
ARTICLE IN PRESS
0022-0248/$ - se

doi:10.1016/j.jc

�Correspond
fax: +8868 209

E-mail addr
Journal of Crystal Growth 290 (2006) 576–584

www.elsevier.com/locate/jcrysgro
Growth kinetics of CaF2 in a pH-stat fluidized-bed crystallizer

Clifford Y. Taia, P.C. Chenb,�, T.M. Tsaoa

aDepartment of Chemical Engineering, National Taiwan University, Taiwan
bDepartment of Chemical and Materials Engineering, Lunghwa University of Science and Technology, Taiwan

Received 1 June 2005; received in revised form 8 February 2006; accepted 15 February 2006

Communicated by M. Uwaha
Abstract

In this study, experiments were first conducted in a stirred vessel to establish the metastable region of calcium fluoride, using a pH-stat

apparatus for controlling the pH value of solution. The effects of pH value on the solubility and metastable region were observed. Then,

operating variables, including supersaturation, superficial velocity, pH value, seed size, and types of seed and solution, that influenced the

crystal growth of the same system were investigated in a fluidized-bed crystallizer. The crystal growth rates were determined from the

consumption rates of fluoride ions. The growth kinetics was explored by using the two-step growth model. The effectiveness factor was

used to judge whether a controlling step was existing. The kinetics of crystal growth in a lean bed and a dense bed was also discussed.

r 2006 Elsevier B.V. All rights reserved.

PACS: 81.10.�h; 81.10 Dn; 81.15 Lm

Keywords: A1. Effectiveness factor; A1. Fluidized bed; A1. Metastable region; A1. Two-step growth model; B1. Calcium fluoride
1. Introduction

Fluorides provide a beneficial effect in preventing dental
cavities when an optimum amount of fluoride ion is present
in drinking water. However, long-term consumption of
drinking water containing excessive amounts of fluoride
ion can lead to fluorosis of teeth and bones. On the other
hand, fluoride is also a widely used raw material in a
number of manufacturing processes, including glass
manufacture, electroplating operations, aluminum and
steel production, and the manufacture of electronic parts,
in which a large quantities of fluoride ion are released in
effluents. In some cases, industrial wastewaters containing
fluoride ion can be toxic to aquatic organisms, and the
presence of fluoride dusts and gases in the atmosphere can
be detrimental to plant as well as animal life. Therefore,
discharges from these plants must be properly treated and
carefully controlled to reduce the degree of contamination
to environment.
e front matter r 2006 Elsevier B.V. All rights reserved.
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Although several methods have been applied to remove
fluoride ion from aqueous system, such as ion exchange,
coagulation, and chemical precipitation, the dewatering
cost is high due to the formation of a large amount of
sludge. A few papers have been devoted to develop
theoretical design models. In many cases, the design of
fluoride removal processes is based on empirical equation
and past experience. Recently, a pellet reactor, which is a
growth-type fluidized-bed crystallizer, has been developed
for water softening, fluoride and phosphate removal, and
heavy-metals recovery [1]. This clean technology has
advantages in the regeneration of material from waste
and the reduction in sludge volume in contrast to
precipitation process. Thus, the pollution problem is eased
and the operation cost is reduced.
The main part of the crystallizer is a cylindrical vessel,

partially filled with a suitable seed material, such as filter
sand. The inlet stream to the crystallizer, for example,
consists of a process effluent of metal-containing waste-
water and a circulation stream, to which concentrated
carbonate solution is added. The fluid velocity
(0.0208–0.0347m/s) in the crystallizer is high enough to
keep the pellets suspending in a fluidized state. The inlet

www.elsevier.com/locate/jcrysgro
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Nomenclature

A surface area, m2/g
a parameter in Eq. (22)
ai activity for species i

b parameter in Eq. (23)
C concentration, M
Da Damkohler number
fs surface shape factor
fv volume shape factor
G linear growth rate, m/s
I ionic strength, M
IP ionic product, M3

Kd mass-transfer coefficient, m/s
Kd0 size-independent mass-transfer coefficient in

Eq. (22)
Ki stability constant for the ith mass action

equation
Kr surface reaction constant, m/s
Kr0 size-independent surface reaction constant in

Eq. (23)

Ksp solubility product, M3

L size of seed crystal, m
M molecular weight of calcium fluoride, kg/kmol
m mass of calcium fluoride, kg
Re Reynolds number
r reaction order
TCa total calcium ion, M
TCl total chloride ion, M
TF total fluoride ion, M
TNa total sodium ion, M
t time, s
u superficial velocity, m/s
V volume of solution, m3

yz activity coefficient of z-valent ions, z ¼ 0,1,2

Greek letters

rs density of particle, kg/m3

s relative supersaturation
Z effectiveness factor
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stream at the bottom of crystallizer is supersaturated with
respect to metal carbonate and this supersaturation acts as
the driving force for the crystallization of metal carbonate
onto pellets. Metal carbonate deposits and then grows on
the surface of pellets. Since the crystal growth should be
performed at a lower supersaturation level, an effective
control of supersaturation becomes important during an
operation. If the generated supersaturation is too high,
especially at the bottom of fluidized bed where chemicals
mix with the wastewater, it will lead to spontaneous
nucleation and mess up the operation. On the other hand,
impurity species in solution as well as the pH of the
solution influence the solubility of fluoride [2], and hence
the supersaturation, which affects the crystal growth rate
and the removal rate of pollutant [1,2]. From the viewpoint
of thermodynamics, supersaturation is an unstable state.
The concentration of solute would sustain at a certain
value, which is below the upper limit of metastable
region, and the solution would appear stable for a certain
period of time. Therefore, the supersaturation of solution
must be controlled in the metastable region for the
operation of a pellet reactor. Unfortunately, the metastable
regions of few sparingly soluble systems were mentioned in
the literature.

The concept of metastable regions of sparingly soluble
salts was first proposed by Nielsen [3] who expressed the
stability chart with the coordinates log[A] and log[B] for
electrolyte AaBb. Then the curve corresponding to solubi-
lity equilibrium is a straight line, giving a slope of �b/a,
and the supersolubility curve is obtained from experiments.
Because the supersolubility curve of CaF2 is not available
at constant pH levels, experiments are required to explore
the metastable region.
It is a well-known fact that crystal growth rate depends
on supersaturation, temperature, and fluid dynamic con-
ditions. In a pellet reactor, growth rate is also related to the
nature of seeds. The selection of proper seeds for crystal
growth becomes important in the development of the
cleaning process. Besides, the growth rates of sparingly
soluble salts are also related to the solution properties, such
as ionic strength, pH, and activity ratio [4–7]. Although
studies on growth kinetics of sparingly soluble salts were
found elsewhere [8–10], most of the experiments were
conducted in a stirred tank using seeds below 50 mm with a
few cases for the seed size of several-hundred micrometers,
which is the suitable size used in a fluidized pellet reactor.
For design purpose, a correlation between crystal growth
rate of large seeds and process variables of pellet reactor is
required.
In this work, experiments were first performed in a

pH-stat stirred tank to investigate the metastable region
of calcium fluoride. Then, using a pH-stat method, seeded
growth experiments were conducted in a fluidized-
bed crystallizer with a semi-batch mode to study the effect
of process variables on the growth rate of calcium
fluoride see Table 1. Two types of seeds, i.e., sand and
fluorite, and two types of solutions, i. e., simulated solution
and waste solution, were used in this work. The process
variables investigated were solution pH, superficial velo-
city, and seed size. The growth rate data collected in
this experiment were analyzed with the two-step growth
model with an attempt to explore any controlling step
in the growth process, using the effectiveness factor
proposed by Garside [11]. Finally, we compared the
growth kinetics of CaF2 in a lean bed and a dense bed of
a pellet reactor.
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Table 1

Mass action equations [2], total mass balance equations, and activity

coefficient equations for CaCl2–NaF–H2O crystallization system at 25 1C

Mass action equations

H2O ¼ Hþ þOH�; K1 ¼ y21½H
þ�½OH�� ¼ 1� 10�14 (1)

Ca2þ þ F� ¼ CaFþ; K2 ¼
½CaFþ�

y2½Ca
2þ
�½F��

¼ 10 (2)

Hþ þ F� ¼ HF; K3 ¼
y0½HF�

y21½H
þ�½F��

¼ 1:5� 103 (3)

HFþ F� ¼ HF�2 ; K4 ¼
½HF�2 �

y0½HF�½F��
¼ 3:9 (4)

CaOHþ ¼ Ca2þ þOH�; K5 ¼
y2½Ca

2þ
�½OH��

½CaOHþ�
¼ 10�1:327 (5)

CaF2ðsÞ ¼ Ca2þ þ 2F�; K sp ¼ y21y2½Ca
2þ
�½F��2 ¼ 10�10:31 (6)

Total mass balance equations
TF ¼ ½F�� þ ½CaFþ� þ ½HF� þ 2½HF�2 � (7)

TCa ¼ ½Ca2þ� þ ½CaFþ� þ ½CaOHþ� (8)

TCl ¼ ½Cl�� (9)

TNa ¼ ½Naþ� (10)

Activity coefficient equations

log yz ¼ �0:591z2
ffiffiffi
I
p

1þ
ffiffiffi
I
p � 0:2I

� �
(11)

log y0 ¼ 0:076I (12)

where

I ¼
1

2

X
z2i Ci (13)
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Fig. 1. Relative supersaturation vs. pH at various total calcium-ion

concentrations, TF ¼ 0.00057M.
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2. Relative supersaturation of calcium fluoride

Relative supersaturation of calcium fluoride solution
proposed by Neilsen and Toft [12] is defined as follows:

s ¼ ðIP=K spÞ
1=3
� 1, (14)

where IP is the ionic product, defined by IP ¼ aCa2þa2
F� ,

and Ksp is the solubility product of CaF2(s). The
concentrations of chemical species were calculated from
the measured pH, total mass balance equations, and
activity coefficient equations (modified Debye–Huckel
equation) by successive approximation for the ionic
strength [13]. All the equations are also listed in Table 1.
Fig. 1 is a plot of relative supersaturation versus pH value
for different TCa concentrations, showing that the relative
supersaturation increases with an increase in calcium
concentration and the pH of solution has no effect on
the relative supersaturation when the pH value is higher
than 6. The reason is that the chemical species remains
constant when the pH value is higher than 6.
3. Determination of growth rates

Assuming that the shape factor of crystal remains
constant during growth, the linear growth rate is related
to mass growth rate by the following expression:

G ¼
dL

dt
¼

f s

3f vrsA
dm

dt
, (15)

where m is the mass of calcium fluoride, fs the surface shape
factor, fv the volume shape factor, rs the density of calcium
fluoride and A the surface area. To produce one mole of
CaF2, two moles of fluoride ions are consumed. Therefore,
the mass growth rate of calcium fluoride is d(M[F�]V/2)/
dt, which is substituted into Eq. (15) to give

G ¼
MV

6rs

f s

f vA
�
d½F��

dt

� �
. (16)

Because the growth rate of calcium fluoride is slow, about
10�11m/s, the surface area available for growth during a
run is taken as constant without much error. On the other
hand, values of fs/fvA for three shapes are constant, which
is 1233.84, including cubic, spherical, and cuboid [5].
Therefore, the same value can be applied in this study.
Once the total volume of solution consumed, V, the elapsed
time, t, and the fluoride ion profile are available, the
growth rate of calcium fluoride can be calculated. In this
work, the profile of fluoride ion is fitted by a polynomial
function:

½F�� ¼
XN

i¼0

ait
i. (17)
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Using this equation, the growth rate in Eq. (16) can be
obtained at a specified time. For example, the fluoride ion
profile of Run no. 1 was

½F�� ¼ 26:0587� 0:117285tþ 3:7443� 10�4t2

� 4:26732� 10�7t3. ð18Þ

Substituting Eq. (18) into Eq. (16), the growth rate of
calcium fluoride was obtained. The values were
1.55� 10

�10and 1.24� 10�10m/s for the times of 30 and
60min, respectively. The corresponding supersaturation
was calculated from the measured pH, total calcium ion
and total fluoride ion, using the method proposed by
Nielsen and Toft [12]. The growth rates obtained in this
work were in the range from 1.20� 10�12 to
1.91� 10�10m/s, depending on the operating conditions.

4. Growth rate model

A three-step model for the crystal growth was proposed
by Kruse and Ulrich [14]. The model takes volume
diffusion, surface reaction and heat transfer into account.
Generally, the effect of heat transfer did not alter the mass
transfer coefficient significantly. Therefore, in order to
explore the crystal growth kinetics, the two-step growth
model is adopted. The model takes account of the mass-
transfer and surface-reaction resistance in series and
neglects all other resistance. It is the most used one for
crystal growth, since the model is considered suitable for
chemical engineering application. At steady-state condi-
tions, the two steps can be represented by the following
equations:

G ¼ Kdðs� siÞ volume diffusion, (19)

¼ Krsr
i surface reaction, (20)

where s and si are the over-all supersaturation and
interfacial supersaturation, respectively. Generally, the inter-
facial supersaturation is unknown and may be eliminated to
give

s ¼
G

Kd
þ

G

Kr

� �1=r

. (21)

If mass-transfer coefficient and surface-reaction coefficient
are functions of crystal size,

Kd ¼ Kd0L
a, (22)

and

Kr ¼ Kr0L
b. (23)

Eq. (21) becomes

s ¼
1

Kd0La þ
G

Kr0L
b

� �1=r

. (24)

When the experimental data of G and s are obtained, the
parameters Kd0, Kr0, a, b, and r can be estimated by a
nonlinear regression method.
Once the parameters are known, the growth mechanism
can be explored by using the effectiveness factor proposed
by Garside [11]:

Z ¼ ð1� ZDaÞ
r, (25)

where Da is the Damkohler number, which is defined as

Da ¼
Kr0Lb�asr�1

Kd0
. (26)

When Z approaches zero, the crystal growth is controlled
by diffusion. On the other hand, the crystal growth is
controlled by surface diffusion for Z being 1.

5. Experimental procedure

5.1. Identification of metastable region of calcium fluoride

Because the metastable region of CaF2 is not available at
constant pH levels, experiments are required to establish
the supersolubility curve. A simulated solution and a
wastewater solution from the semiconductor plant were
used to identify the metastable region. First, 100ml
simulated CaCl2 and NaF solutions were mixed together
and stirred at 25 1C for at least 2 h, while the pH was kept
constant through the action of an autotitrator (AT 200,
Kyoto). For a specific concentration of calcium chloride,
the solution was clear at low concentration of NaF. Then,
the solution became turbid due to nucleation as the
concentration of NaF increased further. The boundaries
were recorded for various concentrations. From the total
calcium ion and total fluoride ion concentrations, a
computer program was used to calculate Ca2+ and F�

ion concentrations, then to estimate supersaturation. The
metastable region of wastewater was obtained in a similar
manner. Finally, the metastable region was constructed
and all the growth experiments were performed in this
region.

5.2. Growth experiments using a fluidized-bed crystallizer

The experimental setup for a semibatch study of crystal
growth is shown in Fig. 2, including a fluidized-bed
crystallizer and a pH control system (AT 200, Kyoto).
The main part of the crystallizer is a PVC column, which is
inert to fluoride ion, with 3 cm in diameter and 25 cm in
length. Immediately above the column is an enlarged
section to prevent seed crystals from carrying over to the
reservoir. The pH control system comprises a pH-stat
apparatus, a constant temperature bath, and a solution
reservoir. Before operation the electrode was standardized
with buffers of pH 4 and 7, respectively. Six liters of
supersaturated solution of calcium fluoride was prepared
by adding simulated solution or wastewater solution into
CaCl2 solution already in the reservoir with agitation.
Another 0.5 l supersaturated solution was introduced into
the crystallizer. Then we started the pump and began the
growth experiments. A 3ml solution was withdrawn from
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Fig. 2. A pH-stat fluidized-bed crystallization system, 1. pH-controller; 2. Reagent bottle; 3. Pumping system; 4. Feed line; 5. Feed tube; 6. Thermometer;

7. Thermal bath; 8. Storage tank; 9. Heater; 10. Motor; 11. Glass electrode; 12. Reference electrode; 13. Compensation electrode; 14. Stirrer; 15. Pump; 16.

Flow meter; 17. Crystallizer; 18. Valve; 19. Thermometer; 20. Distributor

Table 2

Operating conditions of fluidized-bed experiments conducted in this work

Working temperature (1C) 25

Superficial velocity (m/s) 0.0236–0.0519

pH range 8.0–10

Relative supersaturation 1.0–2.5

Seed size (mm)

Fluorite 250–600

Sand 300–600

Weight of seeds (g) 10–40

Table 3

The composition of simulated solution and waste water used in this work

Composition Simulated solution (M) Waste water (M)

F� 0.001–0.1 2.83

Al3+ — 1.41� 10�5

Fe3+ — 5.01� 10�5

Si4+ — 0.023

Ca2+ 0.00005–0.1 1.15� 10�4

Mg2+ — 3.62� 10�5

Na+ 0.001–0.1 1.96� 10�3

Zn+ — 6.18� 10�5

0
0

2

4

6

8

pC
a2+

pF-

Stable

(Undersaturated)

Labile
(Nucleation)

Metastable
(Growth)

Simulated
solution

Waste
water

pH=3 pH>6

L1

L2

1 2 3 4

Fig. 3. Metastable regions of calcium fluoride for waste water from a

semiconductor plant and a simulated solution at pH ¼ 8.
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the crystallizer by a syringe every 30min and filtered with a
0.22 mm filter. Subsequently, the fluoride ion was deter-
mined by an ion-meter and the crystal growth rate was
estimated by the consumption rate of fluoride ion. The
operating conditions are listed in Table 2.

6. Results and discussion

6.1. Metastable region of calcium fluoride

The metastable region of calcium fluoride was studied in
a stirred tank for a simulated solution and a waste stream
from a semiconductor plant. The solution compositions of
both systems are shown in Table 3. From the concentration
data obtained at the boundary between turbid and clear
state, a plot of pCa2+ versus pF� is shown in Fig. 3. The
solubility curve (dotted line) and supersolubility curve
(solid line) divided the diagram into three areas for the two
different solutions. Three areas are undersaturated region,
metastable region and labile region, respectively. The
metastable region is wider for the wastewater, because
the compositions of the two solutions are quite different.
The effect of impurity on the nucleation rate was observed
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Fig. 4. Growth rate of calcium fluoride vs. relative supersaturation at

various superficial velocities, using a seed size of 388mm.

C.Y. Tai et al. / Journal of Crystal Growth 290 (2006) 576–584 581
by Sellami et al. [15] in a precipitation experiment of
CaCO3. In addition, the supersolubility curves, i.e., L1 and
L2 for simulated and waste systems are close to a straight
line with a slope of �2 for both systems. These two lines
are almost parallel to the solubility curve of an electrolyte
AaBb with b=a ¼ �2 [3]. However, the result is slightly
different from that reported by Tai [7] for calcium
carbonate system, which has curved lines. This is because
the ion pairs, complex ions and pH of the solution had a
more strong effect on the calcium carbonate system. In
addition, the metastable regions found for both solutions
can be used at a pH value which is higher than 6.

6.2. Effects of ionic strength and activity ratio

In this work, the effect of ionic strength on the growth
rate was not significant unless the ionic strength was higher
than 0.5M [5]. In the literature, Kralj and Brecevic [16]
found that ionic strength has a slight effect on the growth
rate of vaterite in the range from 0.015 to 0.115M; the
growth rate at high ionic strength was about 15% higher
than that at low ionic strength. The effect of ionic strength
on the growth of calcite in the ionic strength ranging from
0.0025 to 0.034M was found by Tai [7]. The effect of ionic
strength can be explained as follows. For CaF2 at low ionic
strength, say, 10�3M, the activity coefficient, y2, is 0.98,
which is close to the activity of an ideal solution. In
addition, the double-layer thickness does not change at
such a dilute solution. For example, for the ionic strength
of 0.001 and 0.005M, the thickness is 6.26 and 3.98 nm,
respectively, while at ionic strength of 0.5M the thickness
is 0.4 nm, which is highly compressed at this high ionic
strength. The ionic strength appears to influence the
growth rate, since the adsorption of growth unit on the
crystal surface was easier under such a small thickness of
double layer. It is concluded that the higher the ionic
strength, the greater the growth rate [16,17]. On the other
hand, it was found that the growth rates for Ca/F41 and
Ca/Fo1 showed different growth kinetics; the growth rate
for Ca/F41 was always higher than that for Ca/Fo1.
Further studies on other process variables, including
supersaturation, crystal size, pH, and superficial velocity,
the ionic strength and activity ratio were kept below 0.01M
and 1, respectively, in order to reduce the errors caused by
the variation of these two variables.

6.3. Effect of superficial velocity

The relative velocity, which increases with an increase in
superficial velocity, between particle and solution influ-
ences the crystal growth rate. Experiments were conducted
for different superficial velocities, namely, 0.0236, 0.0331,
0.0425, and 0.0519m/s, at pH 8 in the crystallizer loaded
with an appropriate amount of 388 mm fluorite seed, from
10 to 40 g depending on the superficial velocity. The results
are shown in Fig. 4. Under the same supersaturation, the
crystal growth rates are greater for higher superficial
velocities; the difference is significant with an increase to
about five times for the velocity changing from 0.0236 to
0.0519m/s. However, a high velocity is not always
advantageous in an operation, since the bed expands more
at high superficial velocities. Increasing superficial velocity
from 0.0331 to 0.0425m/s, the expansion ratio is 3.7 for the
former and 12.3 for the latter. A high expansion ratio
means a small loading of the crystallizer, and thus a smaller
surface area available for crystal growth. As a result, there
exists an optimum superficial velocity. In practice, super-
ficial velocity is set between 0.0139 and 0.033m/s [18].

6.4. Effects of pH value on growth rate in a lean and a dense

bed

The pH value has no effect on the supersaturation of
solution, as shown in Fig. 1. However, it has a tremendous
effect on the crystal growth rate. The results are shown in
Fig. 5 for both lean bed (u ¼ 0:0519m=s) and dense bed
(u ¼ 0:0236m=s). In the same figure it also indicates that
the higher the pH value, the greater the growth rate for
both beds. An increase of 2-fold in growth rate for an
increase in pH value of 1. Thus, the throughput of a pellet
reactor is higher at higher pH values. However, maintain-
ing at high pH value, the consumption of alkali solution
will increase, which means higher operation cost. At higher
pH values, solute in solution accelerates to deposit on the
crystal surface, and hence the growth rate. The marked
dependence of growth rate on pH value is probably due to
the change of electric charge on crystal surface [19]. The
dependence of growth rate on the pH value was found for
other systems, such as potassium chloride [6] and lead
fluoride [17,20].
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Fig. 5. Comparison of growth rates of calcium fluoride for a lean bed and

a dense bed, using a seed size of 388mm.
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Fig. 6. Comparison of growth rates of calcium fluoride for two types of
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waste water from a semiconductor plant and a simulated solution (GI and

GIII), u ¼ 0.0236m/s.
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6.5. Effects of seed size and type

In order to investigate the effects of seed size and type in
the two different solutions experimental results were
collected for three groups as shown in Fig. 6, in which
Group I is for the simulated solution seeded with fluorite;
Group II is for the simulated solution seeded with sand;
and Group III is for the waste water from a semiconductor
plant seeded with fluorite. For the three groups, the results
show that crystal growth rates increase with an increase in
crystal size. It may be caused by growth dispersion as
recognized by crystallization community [21].

In the simulated solution the growth rate of sand is
about one-third of fluorite. The difference is probably due
to the difference in surface structure although the sand was
fully covered with calcium fluoride. Using fluorite as seed,
the growth rates in the waste solution are higher than those
in the simulated solution. It is conjectured that some
impurities existing in the waste stream augment the growth
rate; however, the identification of active species is difficult.

6.6. Crystal growth rate expression

According to the two-step growth model, the crystal
growth rate expressions of different seed types and of
different fluoride-ion sources are shown in Table 4. The
regression errors, according to the definition proposed by
Gerald [22], for GI, GII, and GIII are 0.278, 0.266, and
0.194, respectively. It is worth noting that there is a
difference in the kinetic order of surface reaction between
sand and fluorite, about 2 for the former and 3 for the
latter. This result is not surprising because we expect the
surface structures of the two seeds are different. The result
indicates that the growth rates are not significantly
influenced by seed size. In the size range studied
(250–600 mm), the growth rate varied at most by 20% as
calculated from (600/250)0.21, where 0.21 is the exponent of
L for the Group III. When we compare the kinetic
expression of Group I with Group III, we found that the
exponent on supersaturation did not change much. It
means that the impurities in the waste solution do not
change the value of r. This is similar to the experimental
results for the effect of dye on the growth rate of
magnesium sulfate [23], but contrary to those for the effect
of CrCl3 on the growth rate of magnesium sulfate. A
possible reason has been proposed by Tai et al. [24] using
the BCF theory. On the other hand, the effect of seed size
means that the effect of setting velocity together with
growth rate dispersion gives so nicely correlated as size-
dependent growth. As far as the crystal growth mechanism
is concerned, the effectiveness factor is plotted against
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Table 4

Kinetic expressions for different crystallization systems

Seed type Size range (mm) Type of solution Kinetic expression Error

Fluorite (GI) 250–600 Simulated solution G ¼ 4:26� 10�12L0:20ðs� siÞ

¼ 3:28� 10�12L0:19s3:16i ð27Þ

0.278

Sand (GII) 300–600 Simulated solution G ¼ 8:80� 10�12L0:03ðs� siÞ

¼ 7:39� 10�13L0:18s1:92i ð28Þ

0.266

Fluorite (GIII) 250–600 Waste water G ¼ 5:20� 10�12L0:21ðs� siÞ

¼ 4:75� 10�12L0:19s3:06i ð29Þ

0.194
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Fig. 7. A plot of Z vs. Da for GI, GII, and GIII with seed size in the range

between 250 and 600mm. Crystallizer was operated at pH ¼ 8 and

u ¼ 0.0236m/s.
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Damkohler number as shown in Fig. 7. It should be noted
that the Z–Da curves for r ¼ 3:16 and 3.06 coincide. The Da

ranges found for the three groups indicate that mass-
transfer and surface-reaction resistances are significant and
there is no controlling step.

7. Conclusion

The metastable regions of calcium fluoride in simulated
solution and waste solution were found in a pH-stat stirred
tank. The experimental data showed that solubility and
supersolubility curves tend to be parallel by plotting pCa2+

vs. pF�. In the metastable region, the growth rate of
calcium fluoride crystals measured in a fluidized bed
increases with an increase in supersaturation, pH value,
superficial velocity, and seed size. However, the effect of
ionic strength on growth rate is less significant. The growth
rate changes with the types of seed and solution, and is less
influenced by crystal size for either sand or fluorite seeds.
The different growth rates of various crystal sizes indicated
that the growth rate increases with seed size. For the
operation conditions used in this experiment, both mass-
transfer and surface-reaction resistances are important in
the growth process as judged from the effectiveness factor.
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