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Abstract

The influence of the ionic sizes on the stability of a dispersion of particles, which have an amphoteric, charged-regulated s
discussed. A modified Poisson–Boltzmann equation, which takes into account the sizes of ionic species, is adopted to describe th
field. An extended DLVO theory, which takes into account the electrical, the van der Waals, and the hydration energies, is used t
the stability of a colloidal dispersion. The effects of the key parameters, including ionic strength, pH, and density of surface site
behavior of problem under consideration are examined. The results obtained are qualitatively consistent with experimental findi
literature.
 2003 Elsevier Inc. All rights reserved.
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1. Introduction

The stability of a colloidal dispersion is one of its ba
and significant properties. Two basic measurements are
associated with this property: the critical coagulation c
centration and the stability ratio. The former is the minim
concentration of counterions necessary to initiate coag
tion between particles in a stable dispersion, and the l
is the ratio (rate of fast coagulation)/(rate of slow coagu
tion). In conventional treatment, both of these measures
based on the classic Derjaguin–Landau–Verwey–Over
model (DLVO) [1], which involves two competitive intera
tion forces between two particles, namely, the electros
repulsive force and the van der Waals attractive force. B
theoretical and experimental studies relevant to the cri
coagulation concentration and the stability ratio of a disp
sion are ample in the literature. In particular, the advan
in experimental apparatus in the past few decades faci
more detail and accurate measurements and observatio
the behavior of a dispersion. The developments in com
tational tools and methods also make it possible to pre
the quantitative behavior of a dispersion based on a m
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realistic and rigorous model and to estimate its key p
meters. Interactions that are not of an electrical and van
Waals nature have been proposed to elaborate experi
tally observed trends that cannot be explained satisfact
by the classic DLVO theory. These include, for example,
hydrodynamic interaction between particles [2,3]. Attem
have also been made to take into account the factors tha
not considered by DLVO such as the heterogeneities on
particle surface [4–6], the charged conditions on the par
surface [7], the concentration of particles [8,9], and the fi
sizes of ionic species [10,11].

To evaluate the electrical interaction energy between
charged entities, the spatial variation of electrical poten
needs to be known. Under certain limitations, this varia
can be described by the Poisson–Boltzmann equation, w
is based on Gauss’s law. The analysis of Poisson–Boltzm
equation was originated by Gouy and Chapman [1], wh
a charged planar particle surrounded by electrolyte ion
negligible sizes in a uniform-dielectric continuum solve
was considered. Stern [12] modified their analysis thro
introducing the steric effects of ionic species by exclud
the ions from the first molecular layer close to a charged
face. Several attempts were made to modify Stern’s m
by considering the effect of unequal ionic sizes on the e
trical double layer [13–16], and it was shown that the si
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(7),

e-
sed
arged
of ionic species can play a significant role in describ
the properties of an electrical double layer surroundin
charged surface [17–22]. The effects of ionic sizes on
characteristics and/or phenomena of a dispersion conta
particles covered by an ion-penetrable membrane, suc
electrophoresis [23,24], coagulation [25], rate of floccu
tion [26], have also been discussed in the literature.

In a recent study, Hsu et al. [27] examined the effec
ionic sizes on the stability ratio of a colloidal dispersi
for the case a particle is covered by an ion-penetrable la
which simulates biocolloids and particles covered by an
tificial membrane such as polymer. In this study, the e
trical interaction between two rigid particles with a charg
regulated surface is investigated taking into account of
effect of the sizes of ionic species, and the result obta
used to evaluate the stability ratio of a colloidal dispers
based on a modified DLVO theory, which includes the hyd
tion interaction energy between two particles. The effect
the key parameters of a dispersion, including ionic stren
pH, and density of surface sites, on its behavior are
cussed.

2. Theory

The analysis is begun by considering the interaction
tween two identical particles in an electrolyte solution. S
pose that the linear size of a particle is much larger than
thickness of the electrical double layer surrounding it, wh
is usually satisfied when the critical coagulation concen
tion is approached. Then the curvature of particle surfac
insignificant, and it can be treated as a planar surface. R
ring to Fig. 1, letX,Xca, andXan be the scaled distance fro
the particle surface and the scaled effective radii of cat
and of anions, respectively. Here,X = κx, Xca = κσca, and
Xan = κσan; κ andx are respectively the reciprocal Deb
length and the distance from the particle surface, andσca
andσan are the effective radii of cations and of anions,

Fig. 1. Schematic representation of the problem considered.Xca, Xan, and
XL are respectively the scaled radius of cations, that of anions, an
scaled location of half the separation distance between two particles
gions I–III denote respectively a charge-free region, the region in w
only cations are present, and that both cations and anions are present
s

-

spectively. For illustration, we assume thatσca< σan; other
possible cases can be treated in a similar manner. The
metric nature of the present problem suggests that only
domain (−∞,XL) needs to be considered,XL being the
location of the middle plane between two particles. As
lustrated in Fig. 1, the computational domain can be divi
into three regions: region I,X <Xca, which is a charge-fre
region; region II,Xca < X < Xan, which contains cation
only; and region III,Xan< X, which contains both cation
and anions. We assume that the surface of a particle is
amphoteric nature and is capable of undergoing the diss
ation/association reactions

(1)AH ↔ A− + H+,
(2)AH+

2 ↔ AH + H+,

where AH represents the functional group on the part
surface. The equilibrium constants associated with thes
actions,K− andK+, can be expressed as

(3)K− = [A−][H+]s
[AH] ,

(4)K+ = [AH][H+]s
[AH+

2 ] .

Here, a symbol with a square bracket denotes a conce
tion, and the subscripts represents a surface property. If t
spatial distribution of H+ follows the Boltzmann distribu
tion, then

(5)[H+]s = [H+]b exp(−ψ),
where[H+]b is the bulk concentration of H+, andψ is the
scaled electrical potential,ψ = eφ/kBT , wheree, φ, kB ,
andT are respectively the elementary charge, the elect
potential, the Boltzmann constant, and the absolute tem
ature. If we letCs be the total density of available surfa
sites on particle surface, then

(6)Cs = [A−] + [AH] + [
AH+

2

]
.

Equations (3)–(6) yield

(7)[AH] = Cs

1+K−/[H+]s + [H+]s/K+
.

Therefore, the charge density on the particle surface,σ , can
be expressed as

(8)σ = F
([

AH+
2

] − [A−]),
whereF is the Faraday constant. Equations (3), (4),
and (8) lead to

(9)σ = [H+]s/K+ −K−/[H+]s
1+K−/[H+]s + [H+]s/K+

Cs.

The spatial variation of the electrical potential is d
scribed by the Poisson–Boltzmann equation, which is ba
on the Gauss law. For the present case, because the ch
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conditions in each region are different, we have

(10)
d2ψ

dX2 = 0, region I,

(11)
d2ψ

dX2 = −exp(−aψ)
(a + b)

, region II,

(12)
d2ψ

dX2
= −exp(−aψ)+ exp(bψ)

(a + b)
, region III.

In these expressions,κ2 = e2a(a + b)n0
a/ε0εrkBT and

bn0
b = an0

a + n0
H+ , n0

a andn0
b are respectively the bulk num

ber concentrations of ionic species of valencesa and −b,
andn0

H+ is the bulk number concentration of H+, andεr and
ε0 are the relative permittivity of the liquid phase and
permittivity of a vacuum, respectively. Suppose that both
electrical potential and the electric field are continuous a
intersection of two adjacent regions, andΓ = eσ/ε0εrkBT κ

denotes the scaled surface charge density. Then we hav
following boundary conditions for the electric field:

(13)
dψ

dX
= −Γ, X = 0,

(14)

(
dψ

dX

)
X=X+

ca

=
(
dψ

dX

)
X=X−

ca

and ψ
(
X+

ca

) =ψ
(
X−

ca

)
,

(15)

(
dψ

dX

)
X=X+

an

=
(
dψ

dX

)
X=X−

an

and ψ
(
X+

an

) =ψ
(
X−

an

)
,

(16)
dψ

dX
= 0, X =XL.

The electrical force between two parallel, identical pla
particles per unit area,FR , can be evaluated by [27]

(17)
FR

bn0
bkBT

= 1

a

[
exp(−aψm)− 1

] + 1

b

[
exp(bψm)− 1

]
,

whereψm is the scaled electrical potential on the mid
plane between two particles. The electrical energy betw
these two particles per unit area,VR,p, can be evaluate
by [22]

(18)VR,p = 2

κ

∞∫
XL

FR dXL.

Applying the Derjaguin approximation [1], the electrical e
ergy between two identical spherical particles,VR , can be
estimated by

(19)VR = πR0

∞∫
XL

VR,p dXL,

whereR0 is the radius of a particle. The van der Waals
ergy between two identical spherical particles with a clo
surface-to-surface distance 2XL, VA, is [1]
e

VA = −A132

6

[
R0

2XL(2R0 +XL)
+ R2

0

2(R0 +XL)2

(20)+ ln
XL(2R0 +XL)

(R0 +XL)2

]
,

where A132 is the Hamaker constant. For the case
two identical spheres with a closest surface-to-surface
tanceH , an approximate expression for the interaction
ergyVh, which arises from the hydration force between th
is [28,29]

Vh(H)= πR0

∞∫
H

P0λexp

(
−H

λ

)
dH

(21)= πR0P0λ
2 exp

(
−H

λ

)
,

whereP0 is a hydration force constant. Experimental obs
vation for a number of different hydrophilic solid materia
reveals thatP0 ranges from 106 to 5× 108 N/m2 [30]. λ is
a decay length constant, which is in the range from 0.
1.1 nm for 1:1 electrolytes and does not vary significa
with ionic strength [31]. Molina-Bolivar et al. [32] suggest
using the approximation

(22)Vh = πR0(NAChce)λ
2 exp

(
−2XL

λ

)
,

whereCh is a proportionality constant andce is the elec-
trolyte concentration, expressed in mM. The total interac
energy between two particles,VT , is the sum of the electri
cal, the van der Waals, and the hydration interaction e
gies; that is,

(23)VT = VA + VR + Vh.

The stability ratio for a spherical dispersion of radiusR0,W ,
is evaluated by [1]

(24)W = 2R0

∞∫
2R0

1

H 2 exp(VT ) dH.

3. Results and discussion

The influence of the key parameters of the system u
consideration on its behavior is examined through num
cal simulation. For illustration, both the Hamaker const
and the temperature are assumed to be constant, whic
plies thatVA is a function of the separation distance betw
two particles only. In the numerical simulations, the io
strengthI , which is I = (a2C0

a + b2C0
b + C0

H+)/2 for the
present case, varies from 1.0 to 200 mM.C0

a , C0
b , andC0

H+
are respectively the bulk molar concentrations of catio
anions, and H+. For illustration, we assume pK+ = 2 and
pK− = 9. The isoelectric point (IEP) of an amphoteric s
face can be estimated by IEP= (pK+ +pK−)/2 [33]. In our
case, because pK− = 9 and pK+ = 2, IEP= 5.5.
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Fig. 2. Variation of scaled electrical interaction energy between two
ticles VR/kBT as a function of half the separation distance betw
them, xL, at various ionic strengthI for the case whenσca = 0.48 nm,
σan = 0.96 nm, and pH is 7. Solid curves, present model; dashed cu
PCM. Curve 1,I = 4 mM, 2, I = 6 mM, 3, I = 10 mM. Parameters use
areT = 298 K, εr = 78.5, pK− = 9, pK+ = 2, Cs = 5 × 10−6 mol/m2,
a = 1, b= 1,Xca= 0.05, andXan= 0.1.

Fig. 2 shows the variations in the scaled electrical in
action energy between two particles,VR/kBT , as a function
of half the separation distance between them,xL, at various
ionic strengthsI . Both the results based on the present mo
and those based on the corresponding point charge m
(PCM) are presented. Fig. 2 indicates that, for a fixedI ,
VR/kBT decrease with the increase inxL, which is expected
because the longer the distance between two particle
weaker the electrical interaction between them. As can
seen in Fig. 2, for a fixedxL, VR/kBT decrease with the in
crease inI . This is because an increase inI has the effec
of increasing the degree of screening of the surface ch
by counterions. Note that according to Fig. 2, using a P
will underestimateVR/kBT , and the lower theI the more
serious the deviation.

The influence of the ionic strengthI on the maximal
scaled total interaction energy between two particles,V ∗

T

(= VT /kBT ), is illustrated in Fig. 3. This figure shows th
V ∗
T decreases with the increase inI , which implies that an

increase in electrolyte concentration has the effect of
creasing the probability of coagulation. Fig. 3 also indica
that the lower the ionic strength the greater the deviatio
V ∗
T caused by neglecting the sizes of charged species.

deviation becomes insignificant, however, ifI is sufficiently
large.

The variation of the logarithm of the stability ratio of
dispersionW as a function of electrolyte concentrationCe
for the case when the pH of a dispersion medium is hig
than the IEP is illustrated in Fig. 4. For comparison, b
the result based on the present model and that based o
corresponding PCM are presented. As can be seen in F
W decreases with the increase inCe , which is expected. Thi
figure also reveals that PCM may underestimate apprec
l

e
,

Fig. 3. Variation of maximal scaled total interaction energy between
particles, V ∗

T , at various ionic strengthI for the case when pH is 7

A132 = 2× 10−21 J,R0 = 100 nm,λ= 0.5 nm, andCh = 1.8× 10−20 J.
(") Present model, (2) PCM. Other parameters are the same as in Fig.

Fig. 4. Variation of the logarithm of the stability ratio of a dispersionW
as a function of electrolyte concentrationCe . Solid curves, present mode
dashed curves, PCM. Other parameters are the same as in Fig. 3.

the stability ratio of a dispersion. For example, the deviati
atCe = 2, 4, 6, and 10 mM are 83.6, 77.6, 70.3, and 54.7
respectively. It is interesting to note that for the case wh
a particle is covered by an ion-penetrable membrane la
PCM will overestimate the potential, the repulsive electri
force and energy, the total interaction energy, and the st
ity ratio [27], but the reverse is true if the membrane laye
absent.

The variations of the scaled electrical repulsive force
tween two particles,FR/bn0

bkBT , as a function of the scale
effective radius of cations,Xca, at various pH’s are presente
in Fig. 5. Here, the size of anions is fixed, and the pH o
dispersion medium is higher than the IEP; that is, partic
are negatively charged. Fig. 5 indicates that for a fixedXca,
FR/bn

0
bkBT increases with pH. This is because if pH>

IEP, the higher the pH the greater the degree of dissocia
of the acidic functional groups on the particle surface,
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Fig. 5. Variation of scaled electrical repulsive force between two partic
FR/bn

0
bkBT , as a function of scaled effective radius of cations (cou

rions) Xca at various pH for the case whenI = 1 mM, Xan = 0.1, and
XL = 0.5. Curve 1, pH 8, 2, pH 7.5, 3, pH 7. Other parameters are the s
as in Fig. 2.

the higher the negative surface charge density, which l
to a greater electrical repulsive force. According to Fig
FR/bn

0
bkBT increases with the increase inXca. In other

words, the larger the effective (hydrated) size of cati
(counterions) the greater the electrical repulsive force
tween two particles is, which is consistent with experime
observations [34]. This is because the smaller the effec
size of counterions, the more closely they are able to
proach the particle surface, and therefore, the more e
neutralize surface charge. Note that the corresponding P
is unable to predict this behavior.

The influence of the scaled effective size of anions (
ions),Xan, on the scaled electrical repulsive force betw
two particles,FR/bn0

bkBT , for various densities of surfac
sitesCs at a fixed ionic strength is illustrated in Fig.
Here, the size of cations is fixed, and the pH of a disper
medium is higher than the IEP. Fig. 6 reveals that the hig
the density of the surface sites, the larger the scaled elec
repulsive force, as expected. According to Fig. 6, the ele
cal repulsive force between two particles decreases with
increased size of co-ions. This is because the larger th
ions (co-ions), the more difficult it is for them to get clo
to the particle surface, and therefore, the lower the ef
tive negative surface charge density. A comparison betw
Figs. 5 and 6 indicates that the variation of the electrica
pulsive force between two particles as a function of the
of co-ions is much insensitive to that as a function of the
of counterions.

The variations of the logarithm of the stability ratio
a dispersionW as a function of the scaled effective r
dius of cations,Xca (Xan = 0.1), and that of anions,Xan
(Xca = 0.05), for the case when the pH of a dispersi
medium is higher than IEP are presented in Fig. 7. As ca
seen in this figure, the larger theXca or the smaller theXan,
the larger theW . In other words, the larger the counte
l

-

Fig. 6. Variation of scaled repulsive force between two particles,FR/

bn0
b
kBT , as a function of scaled effective radius of anionsXan at vari-

ous densities of surface sites,Cs , for the case whenI = 1 mM, Xca =
0.05,XL = 0.5, and pH is 7. Curve 1,Cs = 1 × 10−5 mol/m2, 2, Cs =
8 × 10−6 mol/m2, 3, Cs = 5 × 10−6 mol/m2. Other parameters are th
same as in Fig. 2.

Fig. 7. Variations of the logarithm of the stability ratio of a dispersionW as a
function of effective sizes of cations and anions,Xca andXan, respectively.
Other parameters are the same as in Fig. 3. Curve 1 uses the X1–Y
curve 2 uses the X2–Y axis.

ons or the smaller the co-ions, the more stable a dispe
is. These results are consistent with experimental obse
tions [32,35,36]. This figure also indicates that the varia
of W as a function of counterions is much sensitive to t
as a function of co-ions.

4. Conclusion

The effects of the ionic sizes on the electrical interac
between two particles and the stability ratio of a colloi
dispersion are investigated for the case when the surface
particle is of charge-regulated nature. We conclude tha
following conditions lead to a small electrical repulsive fo
and a small total interaction energy between two partic
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(i) the pH of dispersion medium is close to the isoelec
point of a particle, (ii) the density of available surface si
is small, (iii) the ionic strength (or concentration of ele
trolyte) is high, and (iv) the effective radius of counterio
is small. For fixed valence of co-ions, the stability ratio o
dispersion increases with the increase in the effective ra
of counterions. That is, a dispersion containing counter
of smaller effective size is less stable, which is consis
with experimental findings in the literature.
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