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Abstract

The influence of floc structure and floc concentration on the drag acting on a floc is investigated theoretically. A two-layer model is
to describe floc structure, and a cell model is used to simulate a floc dispersion. The influences of the key parameters of the pro
consideration, including floc concentration, Reynolds number, the ratio (permeability of outer layer/permeability of inner layer),
ratio (thickness of outer layer/thickness of inner layer), on the drag coefficient are discussed. We show that the more heterogene
structure is, the greater the drag and the more significant the deviation of curve of variation of drag coefficient against Reynolds nu
a Stokes-law-like relation. The drag on a floc declines with the decrease in floc concentration, and, due to the convective flow of th
distortion of streamlines surrounding a floc becomes more serious and the deviation of the variation of the curve of drag agains
number from a Stokes-law-like relation is more significant.
 2004 Elsevier Inc. All rights reserved.
Keywords:Floc dispersion; Cell model; Nonuniform floc structure; Two-layer model; Drag coefficient
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1. Introduction

Flocculation is often observed in natural and indust
processes. Typically, the linear size of the entity form
in flocculation, the so-called floc, ranges from 100
1000 µm[1]. Due to its porous nature, floc usually exhib
behavior that is different appreciably from that of rigid en
ties. In a study of the sedimentation of the floc of activa
sludge, Lee et al.[2] found that the Reynolds number can
on the order of 40, which implies that Stokes’ law may be
applicable. The structure of the floc, which depends larg
on its formation process, is of a complicated nature. In g
eral, it is irregular in geometry, highly nonuniform, fragi
and permeable, with a porosity higher than 99%[3]. Various
floc structures have been proposed, including, for exam
homogeneous[1,4–7], three-layered[8], multilayered[9],
two-layered with a less permeable outer layer[10], and two-
layered with a less permeable inner layer[11]. Hsu and
* Corresponding author. Fax: +886-2-23623040.
E-mail address:jphsu@ntu.edu.tw(J.-P. Hsu).

0021-9797/$ – see front matter 2004 Elsevier Inc. All rights reserved.
doi:10.1016/j.jcis.2004.09.070
Hsieh[12] considered a two-layered floc structure with v
ious combinations of inner and outer permeability. The
lowing sedimentation problems were analyzed for Reyn
number ranges from 0.1 to 40: a spherical floc in an infi
fluid [12], a spheroidal floc in an infinite fluid[13], a spheri-
cal floc along the axis of a cylinder[14], and a spherical flo
toward a planar surface[15].

In practice, particles seldom present individually, an
dispersion of multiple particles, that is, a many-body pr
lem, often needs to be considered. In this case, analysi
comes nontrivial even if the problem is solved numerica
Apart from the difficulty arising from solving nonlinear, co
pled differential equations, that caused by the complica
nature of the interactions between neighboring particle
also important. The later was circumvented by Happel
Brenner[16] through adoption of a free-surface-cell mod
in which a dispersion is simulated by a represented cell c
prising a single particle and a concentric liquid shell. A

suming that cells are independent of each other, the drag on
a rigid particle in a spherical dispersion was derived under
a creeping flow condition. Based on a cell model, Jaiswal
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mailto:jphsu@ntu.edu.tw


and

in
he
ion
at
via-
er a
-

a

al-
ac-

yer
The
n o

ruc-

a
ntric

tive
ial
er

oid

floc
c and

nd

the

e,

ibed
nu-

-

.
ent

iquid
ve-
dary

we

For

ge-

ave
ged
J.-P. Hsu et al. / Journal of Colloid

et al. [18] analyzed the sedimentation of rigid spheres
a Newtonian fluid numerically. They showed that if t
Reynolds number is below 10, the deviation of the frict
factor calculated from their correlation relation from th
based on Ergun equation is smaller than 10%. This de
tion can be larger at a smaller Reynolds number. Und
creeping flow condition, Neale et al.[17] were able to de
rive an analytical solution for the drag on a uniform floc in
dispersion based on a cell model.

In this study, the drag on a floc in a floc dispersion is ev
uated, taking the nonuniform nature of its structure into
count. The cell model of Happel and Brenner[16] is adopted
to simulate the behavior of a floc dispersion, and a two-la
model used to describe various possible floc structures.
influence of the key parameters such as the concentratio
flocs, the Reynolds number, and the permeability and st
ture of floc on the drag coefficient is discussed.

2. Theory

Referring toFig. 1, a floc dispersion is simulated by
representative cell, which comprises a floc and a conce
spherical liquid shell of radiusRc. Cylindrical coordinates
are adopted with origin at the center of the representa
cell, andr and z are respectively the radial and the ax
coordinates.r1 andr2 are respectively the radii of the out
and the inner layers of a floc, andV is the bulk velocity of
the fluid. The concentration of flocs is estimated by the v
fractionε, defined by

(1)ε = 1−
(

r1

Rc

)3

.

We assume that the flow field can be described by[19]

(2)uf · ∇uf = −∇P + 2

Re
∇2uf,

(3)∇ · uf = 0,

Fig. 1. Schematic representation of the problem considered, where a
dispersion is simulated by a representative cell, which comprises a flo
a concentric spherical liquid shell of radiusRc. Cylindrical coordinates are
adopted with origin located at the center of the representative cell, ar
and z are respectively the radial and the axial coordinates.r1 and r2 are
respectively the radii of the outer and the inner layers of a floc, andV is the
bulk velocity of the fluid.
Interface Science 284 (2005) 332–338 333
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where Re= 2ρr1Vz/µ is the Reynolds number andρ, µ,
andVz are respectively the density and the viscosity of
fluid and thez-component ofV. P = (p + ρgZ)/ρV 2

z is the
scaled pressure;p, g, andZ are respectively the pressur
gravitational acceleration, andz-coordinate.∇ is the dimen-
sionless gradient operator, which is scaled by 1/r1. uf is the
dimensionless velocity, which is scaled byV.

Suppose that the flow field inside a floc can be descr
by the Darcy–Brinkman model and the equation of conti
ity

(4)ui + Re

2β2
i

∇P = ∇2ui , i = 1,2,

(5)∇ · ui = 0, i = 1,2.

The subscripti is a region index (i = 1 for outer layer and 2
for inner layer of a floc),βi = r1/

√
ki is the scaled floc ra

dius, ki being the permeability of regioni, and ui is the
scaled flow velocity in regioni, which is scaled byV. The
boundary conditions associated with Eqs.(2)–(5) are as-
sumed to be

(6)uz = 1, r = Rc,

(7)
∂uf

∂r
= ∂u1

∂r
= ∂u2

∂r
= 0, r = 0,

(8)uf = u1 and µf∇uf = µ1∇u1, r = r1,

(9)u1 = u2 and µ1∇u1 = µ2∇u2, r = r2,

whereuz is the scaledz-component of the fluid velocity
Equation(7) arises from the symmetric nature of the pres
problem, and Eq.(8) implies that both the fluid velocity
and the shear stress are continuous on the outer layer–l
interface. The last expression implies that both the fluid
locity and the shear stress are continuous on the boun
of the inner layer–outer layer interface. For simplicity,
assume thatµf = µ1 = µ2.

Following the treatment of Neale et al.[17], the dragF
on a floc is expressed as

(10)F =
(

1

2
ρV 2

z

)(
πr2

1

)
CDΩ,

whereCD is the drag coefficient andΩ � 1 is a correction
factor taking account of the porous structure of a floc.
rigid particles,Ω = 1; that is,F = FSΩ , whereFS is the
value ofF for the corresponding rigid sphere. For a homo
neously structured floc, Neale et al.[17] were able to derive
that, under the condition of creeping flow,

(11)Ω = 2β2[1− (tanhβ/β)]
2β2 + 3[1− (tanhβ/β)] ,

whereβ = dp/2
√

k, dp = 2r1, dp andr1 are respectively the
diameter and the radius of a floc. In our case, a floc may h
a nonuniform structure, and we define the volume-avera
permeabilityk̄ and the scaled radius̄β of a floc as
(12)k̄ =
∑2

i=1 Viki∑2
i=1 Vi

,
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(13)β̄ = dp

2
√

k̄
.

3. Results and discussion

The governing equations and the associated boun
conditions are solved numerically by FIDAP7.6, a comm
cial software based on the finite element method. The
plicability of this software is examined by comparing t
result calculated by it with the analytical result of Hap
and Brenner[16] for a dispersion of rigid spheres.Table 1
shows the variation of the percentage error of the for
at various combinations ofr1/Rc andε. As can be seen i
this table, the performance of the numerical scheme ado
is satisfactory. The influences of the key parameters of
problem under consideration on both the flow field and
drag coefficient are investigated through numerical sim
tion in subsequent discussions.

3.1. Variation of flow field

Fig. 2 illustrates the contours for the streamline and
vorticity at variousk1/k2 at a low Reynolds number for th
case whenε is small; that for the case whenε is large is pre-
sented inFig. 3. Here, because bothr1 andβ̄ are fixed, so is
the mean permeability of a floc̄k, as suggested by Eq.(13).
Note that if k1/k2 = 1, a floc has a uniform structure;
k1/k2 > 1, the outer layer of a floc is more permeable th
its inner layer, and the reverse is true ifk1/k2 < 1. Figs. 2
and 3suggest that if Re is small, the contours of both stre
line and vorticity upstream of a floc are symmetric with tho
on its downstream. InFig. 2, ε is small, flocs are close t
each other, and the flow field near a floc is influenced
preciably by neighboring flocs. On the other hand, flocs
relatively far apart inFig. 3, the influence of neighborin
flocs is less important, and therefore, the streamlines are
compact than those inFig. 2. Figs. 2 and 3also reveal that th
results fork1/k2 = 0.1 are appreciably different from thos
for k1/k2 = 10, implying that the influence of floc structu
on the flow field is significant even if the mean permea
ity of a floc is fixed. As Re becomes large, the contours
both streamline and vorticity on upstream of a floc are

Table 1
Variation of the drag on a rigid sphere at various combinations ofr1/Rc and
ε calculated by the analytical result of Happel and Brenner[16] and by the
present numerical method

r1/Rc ε Drag× 104

(N) [16]
Drag (present)
×104 (N)

Percentage erro
(%)

0.1 0.999 0.1212 0.1198 1.1389
0.3 0.973 0.2425 0.2409 0.6591
0.5 0.875 0.6874 0.6852 0.3335
0.6 0.784 1.4088 1.4035 0.3795
0.7 0.657 3.5654 3.5561 0.2625

0.9 0.271 114.0198 115.9209 −1.6673

Note. Key: r1 = 0.12 cm,ρ = 1 g/cm3, andµ = 0.01 poise.
Interface Science 284 (2005) 332–338
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Fig. 2. Contours of streamlines, (a), (c), (e), and vorticity, (b), (d), (f)
variousk1/k2 for the case whenε = 0.271, Re= 0.1, andβ̄ = 1. (a) and
(b), k1/k2 = 1; (c) and (d),k1/k2 = 10; (e) and (f),k1/k2 = 0.1. Key:
r1 = 0.12 cm,ρ = 1 g/cm3, andµ = 0.01 poise.

Fig. 3. Contours of streamlines, (a), (c), (e), and vorticity, (b), (d), (f)
variousk1/k2 for the case ofFig. 2except thatε = 0.875.

longer symmetric to those on its downstream, as can be
in Figs. 4 and 5. The asymmetric nature of the flow fie
arises from the presence of convective flow on the do
stream of a floc. However, due to the highly porous struc
of a floc, either boundary separation or inverse in the di
tion of fluid velocity are not observed under the conditio

assumed. As in the cases ofFigs. 2 and 3, the confinement
of flow field at a smallε (high floc concentration) is more
appreciable than that at a largeε (low floc concentration).
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Fig. 4. Contours of streamlines, (a), (c), (e), and vorticity, (b), (d), (f)
variousk1/k2 for the case whenε = 0.271, Re= 40, andβ̄ = 1. (a) and
(b), k1/k2 = 1; (c) and (d),k1/k2 = 10; (e) and (f),k1/k2 = 0.1. Key:
same as inFig. 2.

Fig. 5. Contours of streamlines, (a), (c), (e), and vorticity, (b), (d), (f)
variousk1/k2 for the case ofFig. 4except thatε = 0.875.

3.2. Effect of floc concentration

The influence of floc concentration on the drag coe
cient CDΩ at variousk1/k2 for two different Re is illus-
trated inFig. 6. In Fig. 6a Re= 0.1, and we have[CDΩ(ε =
0.271)/CDΩ(ε = 0.999)] = 1.23, 1.40, 1.29, 1.47, and 1.3
for k1/k2 = 1, 0.1, 0.2, 10, and 5, respectively. That is,

lower the concentration of flocs, the smaller the drag co-
efficient, and the more nonuniform the floc structure, the
more significant the influence of floc concentration is. Also,
Interface Science 284 (2005) 332–338 335

Fig. 6. Variation ofCDΩ as a function ofε for variousk1/k2 at differ-
ent Re for the case when̄β = 1. Curve 1,k1/k2 = 1; 2, k1/k2 = 0.1;
3, k1/k2 = 0.2; 4, k1/k2 = 10; 5, k1/k2 = 5. (a) Re= 0.1, (b) Re= 40.
Key: same as inFig. 2.

we haveCDΩ(k1/k2 = 1/10) > CDΩ(k1/k2 = 10) and
CDΩ(k1/k2 = 1/5) > CDΩ(k1/k2 = 5). That is, for a fixed
mean permeability,CDΩ is influenced more by the oute
layer of a floc than by its inner layer. The general qual
tive behavior ofCDΩ in Fig. 6b is similar to that inFig. 6a.
We have [CDΩ(ε = 0.271)/CDΩ(ε = 0.999)] = 1.10, 1.15,
1.12, 1.21, and 1.15 fork1/k2 = 1, 0.1, 0.2, 10, and 5, re
spectively. That is, the influence of floc concentration
CDΩ becomes less important as Re gets larger.

3.3. Effect of Reynolds number

For creeping flow, the variation of drag coefficient a
function of Reynolds number can be described by the Sto
law [19],

(14)CD = 24

Re
.

For the present case, this expression can be modified as
(15)CDΩ = A(β̄, k1/k2, ε)

Re
,
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Fig. 7. Variation ofCDΩ as a function of Re for variousk1/k2 at differ-
ent β̄ for the case whenε = 0.875. Curve 1,k1/k2 = 1; 2, k1/k2 = 0.1;
3, k1/k2 = 0.2; 4, k1/k2 = 10; 5, k1/k2 = 5. (a) β̄ = 1, (b) β̄ = 2. Key:
same as inFig. 2.

whereA is a function ofβ̄, k1/k2, and ε. The variations
of log(CDΩ) as a function of log(Re) for variousk1/k2 at
different β̄ are shown inFig. 7. Note that the larger thēβ
the smaller the floc permeability is, and the larger theε the
lower the floc concentration is.Fig. 7 reveals that if Re is
small, log(CDΩ) is roughly linearly dependent on log(Re);
that is, a Stokes-law-like relation exists. For rigid sphe
this linear relation is applicable for Re smaller than ab
0.1, and for the present flocs, it is applicable for Re two or
of magnitudes larger.Fig. 7also indicates that the larger th
β̄ the more serious is the deviation from the Stokes-law-
relation at large Re. This is because fluid is capable of p
etrating through a porous floc, and wakes are relatively h
to form downstream of the floc[20,21]. Table 2illustrates
the percentage deviations from a Stokes-law-like relatio
Re= 40 for various combinations ofε andβ̄. This table re-
veals that atε = 0.271, because the concentration of floc
high, the convective flow of fluid is confined by neighbori
flocs, and the deviation from the Stokes-law-like relation

Re= 40 is negligible. Asε increases to 0.875, the convective
flow is appreciable, and the deviation from the Stokes-law-
like relation becomes significant.
Interface Science 284 (2005) 332–338

Table 2
Percentage deviation from Stokes-law-like relation at Re= 40 at various
combinations ofε andβ̄

ε β̄ k1/k2 Percentage deviation (%

0.875 1 1 1.8206
0.875 1 0.1 3.1649
0.875 1 0.2 2.2009
0.875 1 10 5.7741
0.875 1 5 3.7156
0.875 2 1 7.6123
0.875 2 0.1 11.8642
0.875 2 0.2 9.0782
0.875 2 10 14.6239
0.875 2 5 11.4403
0.271 1 1 0.0022
0.271 1 0.1 −0.0007
0.271 1 0.2 −0.0003
0.271 1 10 0.0062
0.271 1 5 0.0078
0.271 2 1 0.0039
0.271 2 0.1 0.0038
0.271 2 0.2 0.0027
0.271 2 10 −0.0016
0.271 2 5 0.0030

Note. Key: same as inTable 1.

3.4. Effect of mean floc permeability

Fig. 8 shows the influence of the mean floc permeab
on the drag coefficientCDΩ at variousk1/k2 for two differ-
ent Re. As can be seen in this figure,CDΩ increases with̄β;
that is, the smaller the mean permeability of floc, or the m
rigid its structure, the larger the drag coefficient. Also,CDΩ

declines with the increase in Re. These results are cons
with the results shown inFigs. 6 and 7. In general, the mor
nonuniform the structure of a floc the more appreciabl
the effect. Note that the curve fork1/k2 = 10 intersects with
that fork1/k2 = 0.2, implying that there is some interactio
betweenβ̄ andk1/k2.

3.5. Effect of floc structure

The simulated variation ofCDΩ as a function ofk1/k2
for various combinations of Re andε is presented inFig. 9,
and that as a function ofr2/r1 for variousk1/k2 at differentε
is shown inFig. 10. Fig. 9reveals that, regardless of the lev
of floc concentration, the more nonuniform the floc struct
is, the larger the drag coefficient, which is consistent w
previous observations[12–15]. In general, the more nonun
form the structure of a floc is, the closer its behavior is
that of a rigid floc.Table 3indicates that the influence of th
nonuniform structure of a floc is most important whenε is
small and Re is large. According to Eq.(12), for a fixed mean
permeability, ifk1/k2 < 1, the increase inr2/r1 leads to a
less permeable outer layer. On the other hand, ifk1/k2 > 1,
the increase inr2/r1 leads to a less permeable and re

tively thick inner layer. Under both of these conditions the
drag coefficient becomes large, as is illustrated inFigs. 10a
and 10b. The influence ofr2/r1 on CDΩ is more apprecia-
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Fig. 8. Variation ofCDΩ as a function ofβ̄ for variousk1/k2 at different
Re for the case whenε = 0.657. Curve 1,k1/k2 = 0.1; 2, k1/k2 = 10;
3, k1/k2 = 0.2; 4, k1/k2 = 5; 5, k1/k2 = 1. (a) Re= 0.1, (b) Re= 40.
Key: same as inFig. 2.

ble when floc concentration is lower and/or floc structur
more nonuniform.

4. Conclusion

In summary, the influences of floc structure and floc c
centration on the drag acting on a floc are investigated
oretically by adopting a two-layer structural model for t
floc and a cell model for floc dispersion. Based on the res

of numerical simulations, we conclude the following: (a) If

D 1 2 D 1 2
CDΩ(k1/k2 = 10) = 1.76CDΩ(k1/k2 = 1)

Note. Key: same as inTable 1.
Interface Science 284 (2005) 332–338 337

Fig. 9. Variation ofCDΩ as a function ofk1/k2 for various combinations
of Re andε for the case when̄β = 1. Curve 1, Re= 0.1; 2, Re= 40.
(a) ε = 0.875, (b)ε = 0.271. Key: same as inFig. 2.

those on its downstream. They become asymmetric whe
Reynolds number is on the order of about 10. If the floc c
centration is high, the degree of asymmetry in the flow fi
as the Reynolds number increases is less appreciable. T
fluence of floc structure on the flow field is significant ev
if the mean permeability of a floc remains the same. (b)
lower the floc concentration the smaller is the drag coe
cient, and the more nonuniform the floc structure the m
significant is the influence of floc concentration. Also, fo
fixed mean permeability, the drag coefficient is influenc
more by the outer layer of a floc than by its inner lay

The influence of floc concentration on drag coefficient be-

rger.
la-
Reynolds number is small, the contours of both streamline
and vorticity on the upstream of a floc are symmetric with

comes less important as Reynolds number becomes la
(c) If the Reynolds number is small, a Stokes-law-like re

Table 3
Values ofCDΩ ratios betweenk1/k2 = 0.1 andk1/k2 = 1, and betweenk1/k2 = 10 andk1/k2 = 1 in Fig. 9

ε Re= 0.1 Re= 40

0.875 CDΩ(k1/k2 = 0.1) = 1.82CDΩ(k1/k2 = 1) CDΩ(k1/k2 = 0.1) = 1.83CDΩ(k1/k2 = 1)

CDΩ(k1/k2 = 10) = 1.60CDΩ(k1/k2 = 1) CDΩ(k1/k2 = 10) = 1.61CDΩ(k1/k2 = 1)

0.271 C Ω(k /k = 0.1) = 1.88C Ω(k /k = 1) C Ω(k /k = 0.1) = 1.88C Ω(k /k = 1)
D 1 2 D 1 2
CDΩ(k1/k2 = 10) = 1.76CDΩ(k1/k2 = 1)
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Fig. 10. Variation ofCDΩ as a function ofr2/r1 for various k1/k2 at
different ε for the case when̄β = 2 and Re= 10. Curve 1,k1/k2 = 0.1;
2, k1/k2 = 10; 3,k1/k2 = 0.2; 4, k1/k2 = 5; 5, k1/k2 = 1. (a)ε = 0.875,
(b) ε = 0.271. Key: same as inFig. 2.

tion exists. This relation is applicable for Reynolds num
two orders of magnitudes larger than that for rigid sphe
The more permeable a floc and/or the higher the conce
tion of flocs, the easier it is to maintain a Stokes-law-l
relation as Reynolds number becomes large. (d) The sm
the mean permeability of the floc, or the more rigid its str
ture, the larger the drag coefficient. Also, the drag coeffic

declines with the increase in Reynolds number, and the more
nonuniform the floc structure the more appreciable the effect
Interface Science 284 (2005) 332–338

-

r

is. (e) Regardless of the level of floc concentration, the m
nonuniform the floc structure, the larger the drag coeffic
and the closer its behavior to a rigid floc. The influence of
nonuniform structure of a floc is most important when fl
concentration is low and Reynolds number is large. (f) F
fixed mean permeability of a floc, the influence of the re
tive thickness of the inner layer and the outer layer of a
on the drag coefficient is more appreciable when floc c
centration is lower and/or when the floc structure is m
nonuniform.
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