
Pergamon 

In, J. Solids Srrucrures Vol. 33, No. 28, pp. 422311238, 1996 
Copyright 0 1996 Elsevier Science Ltd 

Pnnted m Great Britain. All rights reserved 
002t%7683/96 $15.00 + .OO 

0020-7683(95)00243-X 

ANALYTICAL TRANSIENT ANALYSIS OF 
LAYERED COMPOSITE MEDIUM SUBJECTED 
TO DYNAMIC INPLANE IMPACT LOADINGS 

CHIEN-CHING MA and KUO-CHENG HUANG 
Department of Mechanical Engineering, National Taiwan University. Taipei, Taiwan 10617, 

Republic of China 

(Recuioed 13 September 1994; in reaised_form 4 October 1995) 

Abstract-In this study, the dynamic transient response of a layered composite with n layers under 
dynamic inplane impact loading on the surface is investigated in detail. One of the objectives of this 
study is to develop an effective analytical method for determining transient solutions. Complete 
solution of the contribution for each wave is expressed in an explicit form. These solutions will 
provide reliable solutions that can guide the development of numerical methods. In analyzing this 
problem, the waves reflected and refracted by the interfaces within the composite must be taken 
into account, which will generate infinite waves on each composite layer and make the problem 
extremely complicated to analyze. The problem is solved by using the Laplace transform method 
and the inverse transform is evaluated by means of Cagniard’s method. The transient responses of 
stresses and displacement in the transform domain on each layer are expressed in a closed form. 
The equation for each wave front propagating in the layered composite is determined in this study. 
For the numerical investigation of the transient response of stress, a two layered composite medium 
is analyzed in detail. Copyright ~CI 1996 Elsevier Science Ltd. 

1. INTRODUCTION 

An elastic half space is the simplest model for studying the effect of a free surface on the 
propagation of waves generated by the buried or surface source (detailed surveys of the 
literature on this subject are given by Ewing et al. (1957), Achenbach (1975), Pao and 
Gajewski (1977), Miklowitz (1978), and Aki and Richards (1980)). The classical analysis 
in this area was given by Lamb (1904) who treated four basic problems, the surface normal 
line and point load sources, and the buried line and point sources of dilatation. Since this 
early analysis of Lamb, many contributions have appeared, pertaining to what is commonly 
referred to as Lamb’s problem. Lamb (1904) established also the method to evaluate inverse 
Laplace transforms. The method was later developed by Cagniard (1939) and independently 
by Pekeris (1940). Substantial simplification of the method was provided by de Hoop 
(1960). The method is usually referred to as the Cagniardde Hoop method. The solution 
for a seismic pulse applied on the surface of a half space was completed by Pekeris (1955a) 
and that for a horizontal dynamic force by Chao (1960). Buried source problems are of 
considerable interest in seismology and have been studied by many investigators including 
Lamb (1904) Pekeris (1955b), Pekeris and Lifson (1957), Pekeris and Longman (1958), 
and Borejko (1987). An approach to the buried line source problem based on the method 
of Cagniard (1939) was applied by Garvin (1956). Recently, Tsai and Ma (1991) obtained 
the complete transient solutions of buried dynamic point forces and displacement jumps 
for an elastic half space. Ma and Huang (1996) have constructed the exact transient 
solutions of buried dynamic forces for elastic bimaterial problem. The solution is more 
complex when additional plane boundaries are introduced to form a layered half space. 
The problem of transient wave propagation in a multilayered solid can be studied by the 
method of generalized ray (see Pao and Gajewski (1977), and Borejko and Ziegler (199 1)). 

The applications of composite materials have grown very rapidly for the last two 
decades because of their high strength and light weight. The methods to find the response 
of composite laminates under various conditions have appeared to be of most significant 
concern in this field. The capability of composite materials to transmit impact loads is often 
the critical feature of design. For static analysis, this has already received widespread 
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attention in the last two decades. However, the study of transient response has started to 
grow in recent years. Hence, the characterization and methodology for studying wave 
propagation in composite materials is of prime interest. 

Wave propagation in layered media has been investigated extensively by many people 
because of its wide applications. A key to attacking these problems involves considering 
the average stress and strain response to waves whose wavelengths are long compared with 
the characteristic dimension of the layer. Such an approach was first proposed and 
developed by Sun et al. (1968) and they have named it the “effective modulus” theory. This 
theory is based on the assumption that the layered medum behaves, on the whole, as a 
homogeneous transversely isotropic continuum. Harmonic waves in composites with iso- 
tropic layers were studied by Stern et al. (1971), Hegemier and Nayfeh (1973), Hegemier 
and Bathe (1973), Drumheller and Bedford (1973) and Nemat-Nasser and Yamada (198 1). 
Transient plane waves propagating in a periodically layered elastic medium were examined 
by Ting and Mukunoki (1979), Mukunoki and Ting (1980), and Tang and Ting (1985). In 
studying the wave propagation in a layered medium, various approximate theories have 
been proposed to predict the dynamic response. Most of the approximate theories can 
predict satisfactorily the frequency equation due to a sinusoidal oscillation and some can 
also predict the late-time asymptotic solution in a semi-infinite layered medium due to a 
step load applied at the boundary. 

Analytical investigation of the layered composite medium subjected to impact loading 
has been meagre because the transient analysis involves numerous parameters and is 
enormously complex. The stress wave solution is not only time-dependent but it interacts 
with the material properties of the constituents of the composite and the various geometric 
parameters. Only few researches used the transient analysis to study wave propagation in 
a multilayered solid (see, for example, Pao and Gajewski (1977), and Borejko and Ziegler 
(1991)). For transient waves, one could in theory obtain the solution by superimposing 
harmonic waves of all frequencies and all modes. This approach, however, is not practical 
and a more direct approach should be employed to study the transient waves. Most of the 
investigations on layered media are focused on the case of periodic layering, there are only 
very limited studies analyzing the behavior of waves in randomly layered media. In the 
present paper, the transient response due to a concentrated inplane dynamic point force at 
the top surface of an II layered composite medium is investigated. The material properties 
and the thickness are different in each layer. The derivation of the formal solution in the 
form of an infinite series is presented. The analytical solution obtained here is exact and it 
is expressed in a simple closed form ; each term of the solution represents a physical transient 
wave. For the numerical examples, a two layered composite medium is considered. The 
transient stresses at different locations in the two layered composite are presented. 

2. FORMULATION OF THE PROBLEM 

Consider a stress-free composite medium of n layers with parallel plane boundaries, 
each layer differing in material properties and thickness, as shown in Fig. 1. Each layer is 
assumed homogeneous and isotropic and perfect bounding is considered at the interfaces. 
Let layer 1 denote the top layer on which the dynamic loading is applied and layer n the 
bottom layer. A Cartesian coordinate system is oriented so that the y-axis is normal to the 
layers with the X, z-axis in the plane of the layers, as shown in Fig. 1. Only motion in the 
x-y plane is to be considered. The top face of the n layered medium lies in the plane y = 0 
and - cc < x < co. At time t = 0, a dynamic concentrated inplane force of magnitude o0 
(per unit length in the z-direction) having step-function dependence on time acts at x = 0, 
y = 0. The boundary conditions on top and bottom layers of the problem can be written 
as 

a$:,‘(~, 0, t) = a,G(x)H(t) for -cc < x < cc, 

a’“‘(x -h(“), t) = 0 for YY ’ -Q<X<co, (2) 
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Fig. 1. Configuration and coordinate system of an n layered composite medium. 

o$)(x,O,t)=O for -co<xX<, 

c+“)(x -h(“), t) = 0 for 
XY ’ 

-aI<<<<, 

(3) 

(4) 

where 

j’“’ = i h,, 
,=I 

in which A, is the thickness of the jth layer, 6 is the delta function and H is the Heaviside 
step function. Perfect bonding along the interface ensures the stress and displacement 
continuity across each interface. 

0$(x, -h(“, 1) = c$“(x, -II(‘), t) 1 < i < n- 1, (5) 

c$j(x, -h”‘, t) = C7’:,“’ (x,-V,t) 1 bi<n--1, (6) 

U(O(x, _ /+‘I, t) = &+ 1) (x, -h(“,t) 1 < i<n-1, (7) 

v(Q(x, _j#), t) = t’(i+ 1) (x,-h”‘,t) 1 <i<n-1. (8) 
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where the superscripts denote the ith layer and (i+ 1)th layer. In the absence of body forces, 
the two-dimensional equations of motion, expressed in terms of two displacement potentials 
$ and $, are 

_++=a2!% a24 a%p 
ax* ay2 at2 ’ (9) 

!Y+!29=h2!Y, 
ay2 (10) 

where 

P r 1 

a= A+2/l=z7 

Here p and p are the shear modulus and the mass density of the material, respectively, 
A is the Lame constant, a and b are the slownesses of longitudinal and shear waves. Note 
that eqns (9) and (10) are uncoupled. The C#J and $ are also referred to as the longitudinal 
and shear wave potentials, respectively. The displacement-potential relations are 

(11) 

(12) 

where u and v are the displacements in the x and y directions, respectively. On invoking 
Hooke’s law, the stresses are 

(13) 

(14) 

(15) 

The one-sided Laplace transform over time and the bilateral Laplace transform on the 
spatial variable x for a function C/I are defined by 

where p is a positive real number, large enough to ensure convergence of the integral, and 
/z is a complex variable. The solutions of eqns (9) and (10) in the Laplace transform domain 
are given in layer (i) by 



Analytical transient analysis of layered composite medium 

I+P’) = Cj epBry +Die--P~J, j = 1, . . , , n, 

4227 

(16) 

(17) 

where 

The coefficients A,, Bi, Cj, and Di are to be determined through the transforms of the 
boundary and continuity conditions. The condition Re czi 2 O(Re j, 3 0) is satisfied by 
providing branch cuts along ai < (Re ;1( < co(bi < IRe A) < co), Im 1. = 0, and choosing the 
branch of positive square roots. 

3. TRANSIENT SOLUTIONS IN TRANSFORM DOMAIN FOR THE n LAYERED MEDIUM 

This section is concerned with the derivation of the undetermined coefficients Ai, B,, 
C,, and Di expressed in (16) and (17). The relationship of unknown constants for the same 
layer (i.e., (18)) and for the different layer (i.e., (19)) can be expressed as follows : 

(18) 

(19) 

where Ti and Gzii+, are 2 x 2 matrices, determined by the boundary and continuity 
conditions. We also have 

where Hiji+, and F,, ,,i are 2 x 2 matrices, called the reflected potential matrix and the 
refracted potential matrix, respectively. From (18), (19), and (20), Ti can be written as 
follows 

Ti = Hip+, -t F,, l/iTi+, G/i,, . 

The expression 

can be written as 

(21) 

(22) 

Hence, we get 
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G,+, = ,FO (Hi,, /iTi+ I )‘F,:,+ 1, 

The reflected potential matrix H,,, can be expressed as 

(23) 

(24) 

(25) 

where 

R/j = 4&~,B;Bj(l -~)~+~*[~~-(l -~)A’-_Y~~]~ +y(~~/?++,/I;>b,?b,2 

+ %Pi[Y# + A2 (2 - Y)]~ + mjpi[p’ + (27 - 1)A212, (i,j no summation) (26) 

in which 

Y = P,IPE 

and 

@,(A) = {412a,oljPiP,(1-y)2-~2(pf-iE2-YB:+Y12)* 

+y(UjPj--o(,pi)bi26f +GLjBj(yB;-yA’ +2A2)*-Dc~B~(~,2-A2 +2yIt2)*}, 

o2(A) = {41Cr,Bifi,(1 -y)(pi2 -22 +2yA2)-2PjA(Yfi,“-yA2 -~‘+A’)(yp~-yL* +2A2)}, 

@,(A) = {4Aaiajbj(l -y)(Bf-A’ +2yA2)-2E,l(y#-_y/22 +2;12)(yB~-_pi2+/12-yA2)}, 

0, (A) = (4A2criai/Iipj( 1 - y)’ - 12 (p’ - A.2 -y/3; + y/12)2 

+Y(MjPi--aiPj)b:b,2 +UiPj(Yfi,2 -))A2 +212)2 -CtjB,(pf -?t* +2y/12)*}, 

Q2 = 

i 

e-~(% + B,)h”’ if i<j 

_ eP(a, +B,w1 if j < i, 

e-P(a, +P,W if i<j 

(D3 = 
e~(m, + lj,Mw if i>j, 

e - Zpfl,h”) if i c.j 

@)4 = 
e2pP,ho1 if j < i. 

The function R, in (26) is the characteristic function for Stoneley waves at the interface 
of two dissimilar solids. Note that there are combinations of adjacent materials that admit 
the Stoneley wave and others that do not (see Chadwick and Borejko (1994)). When the 
solid j is absent, the function R, will reduce to the equation of Rayleigh surface wave. The 
refracted wave potential F,,, can be expressed as 

where 
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0, (IL) = 2Mibf { flj(fi,’ -1’ + 2yA2) + pi(yfl,’ -yA2 + 22’)) > 

@,(A) = 2j3iib~{2a,/3j(l -y)+yfl;-yrI-pf+Az}, 

O,(A) = 2a,~bf{2ajP,(1-y)+yp:-yy12--pf+12}, 

0, (i) = 2/&b; { rxj(fl’ - A2 + 2yA2) + a,(yflj - yA2 + 2112)}, 

in which 

ep(cl,-+“i if i<j 
(1)s = 

epk-a,)h"' if j < i, 

_ eP(a,-B,W if i-cj 
a6 = 

e~(k,-c#" if j < i, 

~P(+W(') if i>j 
a?, = 

_ e~(/J,-=,)h~) if j < i, 

e~(l(,-P,)h~" if 
@* = 

~P(B,-B,W’) if 

From the boundary condition of the nth layer we have 

i<j 

j < i. 

where 

T, = Hn,,+ 1, 

1 [4A’cr,fi, - (fin’ -jl*)2]ee2pa~h’“’ -4@& _q,-P(%+B”W 
H n/n+1 = - 

RI 4na,(pi - ~L2)e~P(~n +Dn)h(“’ [4~~~npn _ (pi _~2)2]e=2pBnh(“) 1 ’ 

in which 

R, = 4i,2a,&+(p;-A2)2. 

From the boundary condition of the first layer, we can obtain 

Al = 
[ 1 = jTo (HwT,)’ 

(B: -~*)/P~cLJI 
Cl -2h,ip3p, R, 1 ’ 

where 

1 
W,o = F 

4AZa,/?, -(/+A’)’ -4q?,(&j12) 

4ILa, (/3: -22) 4A%,~, -(p: -AZ)2 1 ’ I 

in which 

The correspondent unknowns Ai, Bj, Ci, and Di for each layer can then be obtained from 
(18) and (22). The solutions for displacements and stresses in the Laplace transform domain 
in layer (i) are given by 
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(28) 

(29) 

$$(&_Y,P) = 2pp*h~~(A~ ep”~‘+Bje~P”~?‘)+~pP2(P,Z -n*)(c, epS,J+Dje-~P,.r). (32) 

4. TRANSIENT SOLUTIONS FOR THE TWO LAYERED MEDIUM 

In order to explain the methodology of constructing the infinite number of reflected 
and refracted waves generated in each layer, a two layered composite medium is selected. 
Hence, n = 2 and the respective coefficients are 

Al c 1 = ,go (Hl,oT, 1’ 
UC -~*)/P’CllR, 

C, 1 -~~~,IP’PL,RI ’ 
B, 

[ 1 = T, f (H,,oT,)I (b:-~‘>l~‘/O~ 
D1 -%IP’P,R, 1 , 

I=0 

(33) 

(34) 

(35) 

= T, ,zo (HmTd’Fw T (H,/oT,)’ 
(B: -~-*)/P’P,RI 1 (36) 

j=O -2kq/p’~,R, ’ 

where 

T, = H,/2+F2!,Tz f (H2,,TdmF,.2, wi = 0 
T2 = HZ/', 

Gw = f (H2,Jd%. 
/=O 

The Hljo and H2,3 represent the waves reflected from the upper and lower free surface, 
respectively. Similarly, HIi and H2,, represent the waves reflected from the interface by the 
waves propagating in solid 1 and solid 2, respectively. F,,, represents the refracted waves 
transmitted through the interface from solid 1 into solid 2, Fzj, represents the refracted 
waves transmitted through the interface from layer 2 into layer 1. Hence, using the matrix 
formulation given by (33)-(36), all waves propagating in the two layered composite can be 
identified. 

Each term in (33) represents propagating waves in the first layer and with the propa- 
gation direction along the negative y axis. For I = 0 in (33), it represents the incident waves 
(i.e., P and S waves). For I = 1, the first term (i.e., HlloHlj2) represents the waves (PPP, 
PPS, PSP, PSS, SPP, SPS, SSP, and SSS waves) which are reflected (i.e., HI/*) at the 
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interface and then reflected (i.e., H,,,) again at the upper free surface. The second term (i.e., 
H,,0F2,,H2,3F,,2) represents the waves which are transmitted (i.e., F,,J across the interface, 
reflected (i.e., H2,J at the lower free surface, transmitted (i.e., Fzjl) across the interface and 
finally reflected (i.e., H,,J at the upper free surface. Each term in (34) represents waves 
propagating in the direction along the positive y axis for the first layer. For 1 = 0 in (34), 
the first term (i.e., HI,*) represents the waves (PP, PS, SP, and SS waves) reflected at the 
interface. 

The similar procedure is also applied to the unknown coefficients AZ, B2, Cz, and Dz in 
the second layer. For 1 = 0 andj = 0 in (35), the first term (i.e., F,;,) represents the refracted 
waves (P/P, P/S, SIP, and S/S waves) transmitted across the interface. For I= 0 and j = 0 
in (36) the first term (i.e., H2i3F1,2) represents the waves (PjPP, PIPS, P/SP, PISS, S/PP, 
SIPS, SISP, and S/S’S waves) which are transmitted (i.e., F,,‘J across the interface and then 
reflected (i.e., H2,J at the lower free surface in layer 2. 

When we combine (33)-(36) and (31), the solution for normal stress crYY for the first 
few terms (i.e., the P, S, PP, PS, SP, and SS waves in layer 1; the P/P, P/S, SIP, and S/S 
waves in layer 2) in the Laplace transform domain can be expressed by 

@(x,p,p) = 2 

s 

{J’, (1,) epa,,+~;,.~+~2(~)e-~l,(,~+2h)+pi..r 

I- 

+F3(4 e- ~@,?+2/3,h)+~i~ +F~(A) ebb, L+P;-~ 

+~5(~~)e-p’“,“+2”,“‘+~““+~r,(~~)e-pB,(?.+2h)+p~x+. . .> dl, (37) 

+p(;,) eP(Bz-’ -2~,/7)+P, + F&q eP(Bz,‘- 20,4+P~~~ 
+. . .> dA, (38) 

where 

F @) = @: -2J212 o,(A)(b:-2A2)2 
1 R,(i) ' F2(Iz) = R,(/Z)R,,,@) ' 

F3 = - 
202(11)(b:-2A2)3a, 4A2ff18, 

R,@)R,n(i) 
, F4=--- 

R,(l) ' 

F =zo,(A)(h:-212)/lr, 
5 

RI (WI,, (4 

, F = _4@4(QaIP2~2 
6 

R, (4R,,2(4 ’ 

F:(n) = Y 
05 (/I)@: - 2A2)(b: - 222) 

R,(A)R,/,(A) ' Ft(n) = --' 
20,(A)@: -2P)Ac(, 

R,(A)R,:,(l) ' 

F;(A) = -'r' 
20, (A)@: - 212)A$, 40, (n)cq p2j.2 

RI (JM,!,(J.) ’ F’(A) = R,(IJR,,z(i) ' 

in which 

R,(A) = 43.2a,P, +(p:-3.2)2, 

RI12(A) = 4J.a,+B,B2(l -y)‘-tA’[P: -(I -y>j.’ -yfi:12 +r(c~,/j~+~1~/?,)b:b$ 

Next we evaluate the inverse transforms of stress ZYJ expressed in (37) and (38). The 
exact transient solution in time domain can then be found by inverting the Laplace trans- 
form by Cagniard-de Hoop method. The idea of the Cagniardde Hoop method is to 
deform the path of integration in the complex A-plane in such a manner that the inverse 
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Laplace transform of the integral along the new path of integration can be obtained by 
inspection, From the following elementary property of the one-sided Laplace transform 

(39) 

the inversion of the two transforms (i.e., the transform in time t and in the spatial variable 
x) can be operated at one time. The transforms are inverted by means of the modified 
Cagniard method due to de Hoop (1960). The inversion of the transforms depends on the 
relative magnitudes of the slownesses and the differences for the various cases are slight. 
The six cases for different slowness combinations are case 1 : a, < b, < a2 < b,, case 2: 
a, < a, < b, < b2, case 3: a, < a, < b, < b,, case 4: a, < a, < b2 < b,, case 5: 
a, < a, < 6, < b2, case 6: a2 < b2 < a, < b,. We will discuss the Laplace inversion of stress 
o~,~ in more detail for case 2, a, < a2 < b, < b2. The first step in the procedure is to transform 
the path of integration I into another path such that %Y.V may be recognized as the Laplace 
transform of a certain function. The first and fourth terms in (37) are the incident longi- 
tudinal and shear wave, respectively, the inversion of the two terms can be found in many 
text books and we will not repeat it here. For the second term in (37), we consider a path 
of integration in the A-plane defined by the equation 

CI, (y+2h)-/lx = t, (40) 

where t is real and positive. Equation (40) can be solved for i to yield 

2 

&,(r2,B2,t) = -fCOS&fi t J-- -a: sine,, 
r2 rZ 

(41) 

where 

rZ =(_~+2h)~+x~, coso2 = t, sinQ, = e. 
r2 

This represents essentially a transformation of the t-plane to the A-plane which changes 
the path of integration I- to I-+. In the I-plane, (41) describes a hyperbola as shown in Fig. 
2a. When t = a,r2 = Tpp, the imaginary part of/z vanishes, and the vertex of the hyperbola 
is defined by ;1 = --a, cos 13~. The parameter t is real and varies from alr2 to cc as i moves 
away from the real axis in either the upper or lower half-plane. Since we are considering 
the case a, < u2, the hyperbola does not intersect any branch cut of the integrand. The 
paths I-+ and I_ are shown in Fig. 2a. These paths will be a suitable deformed integral 
contour to replace the original integration path I. The second term of (37) becomes 

(42) 

where A2 = I=+(r,, t12, t) in (41). From (39), the inversion of the Laplace transform in the 
time domain is 

oj,~)(x,y, t) = :Im H(t-Tp,). 

The wave front arrives at the time t = Tpp, with the subscript PP denoting the reflected 
longitudinal wave due to the incident longitudinal P wave. The stress c$’ expressed in (43) 
takes an infinite value at the wave front which is due to the representation of the impulsive 
force at the surface by the idealized Heaviside function H(t). If the concentrated load varies 
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(b) 

Reh 

Fig. 2. (a) Integration contour as presented in (40), (44) and (48). (b) Integration contour as 
presented in (51). 

with time as a functionf(t) such thatf(t = 0) = 0 and dfdt(t = 0) is continuous, then the 
stress will be continuous and no singularity will exist at the wave front. 

As the Cagniardde Hoop method is employed on the third term of (37), let 

ay+2/I,h-I*x = t. (44) 

When the imaginary part of the root 1 in (44) vanishes, the corresponding time t is denoted 
by Tsp As t tends from Tsp to co, the integral path approaches the asymptote as shown in 
Fig. 2a. The intersection with the real axis is always located between the branch points -a, 
and a,. The third term of (37) then becomes 

The inversion of the Laplace transform is 

(45) 

(46) 

where 1, is the root of (44) and Tsp denotes the time at which the reflected longitudinal 
wave front generated by the incident shear wave arrives. The d&/at follows from (44) 
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A similar procedure is applied to the fifth term of (37) let 

fi,y+2c(,h-h = t. 

Following the same argument as described from (44) to (47): 

(47) 

(48) 

(49) 

where & is the root of (48) and 

a4 1 
-= 
at &y 2&h (50) 

B, M1-X 

T,, denotes the time at which the reflected shear wave induced by the incident longitudinal 
wave arrives. The deformed integration path for this case is similar to Fig. 2a. The inter- 
section of the deformed path with the real axis is always located in the region between -a, 
and a,. 

Now let us consider the sixth term of (37). When we let 

Pl(y+2h)-1-x = t, 

(51) can be solved for ,? explicitly to yield 

(51) 

(52) 

When t = b,r,, it indicates the time at which the reflected shear wave front generated by 
the incident shear wave arrives and is denoted by T,,. The deformed integration contour is 
shown in Fig. 2b. If b,lcosO,( > a,, an additional integration path from t = THD to t = T,, 
which embraces the branch cut must be considered. In this integral interval, 1 is real and is 

iHf(rz,&,t) = -kcosO_.f bf-$sinQ, 
i 

for THD < t < Tss, (53) 

where 

THD = -dm(y-h)fa,x. (54) 

This additional integration path represents the contribution from the head wave induced 
by the incident shear wave, the wave front of the head wave arrives at time t = THD. The 
final form of the sixth term of (37) in time domain becomes 

H(t - T,,) + :Irn F (2 ) d3L7 
[6 7 at] H(t- THD), (55) 

where ;1, = ilr+(r2, &, t) in (52), and 2, = AH+(rz, d2, t) in (53). 



Analytical transient analysis of layered composite medium 4235 

The inverse Laplace transform of the refracted part in the lower medium (medium 2) 
can be evaluated in the same manner as we have discussed for medium 1 previously. The 
equations of wave fronts for the first four refracted waves, i.e., the refracted longitudinal 
wave induced by the incident longitudinal wave (P/P wave), the refracted longitudinal wave 
induced by the incident shear wave (S/P wave), the refracted shear wave induced by the 
incident longitudinal wave (P/S wave), and the refracted shear wave induced by the incident 
shear wave (S/S wave), will be discussed in detail. We introduce Cagniard contours by 
setting 

P/P wave : -or,y+2n,h-Ax = t, (56) 

S/P wave : -rx,y+2j?,h-Ax = t, (57) 

P(S wave : -P2.1:+2alh-1”x = t, (58) 

S/S wave : -fl2Y+2/3,h-;“x = t. (59) 

When the imaginary part of the roots in (.56)-(59) vanishes, the corresponding time is 
denoted by Tpip, rylp, TpIs, and T,,,, respectively. The refracted wave fronts for PJP, SIP, 
P/S, and S/S wave will arrive at the time Tplp, TsIp, Tpjs, and Ts,s, respectively. The wave 
fronts for refracted waves are not cylindrical waves. For the case (i.e., aI < az < b, < b2) 
we consider, the vertexes of curves given by (56) and (58) are always located on the real 
axis between the branch points at -a, and a,. However, the vertexes of curves given by 
(57) and (59) may intersect the branch cut, which will induce head waves. The transient 
solutions for refracted waves in time domain are 

P(P wave : Q(x, y, t) = ~: Im ff(t- Tpjp), 

SIPwave: o$!(x,y, t) = :Irn ,*(A*)% 
[I 2 at] 

H(t- TsIp), 

P/S wave : CT!:? (x, y, t) = 1 Im 

S/SWaVe: 0,$(X, y, t) = :I, F*(A*)s H(t- Ts,J. [4 4 at] 

(60) 

(61) 

(63) 

The values of AT, A:, IL;, and 2: are the roots of (56)-(59), respectively. The transient 
stress solutions due to the contributions from other waves can also be constructed by the 
procedure described above for the first few waves propagating in the two layered medium. 
The exact transient solutions for stress aYr in solid 1 and solid 2 are 

m 

c$.‘(x, y, t) = O” c Im 
aA. 

x r==l c I Fi(Ai) L H(t- TJ +Head waves, 
at 

H(t - T,*) + Head waves. 

The first few terms for the functions F, and F were expressed previously. The number 
of solutions for head waves in (64)-(65) depends on the relative magnitudes of the slow- 
nesses for the first and second layers. 
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5. NUMERICAL EXAMPLES 

For the numerical examples, a two layered composite medium is considered. The ratio 
of the thickness for the two layered medium is chosen to be h,/h, = 0.67. At time t = 0, an 
inplane dynamic concentrated loading with unit magnitude is applied at the top surface of 
the first layer. The time dependence of the loading is given by the Heaviside step function 
H(t). The wave fronts in the two layered medium at the observation time t/a,h = 1.4 are 
shown in Fig. 3. In this diagram, the ratio of the slownesses is set to be 
a, : b, : a2 : b, = 2 : 3 : 4 : 5. Only the reflected waves (i.e. P wave, S wave, PP wave, SS wave, 
PPP wave, and SSS wave) in the first layer are represented by cylindrical curves, the head 
wave is represented by an inclined straight line, and remaining wave fronts are represented 
by smooth curves which are evaluated numerically. The transient normal stress gVI at 
different locations in the two layered medium is presented in Figs 4 and 5. Figure 4 shows 
the transient stress history at two receivers, one is at the interface (y/h = -0.6) and the 
other (y/h = -0.42) is located inside the first layer. The time has been normalized by 
dividing by a,h(h = h, i-hZ) and the arrival time for each wave front is indicated in the 
figure. In Fig. 5, the transient responses at the receiver located in the second layer 
(y/h = - 0.75) and at the receiver located at the interface b/h = - 0.6) are presented. Note 

4: P 8. P/P 
s* 5 1; 

P/S 16. 15.PSS SPP 
S/P 17.SPS 

5: cc ::: S/S 
PPP 

6. 
7. 

cc :3: PPS 
PSP 21.HH 3&4 

Wave Front in Finite Domain (Inplane Loading) 

Fig. 3. Wave fronts of the incident, reflected, and refracted waves in a two layered medium for 
a, : 6, : a2 : b2 = 2 : 3 : 4 : 5. 

4 
1.1 : 

E 0.8: 
b 
& 

0.1 : 

-0.4 : 

-s 

CL,&, =O.S .h,/h,=.6’ 
----z/h=.42,/h=-.42 
-z/h=.a5,y/h=-.60 

_O.O~.,,,,,...,..,.,,,,,,,.,,,,,,,,~ 
0.8 1.9 

t/a, i 
2.3 

Fig. 4. Transient stress history at the receiver located in layer 1 and at the interface. 
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Fig. 5. Transient stress history at the receiver located in layer 2 and at the interface. 
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that, for the point force of Heaviside function dependence, the stress fields behave as the 
square root singularity for all the reflected and refracted wave fronts. 

6. CONCLUSION 

Most of the studies for wave propagation in a layered medium focus on the deter- 
mination of the dispersion relation or the frequency equation due to a harmonic oscillation 
(Sun et al. (1968), Stern et al. (1971) Drumheller and Bedford, (1973)). Because of the 
difficulty in analyzing the transient response in a finite layered medium, only a few solutions 
based on the method of generalized ray (Pao and Gajewski (1977) Borejko and Ziegler 
(1991, 1993)) were obtained for the transient waves in a multilayered solid. In this study, a 
general methodology is proposed to construct the transient solutions of a layered composite 
medium subjected to dynamic impact loadings generating infinite number of nonplanar 
reflected and refracted waves in each layer. The Cagniardde Hoop method is used to 
investigate the structure of the wave pattern and transient solutions in time domain. The 
analytical results obtained in this study are exact and are expressed by series, each term 
representing a transient wave. Note that the dynamic stress response in the early time of 
the transient period is much larger than the static value. In this time period, the stress will 
change radically when the reflected or the refracted wave arrives. 
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