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deviations in the experimental observations from the theoret-
The ratio of the critical coagulation concentration (CCC) of ical predictions are not uncommon (3, 4), the Schulze–

counterions is evaluated for spherical particles and asymmetric Hardy rule is still widely adopted in practice for its conve-
electrolytes. A perturbation method is adopted to solve the Pois- nience.
son–Boltzmann equation governing the electrical potential distri-

The difficulty of modifying the Schulze–Hardy rule to abution of the system under consideration. On the basis of the
general case depends largely on the types of electrolyte andresult obtained, an approximate expression for the CCC is derived.
the shapes of a particle. These factors are closely related toAnother approach based on the Derjaguin approximation is also
the resolution of the Poisson–Boltzmann equation governingused to estimate the CCC. We show that the CCC ratio of counter-
the electrostatic potential distribution around a charged sur-ions is a complicated function of the valences of the ion species

in the liquid phase and the sizes of particles. Depending upon the face (5–9). The solution to this equation is essential to the
thickness of the Debye length, the CCC ratio of counterions for evaluation of the electrostatic repulsion force between two
various combinations of electrolytes can be estimated. The classic particles. Since the exact analytical solution to the Poisson–
Schulze–Hardy rule for planar particles in a symmetric electrolyte Boltzmann equation under a general condition has not been
solution can be recovered as a limiting case of the present model. reported, the corresponding CCC is unknown. In a recent
If the surface potential is low, the effect of curvature on the CCC study, an attempt was made to take the asymmetry of electro-
ratio of counterions is negligible. q 1997 Academic Press

lytes into account for planar particles. It was found that forKey words: critical coagulation concentration, counterions, ratio;
a common monovalent anion, the CCC ratio of counterionsparticles, charged, spherical; electrolyte solutions, asymmetric; in-
for valences 3, 2, and 1 is roughly proportional to the 06.35teraction energy, Derjaguin approximation; Poisson–Boltzmann
power of the counterion valence (10).equation, perturbation solution.

In the present study, the Schulze–Hardy rule is extended
to the case of spherical surfaces in an arbitrary a:b electrolyte
solution. In other words, the effect of the curvature of dis-INTRODUCTION
persed entities on the CCC ratio of counterions is investi-
gated.The minimum concentration of electrolyte required to in-

duce the coagulation of a stable colloidal suspension is de-
MODELINGfined as the critical coagulation concentration (CCC). The

CCC of counterions is found to be inversely proportional to
The analysis is begun by considering a charged sphericalthe sixth power of its valence, the so-called Schulze–Hardy

particle immersed in an a:b electrolyte solution. Withoutrule. For counterions of valences 3, 2, and 1, this rule sug-
loss of generality, we assume that the particle is negativelygests that the CCC ratio is 306:206:106, or roughly, 1:11:729.
charged. The electrical potential distribution around the par-The Schulze–Hardy rule can be interpreted theoretically by
ticle is described by the Poisson–Boltzmann equation (9)the DLVO theory (1), which considers the electrostatic re-

pulsion force and the van der Waals attraction force between
two interacting particles. The key assumptions made in the d 2c

dX 2 /
2
X

dc

dX
Å exp(bc) 0 exp(0ac)

a / b
[1]derivation of this rule are planar surfaces, symmetric electro-

lytes, and a high level of surface potential (1). Although
some of these assumptions are violated obviously (2) and

where c Å ef/(kBT), X Å kr, k2 Å e2a(a / b)n0
a/(e0erkBT).

Here f is the electrical potential, e denotes the elementary
1 To whom correspondence should be addressed. charge, k is the reciprocal Debye length, er and e0 are the
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531SPHERICAL PARTICLES IN ELECTROLYTE SOLUTIONS

relative permittivity of solution and the permittivity of the Ft
el Å 0(e0er /2) * fE

û

rnûdA [3]
vacuum, respectively, n0

a is the number concentration of cat-
ion in the bulk liquid phase, kB and T are, respectively, the
Boltzmann constant and the absolute temperature, and r is where dA is a differential area, E

û

is the strength of electric
the distance measured from the center of the particle. The field, and nû is the unit outer normal vector. For a system
boundary conditions associated with Eq. [1] are assumed to containing K particles Eq. [3] gives
be

Ft
el Å ∑

K

nÅ1
F(sn/2) *

n

( ∑
K

n*Å1
n*xn

fn*)dAnG [4]c r 0 and (dc/dX) r 0 as X r ` [1a]

c Å c0 at X Å X0 [1b]
where the subscripts n and n* denote the nth and the n*th
particles, respectively, and sn is the surface charge densitywhere c0 is the dimensionless surface potential and X0 is the
of the nth particle. Here, we assume that the distance be-dimensionless radius of the particle, X0 Å kr0, r0 being the
tween any two particles is on the order of the Debye length.radius. For a sufficiently large X0, an approximate solution
The electroneutrality requires thatto Eq. [1] subject to Eqs. [1a] and [1b] is (11)

sn Å
01

4pr 2
0,n

*
`

r0,n

4pr 2
nrndrn [5]c à h0 /

h1

X0

/ h2

X 2
0

[2]

where rn is the distance measured from the center of the nthwhere
particle, r0,n is its radius, and rn is the space charge density
for the nth isolated particle. The electrical interaction energytanh(ah0/4) Å [tanh(ac0/4)]exp[0k3(X 0 X0)] [2a]
Iel can be estimated by

h1 Å [1/(ak3)] sinh(ah0/2) {tanh2(ac0/4)

Iel(L) Å Ft
el(L) 0 Ft

el(`) [6]0 tanh2(ah0/4) 0 2 ln[tanh(ac0/4)/tanh(ah0/4)]}, [2b]

where L is the set of distance Ln,n*, n, n* Å 1, 2, . . . , K, nh2 Å
a

2k3

sinh(ah0/2) *
h0

c0

1
sinh2(ah0/2) Hak3

4
h2

1 sinh(ah0/2)
x n*, Ln,n being the closest dimensionless surface-to-surface
distance between particles n and n* with Ln,n* Å Ln*,n, and

/ 2h1

1 / cosh(ah0/2)
0 4

a
[tanh(ah0/4)][X(h0) 0 X0] Ft

el(`) is the value of Ft
el when any pair of particles is infi-

nitely apart. For two interacting particles Eqs. [4] and [6]
lead to

0 4 tanh2(ah0/4) 0 8 ln[cosh(ah0/4)]
ak3 sinh(ah0/2) Jdh0 [2c]

Iel(L) Å (s1/2) *
1

f2dA1 / (s2/2) *
2

f1dA2 [7]
with

where L Å kL0, L0 being the closest surface-to-surface dis-
tance between two particles.k3 Å H[(k 0 2)k1 / 2k2]/k, if k £ 4

[2k1 / (k 0 2)k2]/k, if k ú 4
[2d]

Based on Eqs. [2a]–[2c], if X0 is sufficiently large, the
potential distribution for a large (Xn 0 X0,n) Å k(rn 0 rn,0)
can be approximated by

X(h0) Å
1

2k3

lnFScosh(ah0/2) / 1
cosh(ah0/2) 0 1D

cn à (An / BnXn)exp(0k3Xn) [8]

1 Scosh(ac0/2) 0 1
cosh(ac0/2) / 1DG / X0 [2e]

where cn Å efn/kBT, and

In these expressions, k1 Å 2/{k1/2[(k/2)2/(k02) 0 1]}, k2 Å 2/
An Å H8

a FtanhSac0,n

4 DG / 2
ak3X0,n

FtanhSac0,n

4 DG3Jek3X0,nk1/2, and k Å 2 / 2b/a (7).
The electrostatic free energy Ft

el, for a charged system can
be expressed by (11) [8a]
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532 HSU AND KUO

Dn* Å 2FtanhSac0,n*

4 DGHH4k3X0,n

/ FtanhSac0,n*

4 DG2

0 4JY(ak3X0,n*) /
4
a

/ H02k 2
3X

2
0,n / 4k3X0,n / (1 0 k3X0,n)

1 FtanhSac0,n*

4 DG2

0 4JY[ak 2
3X0,n*(X0,n / X0,n*)]

/ 4(1 0 k3X0,n)/[ak3(X0,n / X0,n*)]J
/ Cn*(X0,n / X0,n*), n* x n [11b]

Gn Å pkBTX0,nsn/ (ek3k
2) [11c]

FIG. 1. Schematic representation of two interacting particles. X1, X2, L,
For illustration, we consider two identical particles in theand R are the dimensionless distances; X0,1 and X0,2 are the dimensionless
following discussion. In this case, the subscripts n and n*radii of particles 1 and 2, respectively; u1 is the angle defined by the line

segments O1 0 O2 and O1 0 P1; and u2 is the angle defined by the line can be dropped.
segments O2 0 O1 and O2 0 P2. For a sufficiently small L/X0, the van der Waals potential

I
£dw can be estimated by (1)

Bn Å H 04
aX0,n

FtanhSac0,n

4 DGJek3X0,n [8b] I
£dw(L) Å 0A132X0/12L [12]

where A132 is the Hamaker constant. The total interaction
By referring to Fig. 1, the differential area dAn can be ex- energy It(L) is the sum of Iel(L) and I

£dw(L), i.e.,
pressed as

It(L) Å Iel(L) / I
£dw(L) [13]

dAn Å 2pk02X 2
0,nsin undun [9]

At the CCC,

where un is the angle between line segment O1 0 O2(R) and
It Å 0 and dIt/dL Å 0 [14]On 0 Pn(X0,n), R being the dimensionless center-to-center

distance between two particles. We have
Let the value of L at the CCC be Lc. Substituting Eqs. [11]–
[13] into Eq. [14], we obtainX 2

n* Å R2 / X 2
0,n 0 2RX0,ncos un, n* x n [10]

Substituting Eqs. [8]–[10] into Eq. [7] and conducting the 2G(CLc / D)exp(0k3Lc) 0
A132X0

12Lc

Å 0 [15a]
integration, we obtain

02k3G(CLc / D)exp(0k3Lc)

Iel(L) à ∑
2

nÅ1

Gn(Cn*L / Dn*)e
0k3L, n* x n [11] / 2GC exp(0k3Lc) /

A132X0

12L2
c

Å 0 [15b]

where These expressions yield

L2
c 0 S2

k3

0 D

CDLc 0
D

k3C
Å 0 [16]Cn* Å 04FtanhSac0,n*

4 DGY(aX0,n*) [11a]
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533SPHERICAL PARTICLES IN ELECTROLYTE SOLUTIONS

Since D/C is large for the present system (X0 is large), we distance between two particles, L is defined under Eq. [7],
and VR is the electrical potential energy for two planar paral-have
lel surfaces.

The electrical potential energy VR can be calculated by
Lc à

1
k3
H1 0 2YHk3X0 / 4 0 FtanhSac0

4 DG2Y2JJ . (10)

[17]
VR Å k01 *

`

L

FRdL

If c0 r 0`, Eq. [5] leads to (Appendix A)

Å 32(a / b)n0
akBT

ak3k
[tanh2(ac0/4)]exp(0k3L) [24]

s } an0
a/ (k3k) [18]

Substituting Eqs. [17] and [18] into Eq. [15a] yields Substituting Eq. [24] into Eq. [23] yields

an0
a,c

k3
3k

3 F02
a
/ 3

ak3X0

0 8
ak3X0(k3X0 / 7/2)G Vel Å

32(a / b)pX0n
0
akBT

ak 2
3k

3 [tanh2(ac0/4)]exp(0k3L0)

1 S1 0 2
k3X0 / 7/2D

2

Å constant, [19] 1 F1 0 1
2k3X0

(1 0 exp(02k3X0))G [25]

where n0
a,c denotes the CCC of cations (counterions). This The van der Waals potential, the total interaction energy,

expression implies that and the criterion for CCC are described by Eqs. [12]–[14],
respectively. Let Lc be the value of L at which coagulation
occurs. Then, Eqs. [12]–[14] and [25] lead to Lc Å 1/k3.n0

a,c }
1

a3(a / b)3k6
3
F1 0 3

k3X0

0 8
k3X0 / 7/2 S1 0 1

k3X0
DG Substituting this Lc, Eqs. [12] and [25] into Eq. [13],

applying Eq. [14], and solving the resultant expression for
[20] n0

a,c, the CCC of cations, we obtain

On the other hand, if c0 r 0, it can be shown that (Appen-
dix A) n0

a,c Å
l tanh4(ac0/4)

a5(a / b)k6
3

r

(4pe0er)
3(kBT)5(48)2

e6A2
123p(exp2)

[26]

s } [a(a / b)k3en0
ac0k

01][1 / (1 / a2c2
0/32)/k3X0] [21]

where
Substituting Eqs. [17] and [21] into Eq. [15a] yields

l Å F1 0 1
2k3X0

(1 0 exp(02k3X0))G2

[26a]
n0

a,c }
c4

0

a(a/ b)k 2
3
F10 2

k3X0

0 8
k3X0/ 4 S10 1

k3X0
DG [22]

On the basis of these expressions, the CCC of counterions
can be estimated.Another Approach

If c0 r 0`, Eq. [26] gives
If the Derjaguin approximation (12) is applicable, the elec-

trical potential energy between two particles Vel can be esti-
mated by n0

a,c }
l

a5(a / b)k6
3

[27]

Vel Å
pX0

k2 *
2X0

0
S1 0 L1

2X0
DVRdL1 [23] For a sufficiently large X0, l r 1, and Eq. [27] leads to the

result for planar particles (10). Furthermore, if the electrolyte
is symmetric, a Å b Å £, thenwhere

n0
a,c } 1/£6 [27a]L1 Å L2 0 L [23a]

In these expressions, L2 Å kL3, L3 is the surface-to-surface This is the Schulze–Hardy rule.
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534 HSU AND KUO

TABLE 1
Variation in the Ratio [n0

a,c,a:b /n0
a,c,3:3 (X0 r `)] as a Function of X0 and the Types of Electrolyte for C0 r 0`

a:b X0 ` 200 100 80 50 30 20

3:3 1.000 0.945 0.893 0.868 0.793 0.699 0.527
3:2 1.384 1.311 1.241 1.207 1.108 0.941 0.749
3:1 1.522 1.449 1.379 1.345 1.244 1.075 0.880
2:3 7.379 6.964 6.562 6.366 5.798 4.850 3.766
2:2 11.391 10.774 10.177 9.886 9.038 7.622 5.998
2:1 17.232 16.365 15.525 15.113 13.915 11.904 9.586
1:3 276.161 258.242 240.998 232.618 208.382 168.368 123.157
1:2 365.385 343.833 323.022 312.882 283.464 234.590 178.920
1:1 729.000 689.550 651.346 632.691 578.431 487.813 383.888

On the other hand, if c0 r 0, Eq. [26] leads to According to Eqs. [20] and [22], the CCC of counterions
is related to the type of electrolyte (a:b), and the dimen-
sionless size of a particle X0(Å kr0). For a fixed particle size

n0
a,c }

l

a(a / b)k6
3

[28] r0, the latter is a function of the Debye length, which is
related to the concentrations of ions. This means that the
CCC ratio of counterions needs to be determined through

For a large X0 this expression becomes the result for planar an iterative procedure; the algorithm presented in Appendix
particles. Furthermore, if a Å b Å £, then B is suggested.

Table 2 illustrates the CCC ratio of counterions at sev-
eral assumed X0 ratios and types of electrolyte for c0 rn0

a,c } 1/£2 [28a]
0`. The result shown in this table reveals that, depending
upon the X0 ratio, the CCC ratio of counterions can takeThis is consistent with the result for planar particles (10).
various values.

The variation in the ratio [na,c,a:b/na,c,3:3(X0 r `)] at two
RESULTS AND DISCUSSION levels of X0 and various types of electrolyte for the case

c0 r 0 is shown in Table 3, and the corresponding CCC
The variation in the ratio [na,c,a:b/na,c,3:3(X0 r `)] as a func- ratio of counterions is illustrated in Table 4. If c0 is low, X0

tion of X0 and various types of electrolyte for c0 r 0` is is about the same for each type of CCC ratio. As suggested
shown in Table 1. Note that as X0 r `, the CCC ratio of by Table 4, the CCC ratio for spherical particles is close to
cations for symmetric electrolytes is 1:11.391:729, the same that for planar particles. In other words, if the surface poten-
as that predicted by the Schulze–Hardy rule. tial is low, the effect of curvature on the CCC ratio of coun-

terions is negligible.

TABLE 2
Approximate CCC Ratio of Counterions at Various Assumed X0

Ratios and Types of Electrolyte for C0 r 0`
TABLE 3

Types of electrolyte Variation in the Ratio [n0
a,c,a:b /n0

a,c,3:3 (X0 r `)] as a Function
Approximate of X0 and the Types of Electrolyte for C0 r 0

X0 Ratio S A1 A2 A3

a:b X0 ` 20
20:50:200 1:17.1:1038 1:15.8:784 1:12.1:459 1:11.0:490
30:80:` 1:14.8:1090 1:14.1:678 1:10.5:388 1:9.5:413 3:3 1.000 0.583
50:100:` 1:12.8:919 1:12.5:586 1:9.2:330 1:8.3:348 3:2 1.114 0.664
100:200:` 1:12.1:816 1:11.9:529 1:8.7:294 1:7.8:309 3:1 1.150 0.722
200:`:` 1:12.1:771 1:11.9:503 1:8.7:279 1:7.8:292 2:3 1.947 1.109
`:`:` 1:11.4:729 1:11.3:479 1:8.2:264 1:7.4:276 2:2 2.250 1.313

2:1 2.583 1.572
Note. Type S denotes symmetric electrolytes, the X0 ratio is 1:3 6.512 3.355

X0,3:3:X0,2:2:X0,1:1 , and the n0
a,c ratio is n0

a,c,3:3:n0
a,c,2:2:n0

a,c,1:1 . Type Ab denotes 1:2 7.149 3.946
asymmetric electrolytes, the valence of anion is b, the X0 ratio is 1:1 9.000 5.250
X0,3:b :X0,2:b :X0,1:b , and the n0

a,c ratio is n0
a,c,3:3 :n0

a,c,2:2 :n0
a,c,1:1 .
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535SPHERICAL PARTICLES IN ELECTROLYTE SOLUTIONS

TABLE 4 TABLE 6
Approximate CCC Ratio of Counterions at Various Assumed X0 Approximate CCC Ratio of Counterions at Various Assumed

X0 Ratios and the Types of Electrolyte Based on the DerjaguinRatios and Types of Electrolyte for C0 r 0
Approximation for C0 r 0`

Types of electrolyte
Approximate Type X0 Ratio 10:25:` 25:65:` 65:`:` `:`:`

X0 ratio S A1 A2 A3

Type S 1:12.1:807 1:11.7:759 1:11.6:740 1:11.4:729
20:20:20 1:2.25:9.00 1:2.18:7.27 1:1.98:5.94 1:1.90:5.75 Type A1 1:15.1:1180 1:14.6:1116 1:14.5:1093 1:14.3:1078
`:`:` 1:2.25:9.00 1:2.25:7.83 1:2.02:6.42 1:1.95:6.51 Type A2 1:12.6:945 1:12.1:890 1:12.0:868 1:11.8:855

Type A3 1:12.2:1223 1:11.8:1151 1:11.7:1121 1:11.5:1105
Note. The symbols are the same as those used in Table 2.

Note. The symbols are the same as those used in Table 2.

If c0 r 0` and the electrolyte is symmetric, a Å b Å £,
and k3 Å 1, Eq. [20] becomes Table 6 illustrates the CCC ratio of cations at several

assumed X0 ratios and types of electrolyte for c0 r 0`.
The result shown in this table reveals that the CCC ratio ofn0

a,c }
1
£

6 F1 0 3
X0

0 8
X0 / 7/2 S1 0 1

X0
DG [29]

counterions is a function of the types of electrolyte and the
particle size.

The variation in the ratio [na,c,a:b/na,c,3:3(X0 r `)] at twoFurthermore, if X0 r `, a particle can be treated as a flat
levels of X0 and various types of electrolyte for the case c0surface, Eq. [29] reduces to Eq. [27a].
r 0 is shown in Table 7. The CCC ratio of counterions forOn the other hand, if c0 r 0 and the electrolyte is symmet-
various X0 ratios is about the same. The result isric, Eq. [22] gives

na,c,3:3:na,c,2:2:na,c,1:1 Å 1:2.25:9.0n0
a,c }

c4
0

£
2 F1 0 2

X0

0 8
X0 / 4 S1 0 1

X0
DG [30]

na,c,3:1:na,c,2:1:na,c,1:1 Å 1:2.8:13.2

If X0 r `, then Eq. [28a] is recovered. na,c,3:2:na,c,2:2:na,c,1:2 Å 1:2.3:10.5

na,c,3:1:na,c,2:1:na,c,1:1 Å 1:2.3:13.5Derjaguin Approximation

The variation in the ratio [na,c,a:b/na,c,3:3(c0 r 0`)] for vari-
In this case, the CCC ratio for spherical particles is insensi-ous values of X0 and types of electrolyte for the case c0 r
tive to curvature, similar to the results of Table 4.0` based on the Derjaguin approximation is shown in Table

The result based on the Derjaguin approximation is readily5. According to Eqs. [27] and [28], the CCC ratio of counter-
applicable to a suspension of spherical particles coated withions is a function of the type of electrolyte and the dimen-
an ion-penetrable charged membrane. In this case we havesionless size of particle. The algorithm presented in Appen-

dix B can also be employed.

TABLE 5 TABLE 7
Variation in the Ratio [na,c,a:b /na,c,3:3 (X0 r `)] as a Function of Variation in the Ratio [na,c,a:b /na,c,3:3 (X0 r `)] as a Function of

X0 and the Types of Electrolyte Based on the Derjaguin Approxi-X0 and the Types of Electrolyte Solution Based on the Derjaguin
Approximation for C0 r 0` mation for C0 r 0

a:b X0 ` 10a:b X0 ` 65 25 10

3:3 1.000 0.985 0.960 0.903 3:3 1.000 0.903
3:2 0.961 0.8703:2 0.961 0.947 0.924 0.870

3:1 0.676 0.667 0.653 0.618 3:1 0.676 0.618
2:3 2.277 2.0472:3 11.529 11.345 11.054 10.361

2:2 11.391 11.216 10.940 10.280 2:2 2.250 2.031
2:1 1.915 1.7412:1 9.693 9.555 9.336 8.814

1:3 1104.646 1084.296 1052.131 975.757 1:3 13.638 12.046
1:2 10.150 9.0721:2 822.117 808.369 786.613 734.826

1:1 729.000 717.828 700.132 657.923 1:1 9.000 8.123
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536 HSU AND KUO

s Å su / s
£

[A3]
n0

a,c Å
l tanh4(acd/4)

a5(a / b)k6
3

r

(4pe0er)
3(kBT)5(48)2

e6A2
123p(exp2)

[31]

where

where cd is the dimensionless potential at the membrane-
liquid interface (13, 14). If the potential is high, Eq. [31]

su Å 0aen0
a *

r0/k
01d

r0

e0acS r

r0
D2

dr [A3a]
leads to Eq. [27]. On the other hand, if the potential is low,
Eq. [31] reduces to Eq. [28], in general. Suppose that the
fixed charges in a membrane phase arise from the exchange s

£
Å 0a(a / b)en0

ak
01Sdc

dXDZX0/d
[A3b]

of cations in the liquid phase with the protons of the func-
tional groups in membrane to form a complex, and the subse-

Equation [A3b] can be calculated by integrating the Pois-quent dissociation of this complex. If the binding of the
son–Boltzmann equation in the region (r0 / d/k, `), incations with dissociated functional groups is sufficiently
which the potential is relatively low (8, 9). Substituting Eqs.strong, and there are enough functional groups, then Eq. [31]
[2]–[2c] into Eq. [A3a] and collecting terms of the order X0reduces to Eq. [28], even if the potential is low (15).
as c0 r 0`, we obtainA comparison between Tables 1 and 5, and 3 and 7 reveals

that the CCC ratio of counterions obtained on the basis of
a perturbation solution of the Poisson–Boltzmann equation su à

02aen0
a

k3k
H*k3d/2

0

tanh2ZdZ / 2
k3X0

*
k3d/2

0

tanh2Z
and that based on the Derjaguin approximation are different
appreciably. Since the derivation of the former is more rigor-
ous than that of the latter, it is more reliable. Nevertheless, 1 FZ 0 e02Z

1 0 e04Z (1 0 2Z 0 e02Z)GdZJ [A4]
the Derjaguin approximation provides a quick estimation for
the CCC ratio and can be used as an initial guess for the

whereexact value.
In summary, the classic Schulze–Hardy rule is modified

to the case of spherical particles immersed in an asymmetric Z Å k3(X 0 X0)/2 [A4a]
electrolyte solution. We show that the CCC ratio of counter-
ions is a function of both the valences of ion species and If d is proportional to Lc, k3d/2 is roughly a constant. The
the sizes of the dispersed entities. To determine the CCC value of s

£
can be evaluated by substituting Eq. [2]–[2c]

ratio of counterions for various combinations of electrolytes into Eq. [A3b]. We have, for c0 r 0`,
at a fixed particle size, the thickness of the Debye length
needs to be taken into account. The present analysis provides

s
£
Å 04(a / b)en0

ak
01Fk3 / S3

2
0 k3dDYX0Ge0k3d [A5]an efficient method for the estimation of the CCC ratio of

counterions.

For a strongly charged surface, the effect of curvature on
APPENDIX A

surface charge density is negligible (8, 9), and su @ s
£
. We

conclude that
Let na and nb be the number concentrations of cation and

anion, respectively. Then
s à su } an0

a/k3k, as c0 r 0` [A6]

r Å aena 0 benb [A1]
On the other hand, if c0 r 0, the surface charge density is
described by Eq. [A3b] with d Å 0. Since tanh(ac0/4) r

Substituting this expression into Eq. [5] and employing the ac0/4, substituting Eqs. [2]–[2c] into Eq. [A3b] leads to
Boltzmann distributions for na and nb, we have Eq. [21].

APPENDIX Bs Å 0aen0
a *

`

r0

(e0ac 0 ebc)S r

r0
D2

dr [A2]

For a fixed particle size,

Since the amount of coion near a charged surface is limited,
X0 } k } [a(a / b)n0

a]
1/2 [B1]we assume that it is negligible in the region (r0, r0 / d/k),

d being a small number, and Eq. [A2] can be approximated
by On the basis of this expression, the ratio of X0 for various

AID JCIS 4591 / 6g1a$$$684 12-16-96 15:23:57 coidas



537SPHERICAL PARTICLES IN ELECTROLYTE SOLUTIONS

combinations of a:b electrolytes can be obtained. For exam- X0,3:1:X0,2:1:X0,1:1 Å 20:50:200 [B2a]
ple, the effect of counterions can be summarized as follows:

The corresponding entries in Table 1 lead to
Type S ratio

n0
a,c,3:1:n

0
a,c,2:1:n

0
a,c,1:1 Å 0.618:9.336:729 [B2b]

X0,3:3:X0,2:2:X0,1:1 Å 1:S4n0
a,c,2:2

9n0
a,c,3:3

D1/2

:S n0
a,c,1:1

9n0
a,c,3:3

D1/2

[B1a]
Substituting these figures into Eq. [B1b] gives

Type A1 ratio X0,3:1:X0,2:1:X0,1:1 Å 20:56:229 [B2c]

which is close to Eq. [B2a].
X0,3:1:X0,2:1:X0,1:1 Å 1:S n0

a,c,2:1

2n0
a,c,3:1

D1/2

:S n0
a,c,1:1

6n0
a,c,3:1

D1/2

[B1b] As an example for the result derived from the Derjaguin
approximation, we assume

Type A2 ratio
X0,3:1:X0,2:1:X0,1:1 Å 10:25:` [B3a]

The corresponding entries in Table 5 lead toX0,3:2:X0,2:2:X0,1:2 Å 1:S 8n0
a,c,2:2

15n0
a,c,3:2

D1/2

:S n0
a,c,1:2

5n0
a,c,3:2

D1/2

[B1c]

n0
a,c,3:1:n

0
a,c,2:1:n

0
a,c,1:1 Å 1:15.8:784 [B3b]

Type A3 ratio

Substituting these figures into Eq. [B1b] gives

X0,3:3:X0,2:3:X0,1:3 Å 1:S5n0
a,c,2:3

9n0
a,c,3:3

D1/2

:S2n0
a,c,1:3

9n0
a,c,3:3

D1/2

[B1d]
X0,3:1:X0,2:1:X0,1:1 Å 10:27.48:140.21 [B3c]

which is close to Eq. [B3a].In these expressions, X0,a:b is the value of X0 for an a:b
electrolyte, type S stands for symmetric electrolytes, and
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