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Diffusion coefficient of Brownian particle in rough micro-channel
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Abstract

This study examines the feasibility of using of the lattice Boltzmann method to determine how the surface roughness of a quadrate channel
affects the diffusion coefficient of Brownian particle(s). The surface was represented by a regular array of spheres. Surface roughness reduced the
diffusion coefficient of the Brownian particle(s) because of a change in the velocity autocorrelation function decay and in pressure. Additionally,
the neighboring particles increased the diffusion coefficient of Brownian particle.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction

Diffusion of particles in a micro-channel, also called hin-
dered diffusion or restricted diffusion, occurs in many appli-
cations, including capillary electrophoresis and diffusion in
porous media. Micro-scale confinement reduces diffusion co-
efficient of a particle [1–3]. Interaction between a solid wall
and suspended particles had been studied using dynamic-light
scattering [4], video microscopy [5] and digital imaging [6].
Benesch and Yiacoumi [7] theoretically evaluated the perpen-
dicular and parallel diffusion coefficients of a single particle in
a confined environment using the method of reflection. The pre-
diction of their model was consistent with experimental data.

The motion of a colloidal particle between confined walls
was simulated using the lattice Boltzmann method (LBM),
which showed the presence of a negative algebraic tail of the ve-
locity correlation function decay [8,9], caused by the diffusive
decay of density perturbations. Stepisnik and Callaghan [10]
later experimentally verified using modulated gradient spin-
echo NMR.

No wall is perfectly smooth. The effects of surface rough-
ness on the motion of a particle may become significant when
the characteristic scale of the confinement is small. To our
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knowledge, no work has examined how the surface roughness
of a micro-channel affects the diffusion coefficient of single
or many Brownian particles. This study explores how surface
roughness affects the diffusion coefficients of Brownian parti-
cle(s). The Navier–Stokes equation of fluid between particles
and confinement walls is determined using LBM [11].

2. The lattice Boltzmann method

In contrast to conventional numerical schemes, which dis-
cretize the macroscopic continuum equation to finite difference
forms, the lattice Boltzmann method is based on microscopic
model and mesoscopic kinetic equations.

The Boltzmann equation with single relaxation time approx-
imation is

(1)
∂f

∂t
+ ζ · ∇f = −1

λ

[
f − f (eq)

]
,

where ζ is the particle velocity; f (eq) is the equilibrium distrib-
ution function, and λ is the relaxation time. Discretizing Eq. (1)
in the velocity space ζ using a finite set of velocities ei , yields

(2)
∂fi

∂t
+ ei · ∇fi = −1

λ

[
f − f

(eq)

i

]
.

For a square lattice of two dimensions, e0 = (0,0), ei . =
c[cosπ(i − 1)/2, sinπ(i − 1)/2] with i = 1–4, and ei =
c[cosπ(2i − 1)/4, sinπ(2i − 1)/4] for i = 5–8, are the nine

http://www.elsevier.com/locate/jcis
mailto:djlee@ntu.edu.tw
http://dx.doi.org/10.1016/j.jcis.2005.09.021


738 C. Jun et al. / Journal of Colloid and Interface Science 296 (2006) 737–742
possible velocity vectors (D2Q9), and the equilibrium distribu-
tion functions are of the form,

(3)f
(eq)

i = αiρ

[
1 + 3

c2
ei · u + 9

2c4
(ei · u)2 − 3

2c2
u2

]
.

In Eq. (3), α0 = 4/9, α1 = α2 = α3 = α4 = 1/9 and α5 =
α6 = α1 = αs = 1/36; c = δx/δt is the lattice speed, and δx

and δt are the lattice constant and the time step, respectively.
The density ρ and the velocity u are given by

(4)ρ =
∑

i

fi, u =
∑

i

fiei/ρ.

The lattice Boltzmann equation is obtained by further dis-
cretizing Eq. (2) in space and time as follows:

(5)fi(x + δxei , t + δt) − fi(x, t) = 1

τ

(
fi − f

(eq)

i

)
,

where τ = λ/δt . The macroscopic equations and the Navier–
Stokes equation, are given by the Chapman–Enskog procedure.
The viscosity in the macroscopic equation is

(6)ν = 2τ − 1

6
c2δt.

Herein, δx = δt = c = 1 is set. In the simulation of solid
particles, Ladd’s model [12,13] is used to specify the nonslip
boundary conditions at the solid–liquid boundaries and the suit-
able hydrodynamic force on the solid.

3. System of interest

The channel is filled with quiescent Newtonian fluid. The
height and the width of the channel are both h. A Brownian par-
ticle is placed at the center of the channel. At t = 0, the particle
moves at a velocity of ν(0). The time evolution of a particle’s
velocity v(t) is determined according to an LBM scheme. Linear
response theory dictates that the relaxation function, ν(t)/ν(0),
is identical to the normalized velocity autocorrelation function
(VACF) for the Brownian motion of a particle in thermal equi-
librium [14].

Figs. 1 and 2 display channels with smooth and rough sur-
faces, respectively. A Brownian particle with nonslip bound-
aries was located at the center of the channel. The surfaces of
the channel walls were considered to be nonslip. The two far
ends of channel (x-axis) were periodic boundaries. In the sim-
ulation of a single particle, the channel length (l) was 1000
times h to ensure that the periodical boundary conditions did
not influence the simulation results. When the length of the
channel was finite, however, the interactions among neighbor-
ing spheres separated by a distance l, and moving together,
could be determined.

The lattice spacing and the time step were both set to unity.
The kinematic viscosity ν of the fluid was 1/6 and density ρ

was 36. The Brownian particle had a diameter (a) of 9 and was
neutrally buoyant. An array of spheres of radii 2.5 was located
at the surface of the wall to simulate its roughness. Initially, the
velocity of particle ν(0) was set to 0.001, similar to the root-
mean-square velocity of the Brownian motion. The subsequent
motion of the particle and the fluid was numerically determined
Fig. 1. The smooth channel under investigation.

Fig. 2. The rough channel under investigation.

for 1000 time steps, during which the effect of the particle’s mo-
tion had not propagated to the far ends with periodic boundary
conditions.

Based on the evolution of the particle velocity, the diffusion
coefficient (D) was evaluated using the Green–Kubo integral
(Eq. (7)):

(7)D = 1

3

∞∫
0

dt
〈
ν(0)ν(t)

〉
.

The term 〈ν(0)ν(t)〉 is the VACF determined from the time evo-
lution of particle velocity. The parallel diffusion coefficient D‖
was determined from the velocity along the x-axis. The per-
pendicular diffusion coefficient D⊥ could be obtained when the
velocity was normal to the wall along the y-axis. Note that the
units adopted are omitted herein but are scalable to different
systems if only the particles considered are Brownian and the
surrounding fluid can be taken as Newtonian. For instance, if
the units of length and time are µm and s, respectively, then the
diffusivity obtained is in µm2/s.

4. Results and discussion

4.1. Diffusion coefficient

Fig. 3 presents the calculated parallel and perpendicular dif-
fusion coefficients in smooth and rough channels, a/h is the
ratio of the particle diameter to the channel height, and D/D0
is the ratio of the diffusion coefficient in the channel to the
Stokes–Einstein value (Eq. (8)) of an unbound fluid. In this
work, D0 is determined to be 2.7 × 105.

(8)D0 = kBT

3πρνa
= mν2(0)

3πρνa
= a2ν2(0)

18ν
.

The perpendicular diffusion coefficients all exceeded their par-
allel counterparts.

Also, the surface roughness reduced the diffusion coeffi-
cients, to a greater extent as a/h fell. Restated, when the par-
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Fig. 3. Diffusion coefficients in rough and smooth micro-channel.

Fig. 4. The position of Brownian particle relative to surface spheres: (a) stag-
gered, (b) in-line.

ticle size approached the channel size, the rigid, rough walls
dominated the restriction of the Brownian diffusion.

The D‖ values were calculated for smooth channels of di-
mensions 1000×25×25 and 10000×25×25, to be 8.7×10−6,
and 8.4 × 10−6, respectively, to verify the infinite channel ap-
proximation. Other simulations yielded a similar, relative er-
ror with channels of various lengths. Therefore, the possible
errors associated with the finite length of the channel were un-
der 4%.

Whether the initial position of the Brownian particle initially
affected the diffusion coefficients was also studied. Simulations
with the particle’s center “staggered” from (Fig. 4a) or “in-line”
with (Fig. 4b) the centers of the spheres showed that the initial
position of the particle did not noticeably affect the diffusion
coefficients. Such a conclusion was somewhat surprising be-
cause the surface roughness did affect the diffusion coefficient
(Fig. 3).

4.2. Normalized velocity autocorrelation function (VACF)

The diffusion coefficient was determined from VACF us-
ing the Green–Kubo integral (7). Therefore, the effects of wall
roughness could be determined from the change in VACF when
the surface of the wall was rough.

Figs. 5 and 6 compare the VACF decays in a rough channel
and a smooth channel, for parallel and perpendicular diffusions,
respectively.

As the particle was moving parallel to the channel wall, the
VACF fell to a minimal, negative VACF, after short time be-
fore slowly approaching zero at the long-time limit (Fig. 5).
This negative long-time tail of VACF has been reported else-
where [8–10]. Reducing the height of the channel causes the
Fig. 5. The VACF of particle motion in parallel with channel wall.

Fig. 6. The VACF of particle motion perpendicular to channel wall.

VACF to drop faster, reaching more negative autocorrelation
value. Meanwhile, the rough surface with h = 20 located be-
tween tests with h = 15 and 20. Restated, the rough surface
can be approximated by a smooth channel with a lower height.
Close observation showed that the negative segment of VACF
decayed more slowly in the rough channel, which decay was re-
sponsible for the lower drop in the parallel diffusion coefficient
in the rough channel.

When the particle moved perpendicularly to the channel
wall, the VACF also fell to a minimum quickly (Fig. 8). How-
ever, unlike under parallel flow conditions, the VACF associ-
ated with perpendicular flow then oscillated and decayed be-
fore reaching zero in the long-time limit. The main difference
between the rough and smooth channels was the intensity of
oscillation of VACF. When the particle moved through a rough
channel, its amplitude of oscillation was small. Only two ob-
vious oscillations in VACF were observed, while three were
observed in the smooth channel case. The weaker oscillation
was responsible for the lower perpendicular diffusion coeffi-
cient in the rough channel.
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(a)

(b)

Fig. 7. (a) The pressure evolution around particle moving rightwards in smooth channel at t = 10, 20, 27, 30 (right to left, top to down). (b) The pressure evolution
around particle moving rightwards in rough channel at t = 10, 20, 27, 30 (right to left, top to down).
As the particle moved along the channel to the right, the
disturbed liquid propagated outwards, establishing pressure
“waves” at higher magnitude ahead of the particle, and at
lower magnitude behind it. These pressure waves hit the smooth
walls, reflected back, and interfered with other waves to influ-
ence the force field around the particle (Fig. 7a). When the
walls were rough, more reflected waves were observed, and
the interference pattern that interacted with the particle was
more complex (Fig. 7b). This nonlinear interaction explained
the difference between the VACF curves in Figs. 5 and 6. The
time evolutions of pressure waves associated with the motion
of a particle toward smooth and rough surfaces were simi-
lar, and were plotted in Figs. 8a and 8b. In the perpendicular
case, pressure waves yielded propagated along the channel and
were reflected. Interactions accelerated the decay of the pres-
sure waves.
4.3. Diffusion of identical particles

When infinitely many identical Brownian particles were
placed in a micro-channel at fixed separation, they interacted
with each other. Changing the length l, but keeping all other
dimensions unchanged, revealed the effects of particle–particle
interactions.

The VACF of a moving particle along the channel wall be-
gins to be affected by the neighboring particles at t = 83, 47
and 14 at l = 60, 40 and 20, respectively (Fig. 9). The pres-
ence of neighboring particles always increased the VACF. The
adjacent particles tended to move coherently. This phenomenon
has also been observed by digital videomicroscopy [15]. Fig. 10
presents the evolution of pressure around a particle. When many
identical Brownian particles move together along a channel, all
of the particles produce pressure waves and interact with each
other.
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(a)

(b)

Fig. 8. (a) The pressure evolution around particle moving upwards in smooth channel at t = 10, 20, 40, 50 (right to left, top to down). (b) The pressure evolution
around particle moving upwards in rough channel at t = 10, 20, 30, 40 (right to left, top to down).
Fig. 9. The VACF of particle motion in channels with different length.
Table 1
Diffusion coefficients of identical particles with separation of l in rough chan-
nels, a/h = 9/25

l 20 40 60 80 100 1000

D‖(×105) 1.61 1.06 0.87 0.77 0.72 0.55
D⊥(×105) 0.64 0.67 0.67 0.67 0.67 0.67

Both the parallel and perpendicular diffusion coefficients of
identical Brownian particles in a micro-channel were evaluated
using the same method as was applied to a single particle sys-
tem (Table 1). The parallel diffusion coefficient increases as the
separation among particles decreases, yielding the VACF re-
sults. When the channel length was reduced to 20, the parallel
diffusion coefficient was almost three times that in the infinitely
long channel. However, the perpendicular diffusion coefficient
did not depend as strongly on the channel length l. Only when
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Fig. 10. The pressure evolution around particle in rough channel at t = 10, 30, 40, 60.
the channel length was below 20 herein did neighboring parti-
cles influence the neighboring particles. This occurrence was
attributable to the strong dissipation of pressure waves in a
zigzag fashion through the channel.
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