of these fluids[1]. For sedimen-
tation in a non-Newtonian fluid, almost all of the availab
results are limited to spherical particles[2–5] and that for
nonspherical particles are relatively limited[6–11]. Several
attempts were made concerning the sedimentation in a
coelastic fluid, and behaviors that are different from thos
a Newtonian fluid were observed (e.g.,[12–16]). The sedi-
mentation of particles in a shear-thinning fluid has also b
studied by many investigators. Under the creeping flow c
dition, Rodrigue et al.[16] derived the drag coefficients o
both rigid spheres and bubbles in an infinite Carreau fl
It was shown that the influence of the shear-thinning
ture of a Carreau fluid on a rigid sphere is greater than
on a bubble. Turian[17] and Uhlherr et al.[18] investi-
gated experimentally the sedimentation of a rigid spher
a cylindrical tube filled with an inelastic power-law flui
Navez and Walters[19] analyzed the settling of a sphere
shear-thinning polymer solutions. They pointed out that

influence of the shear-thinning nature of a fluid on the drag
coefficient is greater than that of the elastic nature of the
fluid. In a study of the wall effect on the motion of a particle

http://www.elsevier.com/locate/jcis
mailto:jphsu@ntu.edu.tw
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under creeping flow condition Missirlis et al.[20] evaluated
the drag coefficient for the case when a rigid sphere is
cylinder filled with a power-law fluid. Ceylan et al.[21] pro-
posed a theoretical model for the estimation of the drag fo
on a rigid sphere in a power-law fluid. The applicability
the model proposed was justified by experimental obse
tions[22], and it was found that it is applicable for Reynol
number up to 1000. Machač et al.[23] analyzed the termina
falling velocity of spherical particles in a Carreau fluid und
creeping flow conditions. Blackery and Mitsoulis[24] sim-
ulated the sedimentation of a rigid sphere in a cylinder fi
with Bingham plastic fluid under creeping flow conditio
Pazwash and Robertson[25] measured the force acting o
a disk in Bingham fluids. Torrest[26] claimed that Stokes’
law is capable of describing the settling of gravel chips
viscous non-Newtonian hydroxyethyl cellulose polymer
lutions. Peden and Luo[27] reported the settling velocity o
cylindrical and disk-shaped particles in drilling and fract
ing fluids. Reynolds and Jones[28] measured the drag force
on various types of particles in non-Newtonian fluids. Th
concluded that using a volume-equivalent diameter is m
appropriate in correlating their experimental data. Chha
[29] examined the settling of a cylindrical particle in a cyli
der filled with power-law liquids. Cho et al.[30] studied the
sedimentation of a thin cylinder in both Newtonian and n
Newtonian fluids. General discussions on the subject are
available[31–33].

In this study, the sedimentation of a rigid cylindrical p
ticle in an infinite Carreau fluid is investigated for the ca
of a low to medium-large Reynolds number. In this ca
since the governing equations for the flow filed are n
linear, solving them analytically becomes nontrivial. He
a finite element scheme is adopted to circumvent the d
culty encountered. The influences of the key paramete
the problem under consideration, including the aspect r
of a particle, the magnitude of the Reynolds number, and
nature of the fluid, on the drag coefficient are discussed.

2. Theory

Referring toFig. 1, we consider the sedimentation of
isolated, rigid cylindrical particle of diameterd and heighth
in a Carreau fluid. For convenience, the particle is held fi
and the surrounding fluid moves with bulk velocityut , the
terminal velocity of the particle. The cylindrical coordinat
are adopted with their origin located at the center of the
ticle; r andz are the radial and axial coordinates. At stea
state, the flow field can be described by

(1)ρu · ∇u = −∇P + ∇ · τ ,

(2)∇ · u = 0,
whereρ is the density of fluid,P is the pressure,∇ is the
gradient operator,τ is the stress tensor, andu is the fluid
velocity. The constitutive equation for a generalized New-
terface Science 286 (2005) 392–399 393

Fig. 1. Sedimentation of a rigid, cylindrical particle of diameterd and height
h in an infinite Carreau fluid;ut is the terminal velocity of the particle. I
mathematical modeling, the particle is held fixed and the fluid moves
bulk velocityut . r andz are the radial and the axial coordinates.

tonian fluid can be expressed as

(3)τ = −η(γ̇ )γ̇ = −η(γ̇ )
(∇u + (∇u)T

)
,

whereγ̇ and γ̇ = [(γ̇ : γ̇ )/2]1/2 are respectively the rate o
strain tensor and its strength,η is the apparent viscosity, an
the superscriptT represents matrix transpose. Carreau p
posed using[1]

(4)η(γ̇ ) = η∞ + (η0 − η∞)
[
1+ (λγ̇ )2](n−1)/2

,

whereη0 andη∞ are respectively the apparent viscosit
corresponding to the minimum and the maximumγ̇ , λ is
the relaxation time constant of the Carreau fluid, andn is its
index parameter. Under conditions of practical significan
η0 � η∞, and therefore, Eq.(4) reduces to

(5)η(γ̇ ) = η0
[
1+ (λγ̇ )2](n−1)/2

.

Note that ifn → 1 and/orλ → 0, the corresponding fluid i
Newtonian.

The boundary conditions associated with Eqs.(1) and (2)
are assumed to be

(6)uz = ut asr → ∞ or z → ∞,

(7)uz = 0 on particle surface,

whereuz is thez-component of fluid velocity. The symme
ric nature of the present problem also requires that

(8)
∂u
∂r

= 0, r = 0.

For the present case, the drag force acting on a par
FD, can be expressed as
(9)FD = CD
πd2

4

ρu2
z

2
,
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whereCD is the drag coefficient. For a general particle
a Carreau fluid,CD is related to the shape and the orie
tation of the particle and the nature of the fluid. The ex
analytical expression forCD has not been reported. Usual
an empirical relation is assumed with its adjustable para
ters estimated from experimental observations[34]. In the
present study, the governing equations, Eqs.(1) and (2), and
the associated boundary conditions, Eqs.(6)–(8), are solved
numerically by FIDAP, a finite element scheme based on
Galerkin method. The drag forceFD was calculated by FI
DAP, and the drag coefficientCD is obtained by substitutin
the calculatedFD into Eq.(9).

3. Results and discussion

The applicability of the present approach is examin
by comparing the result obtained with that predicted by
semiempirical expression proposed by Machač et al. [34],
which is limited to low Reynolds numbers (Re0 < 0.1).
Fig. 2 shows the typical variation ofCD as a function of
Re0. As can be seen from this figure, if Re0 < 0.1, the re-
sult based on the present approach agrees well with
predicted by Machǎc et al.[34]. On the other hand, if Re0
exceeds about 0.1, the deviation of the latter from the
mer becomes appreciable. The deviation is positive and
creases with Re0. This is expected because the inertial effe
which is significant when Re0 becomes large, is neglecte
in Machǎc et al. [34]. In general, the performance of th
present approach is satisfactory. In subsequent discuss
the influences of the key parameters of the problem un
consideration on the drag coefficientCD and on the flow field
are investigated through numerical simulation.

Fig. 3 illustrates the variation ofCD as a function of Re0
and Cu. This figure reveals that, in general,CD decreases
with the increase in both Cu and Re0. The former arises
from the fact that the larger the Cu the more important
shear-thinning nature of a fluid is, and the latter is sim
to that for the case of a Newtonian fluid. If Re0 is suffi-
ciently small, log(CD) varies linearly with log(Re0) for both
the present Carreau fluid and the corresponding Newto
fluid. The latter is expected because Stokes’s law is app
ble if Re0 is small. For both the present Carreau fluid and
corresponding Newtonian fluid, a positive deviation from
Stokes’s law relation is observed if Re0 is sufficiently large.
It is found that the smaller the Re0 the more appreciable th
decrease ofCD as Cu increases. For example, ifn = 0.6, the
decreases inCD as Cu varies from 0.1 to 100 are respectiv
70.81, 70.72, and 65.56% for Re0 equals 0.1, 1, and 10. Fu
ther calculations reveal that the influence of Cu onCD is
more significant at a smallern than that at a largern, which
is expected since the smaller then the more significant the
shear thinning nature of a Carreau fluid is. For example

Re0 = 0.1, the decreases inCD as Cu varies from 0.1 to 100
are 84.16, 70.81, and 42.36% forn equal to 0.4, 0.6, and 0.8,
respectively.
terface Science 286 (2005) 392–399

t

,

Fig. 2. Variation ofCD as a function of Re0 for the case of a short cylinde
in a Carreau fluid for the case whenb = h/d = 0.5, Cu= 0.1, andn = 0.6.
Solid line, semiempirical result of Machač et al. [34]; discrete symbols
numerical result.

Fig. 3. Variation ofCD as a function of Cu and Re0 at various Cu for the
case whenb = h/d = 0.5 andn = 0.6.

Fig. 4 illustrates the simulated variations of the drag
efficient CD as a function ofn at various combinations o
Cu and Re0. In general,CD increases with the increases
n, which is expected because the larger then the less signif-
icant the shear-thinning effect of a fluid is.Fig. 4 indicates
that if Cu is small, regardless of the value of Re0, the influ-
ence ofn on CD is inappreciable. For example, if Cu= 1,
the increases inCD asn increases from 0.2 to 1.0 are 2.1
4.20, and 11.46% for Re0 = 0.1, 1, and 10, respectively. O
the other hand, if Cu is large,CD varies appreciably asn in-
creases, even if Re0 is small. For instance, if Cu= 10, the
increases inCD asn increases from 0.2 to 1.0 are respe

tively 176.93, 178.20, and 213.03% for Re0 = 0.1, 1, and 10.
These imply that, the influence ofn on CD depends largely
on the magnitude of Cu and is insensitive to the variation in
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Fig. 4. Variation ofCD as a function ofn at various combinations of Cu an
Re0 for the case whenb = h/d = 0.5 andn = 0.6. Curves 1–3, Cu= 1;
4–6, Cu= 10. Curves 1 and 4, Re0 = 0.1; 2 and 5, Re0 = 1; 3 and 6,
Re0 = 10.

Fig. 5. Variation ofCD as a function of Cu and Re0 at variousb (= h/d) for
the case whenn = 0.6 and Cu= 0.1. Curve 1,b = 2; 2,b = 1; 3,b = 0.5.

Re0. Only if Cu is sufficiently large is the influence ofn on
CD important.Fig. 4also indicates that for the same Re0, the
CD for a fluid with a large Cu approaches that with a sm
Cu asn approaches unity, and it is possible that the form
exceeds the latter. This is because the shear-thinning n
of the present Carreau fluid is governed by bothλ andn.

Fig. 5shows the variation of the drag coefficientCD as a
function of Cu and Reynolds number Re0 at various particle
aspect ratiosb (= h/d). That as a function ofn at various

b is present inFig. 6. In Fig. 5, because the cross-sectional
area (ord) of a particle is fixed, the larger theb, the larger
its lateral surface, the greater the drag exerted on the particle
terface Science 286 (2005) 392–399 395

e

Fig. 6. Variation ofCD as a function ofn at variousb (= h/d) for the case
whenn = 0.6, Cu= 10, and Re0 = 10.

and therefore, a largerCD. Fig. 5suggests that log(CD) var-
ious nonlinearly with log(Cu). For a fixedb, CD decreases
with the increase in Cu, and for a fixed Cu,CD decreases
with the increase inb. The former arises from the fact th
the larger Cu the more significant the shear-thinning ef
is, and the latter is consistent with the previous discus
about the effect ofb. The general trend observed inFig. 6
can be explained by similar reasoning.

The influences of Re0, Cu, andn on the flow field are il-
lustrated inFigs. 7–12. Figs. 7a and 7bindicate that if Re0
is small(<0.1), the flow field in the upstream of a partic
is symmetric to that of its downstream. It becomes as
metric, however, if Re0 is large(>0.1), as can be seen i
Figs. 7c–7f. Here, because Re0 is not very large and th
liquid phase is infinitely large, the deformation of the flo
field due to the presence of the particle is inappreciabl
is clearer by examining the variation of the vorticity sho
in Fig. 8, where the contours become asymmetric if Re0 ex-
ceeds about 0.1. The flow field also becomes asymmet
Cu is large, as suggested by the variation in fluid velo
illustrated inFig. 9. This behavior arises from the shea
thinning nature of the Carreau fluid considered, since
larger the Cu the less viscous the fluid is, and it is easie
the fluid to separate from the particle surface in the do
stream.Figs. 10–12reveal that the influence ofn on the flow
field is not as appreciable as that of Cu and that of Re0. In
general, the influence ofn, Cu, and Re0 on the flow field
follows the ordern < Cu< Re0.

4. Conclusion
,
In summary, the sedimentation of an isolated cylindri-

cal particle in a Carreau fluid is analyzed by evaluating the
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Fig. 7. Streamline contours at various Re0 for the case whenb = h/d = 0.5 and Cu= 1. (a) Re0 = 0.05, (b) Re0 = 0.1, (c) Re0 = 0.5, (d) Re0 = 1, (e)
Re0 = 5, (f) Re0 = 10.
t vario
Fig. 8. Vorticity contours a
drag coefficient under various conditions. We show that, in
general, the qualitative behavior of the variation of the drag
coefficient as a function of Reynolds number is similar to
us Re0 for the case ofFig. 7.
that of a Newtonian fluid, that is, if Reynolds number is
sufficiently small, a Stokes’s-law-like relation between drag
coefficient and Reynolds number exists, and a positive de-
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Fig. 9. Velocity contours at various Cu for the case whenb = h/d = 0.5 and Re0 = 1. (a) Cu= 0.1, (b) Cu= 1, (c) Cu= 10, (d) Cu= 100.
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Fig. 10. Streamline contours at different combinations of Re0 and Cu for t
Cu= 10. (a)n = 0.2, (b)n = 0.4, (c)n = 0.6, (d)n = 0.8, (e)n = 0.2, (f) n

viation from that law is observed when Reynolds num
becomes large. If the relaxation time constant of the Car
fluid is small, regardless of the value of Reynolds num
the influence of the index parameter of the Carreau fluid
the drag coefficient is inappreciable. On the other hand
the relaxation time constant is large,CD varies apprecia
bly as n increases, even if the Reynolds number is sm
These imply that the influence of the index parameter on
drag coefficient depends largely on the magnitude of the

laxation time constant, and is insensitive to the variation in
Reynolds number. For the same Reynolds number, the drag
coefficient for a fluid with a large relaxation time constant
se whenb = h/d = 0.5. (a)–(d) Re0 = 1 and Cu= 1; (e)–(h) Re0 = 10 and
, (g)n = 0.6, (h)n = 0.8.

approaches that with a small relaxation time constant as
index parameter approaches unity, that is, Newtonian fl
and it is possible that the former exceeds the latter. As in
case of Newtonian fluids, if the Reynolds number is sm
the flow field in the upstream of a particle is symmetric
that of its downstream. It becomes asymmetric, howeve
the Reynolds number is large, where boundary separa
may occur. The flow field also becomes asymmetric if
relaxation time constant becomes large. The influence o

index parameter on the flow field is not as appreciable as
that of the relaxation time constant and that of the Reynolds
number.
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Fig. 11. Vorticity contours at different combinations of Re0 and Cu for the case ofFig. 10.
Fig. 12. Velocity contours at different combinations of Re0 and Cu for the case whenb = h/d = 0.5. (a)–(d) Re0 = 1 and Cu= 10; (e)–(h) Re0 = 10 and
Cu= 1. (a)n = 0.2, (b)n = 0.4, (c)n = 0.6, (d)n = 0.8, (e)n = 0.2, (f) n = 0.4, (g)n = 0.6, (h)n = 0.8.
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