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The Bipolar Analysis of a Single Sphere in an Electrolytic Cell 
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ABSTRACT 

The bipolar behavior of a single sphere in an electrolytic cell is investigated in this study. A mathematical  model  is 
proposed for two surface conditions: linear polarized kinetics and the Butler-Volmer kinetics. Analytical current and po- 
tential distributions are obtained for a reversible reaction and linear polarized kinetics. Semianalytical potential and cur- 
rent distributions for the Butler-Volmer kinetics are also obtained by the boundary collocation method. The current en- 
hancement  factor is defined as the ratio of the bipolar current to the applied current, and its value is predicted 
theoretically for linear polarization. The effective conductivity of a dilute dispersion is also formulated and related to the 
first coefficient D1 of the series expression of the potential in a continuous medium. The influences of various parameters, 
including dimensionless potential drop, * ,  conductivity ratio of electrolyte to solid phase, a, ratio of exchange current 
density to applied current, B, and transfer coefficients, (~a and ac, are respectively discussed. The suitability of assuming 
linear polarized kinetics is also evaluated by comparing it with the Butler-Volmer kinetics. 

When an electric potential is applied across an electro- 
conductive object that is isolated between the two current 
feeders, bipolar behavior may occur at the surface of this 
object, and both anodic and cathodic reactions may occur 
on one and the other side of its surface, respectively. Bipo- 
lar behavior has been discussed in many fields, which in- 
clude the dissolution of nuclear fuel (1), oxide film thick- 
ness control (2), and organic synthesis (3, 4), etc. In recent 
years, bipolar particulate electrodes, including packed- 
bed, trickle-bed, and fluidized bed types, have been 
broadly investigated (5, 6). The bipolar behavior is also 
concerned with the charge-transfer mechanism in fluid- 
ized bed electrodes (7, 8). 

In the literature some theoretical models were de- 
veloped to predict  the dispersion conductivity (9-11) or 
energy consumption (1, 4) in particulate bipolar cells. But 
either constant current  density or linear potential distribu- 
tion on the electrode surface was assumed in earlier mod- 
els. As a matter of fact, the current and potential distribu- 
tions at the electrode surface are nonuniform and 
dependent  on the relative electric conductivity of the solid 
and electrolyte phases, the resistance of the electrochemi- 
cal reactions occurring at the electrode surface, the ap- 
plied electric field, and the mass transport of the reactants. 
If  the primary current distribution is considered, the resis- 
tance of the electrochemical reaction and the mass transfer 
limitation of the reactants can be neglected. The potential 
distribution of a spherical particle for a reversible reaction 

* Electrochemical Society Active Member. 

had been solved analytically and was used to estimate the 
effective conductivity of dilute dispersions of spherical 
particles by Maxwell (11, 12). When the secondary current 
distribution is relevant, the mass4ransfer limitation can 
also be ignored. 

Due to the importance of the bipolar behavior in some 
electrolytic cells, fundamental  studies are necessary for a 
detailed understanding and for the proper design of bipo- 
lar cells. In this paper, a mathematical  model  for the bipo- 
lar behavior on a single sphere is proposed in which the 
primary and secondary current distributions are con- 
sidered. The effects of particle size, applied electric field, 
and solid-phase conductivity on the bipolarity of the 
sphere can be deduced and estimated exactly according to 
this model. Analytical solutions have been obtained for 
cases in which the electrochemical reaction is reversible 
and when dealing with linear polarized kinetics, respec- 
tively. The semianalytical solution for the Butler-Volmer 
kinetics at the surface is also given by using the boundary 
collocation method (13). The consumption of electric 
energy due to the presence of the single sphere in a linear 
potential field is also formulated. The effective conductiv- 
ity of a dilute dispersion for linear polarized kinetics or the 
Butler-Volmer kinetics can be estimated from the con- 
sumption of electrical energy. 

Analysis 
The schematic diagram of the problem considered is de- 

picted in Fig. 1. The potentials in the solid sphere and the 
electrolyte are described as $~ and (b2, respectively. The 
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. . . . .  ~:2/~:, =0.01 . . . . . . . .  
a reversible electroreact ion at the surface 

Fig. I. A single sphere in an electrical field. 

and for the  Bu t l e r -Volmer  equa t ion  

{ I  j = i 0  e x p  a , . r 1 6 2  

n F  

where  E'  is the  Nerns t  potent ia l  of  the  reaction,  i0 is the  ex- 
change  cur ren t  densi ty ,  a~ and % are anodic  and ca thodic  
t ransfer  coefficients ,  respect ive ly .  One  of  Eq. [5]-[7] repre-  
sents  the  b o u n d a r y  condi t ion,  wh ich  is d e p e n d e n t  on the  
revers ib i l i ty  of  the  e lec t rode  react ion,  and Eq. [3]-[4] are the  
o ther  b o u n d a r y  condi t ions  ho ld ing  for all th ree  cases. 

In  o rder  to m a k e  the  gove rn ing  equa t ion  d imensionless ,  
the  fo l lowing d imens ion less  var iables  and parameters  are 
def ined 

6, 6~ 6o 
r =V' 02 =V' r -V' 

charge  ba lance  equa t ion  shou ld  be  satisfied in each  phase,  
a n d  i t  c a n  be r ep resen ted  by  Laplace ' s  equa t ion  wi th  
spher ica l  coord ina tes  as fol lows 

V26I = 0 [1] 

in wh ich  

V262 : 0 [2] 

' 
- - - -  r 2 + -  s i n 0  
r 2 Or r a sinO OO 

Because  only the  p r imary  and secondary  cur ren t  distr ibu- 
t ions are cons idered ,  the  mass  ba lance  equa t ion  of  the  re- 
ac tant  is no t  involved ,  and only one  e lec t rochemica l  reac- 
t ion is a s s u m e d  to take  p lace  at the  spher ical  particle.  T h e n  
the  bounda ry  condi t ions  are  exp re s sed  as follows: (i) An  
electr ical  field is appl ied,  and the  potent ia l  d i s t r ibu t ion  far 
f rom the  par t ic le  should  m a t c h  the  l inear  potent ia l  field; 
thus,  w h e n  r --, 

62 = - - -  r cos0 + 60 [3] 
K2 

where  i= is the  app l ied  cur ren t  dens i ty  far f rom the  elec- 
trode, K2 is the  electr ic  conduc t iv i ty  of  the  electrolyte,  a n d  
60 is the  re fe rence  potent ia l  far f rom the  sphere  at the  
p lane  of  z = O. (ii) At  the  cen te r  of  the  sphere  (r = 0), 61 is 
finite. (i i i)  At  the  in ter face  be tween  the  part ic le  and the  
e lec t ro ly te  (r = R), the  cur ren t  densi t ies  f rom the two 
phases  should  be  equal ,  due  to the  flux cont inui ty .Thus ,  at 
r = R  

061 a62  
K , -  = K 2 -  [4] 

or or 

where  K1 is the  electr ic  conduc t iv i ty  of  the  part ic le  and R is 
the  radius  of  the  sphere.  ( iv)  The  last bounda ry  condi t ion  is 
conce rned  wi th  the  k ine t ics  that  involves  the  e lec t rochem-  
ical reac t ion  at  t he  spher ica l  surface  (r = R). The  electro-  
chemica l  reac t ion  is cons ide red  as one  of  the  fo l lowing 
three  cases, a revers ib le  react ion,  l inear  polar ized kinetics,  
and k ine t ics  desc r ibed  by the  But le r -Volmer  equat ion .  
The  case of  Bu t l e r -Volmer  k inet ics  is r egarded  as a genera l  
case for an e lec t rode  react ion.  The  e lec t rode  kinet ics  
should  m a t c h  the  e lectr ic  cur ren t  at the  in terface  be tween  
the  par t ic le  and  the  electrolyte .  Therefore ,  at r = R, for a re- 
vers ib le  react ion 

6 1  - -  6 2  = E'  [5]  

for l inear  polar ized k ine t ics  

( n/_~) - K2 a62 [6] 
j = i0 (4h - r  E') = Or r=R 

and 

E '  T 
E = -:-:, ~ - [8] 

v R 

K2 io nF 
= - - ,  ~ = -:--, t ,  = V [9] 

K 1 t~ .~)T 

whe re  V = i |  2. The  pa rame te r  ~ represen t s  the  relat ive 
electr ic  conduc t iv i ty  of  the  e lec t ro ly te  to the  solid elec- 
trode,  and i f  a --~ =, the  sphere  can be  cons idered  as insu- 
lated;  i f  a ~ 0, the  potent ia l  in t he  sphere  can be  regarded  
as uniform.  The  pa rame te r  13 is the  ratio of  e x c h a n g e  cur- 
ren t  dens i ty  to the  appl ied  cur ren t  densi ty;  larger  13 means  
that  the  e l ec t rochemica l  reac t ion  t ends  to approach  com- 
ple te  reversibi l i ty .  Smal l e r  !3 indica tes  that  the  e x c h a n g e  
cur ren t  dens i ty  is so re la t ively  small  that  the  e lec t rode  re- 
act ion t ends  to be  m o r e  irreversible.  V is a d imens iona l  pa- 
r ame te r  wh ich  represen t s  t he  potent ia l  d rops  across  the  
d i s tance  of  the  sphere ' s  radius,  and  q, is its d imens ion less  
parameter .  

So the  gove rn ing  equa t ions  and bounda ry  condi t ions  
can be  exp re s sed  in d imens ion less  form as fol lows 

V2~t  = 0 [10]  

V2~P2 = 0 [11] 

in which  

1 

V2 = ~ 0--~ ~ + ~2 sinO oO " 

The  d imens ion less  b o u n d a r y  condi t ions  are 

a t~  = 0, 

at ~--~ | 

�9 1 is finite [12] 

@2 = - ~  cosO + q5o [13] 

a t e =  1, 

00Pl 

06 

for a revers ib le  react ion 

at~ = 1, 

002 
- a [14 ]  0~ 

q)t - O2 = E [ 1 5 a ]  

for l inear  polar izat ion 

f o r ~ =  1, 

002 

0~ 

for the  Bu t l e r -Volmer  k inet ics  

- - -  - ~ I J ( ( l ) l  -- ~:)2 -- E )  [ 1 5 b ]  
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a t e =  1, 

302  
- 13{exp[aa~I'( dp' - ~2 - E)] 

- exp[-OtcqffcPl - ~2 - E)]} 

The  genera l  solut ions  for Eq.  [10] and [11] are 

O, = ~ [ A . ~ " P . ( c o s 0 )  + B, ,~-I"+i~P.(cos0)]  
n=0 

[16a] 

02 = ~ [Cn~npn(COSO) + D.~-~  
n=O 

[16b] 

wh ich  are the  Zonal  Ha rmon ic s  (14). The  func t ion  P,, is a 
L e g e n d r e  po lynomia l  of  degree  n, and  the  coeff icients  A,,, 
B,~, C~, and  D~ are  to be  de t e rmined  accord ing  to the  
b o u n d a r y  condi t ions .  Subs t i tu t ing  Eq. [12]-[14] into 
Eq.  [16a, b] gives  the  fo l lowing  equa t ions  

@, = ~ A.~"P,,(cos0) 
r 

= 

r = (P0 - ~ cos0 + ~ Dn~-('+~>P,,(cos0) [17b] 

in wh ich  A0 and {D,,} are unknown ,  and by use  of  cur ren t  
cont inui ty ,  {An} for n -> 1 can be  re la ted to 

AI = - a(1 + 2D1) 

A ,  = - ~ ( ~ n - ~ ) D n ,  f o r n - > 2  [18] 

T h e n  the  solut ions  for var ious  surface  condi t ions  can be  
ob ta ined  respec t ive ly  f rom Eq. [17a, b] and Eq. [15a, b, c]. 

Ana ly t i ca l  solution for  l inear po lar i za t ion . - -The  poten-  
tial d i s t r ibu t ion  in each  phase  for the  case of  l inear  polar- 
ization, can  be  ob ta ined  by subs t i tu t ing  Eq. [15b] into Eq.  
[17a, b] 

3a 
~Pl = ~o + E ~ cos0 [19a] 

1 + 2 ~  + 2~/ 

l - a -~ /  c o s 0  
�9 2 = cP0 - ~ c o s 0  + [19b]  

1 + 2 a  + 2~ ~2 

in wh ich  ~/= 1/13~t '. Equa t ions  [19a, b] are  ident ica l  to those  
ob ta ined  by Maxwel l  (11), as the  e lec t rode  react ion ap- 
p roaches  comple t e  revers ibi l i ty ,  ~---> 0. It  should  be  no- 
t iced tha t  the  sphere  still has an  inf luence  on the  potent ia l  
d i s t r ibu t ion  even  in the  case of  a = 1, and this is caused  by 
the  res i s tance  of  t he  e l ec t rochemica l  react ion at the  sur- 
face. The  cur ren t  d i s t r ibu t ion  at the  surface  of  the  sphere  
for the  l inear  polar ized k ine t ics  can be de r ived  f rom the  
potent ia l  d i s t r ibu t ion  and  exp re s sed  as 

in 3 

i| 1 + 2 a + 2 ~  
cos0 

Solutions for  the But ler-Volmer k ine t ics . - -The  potent ia l  
d i s t r ibu t ions  for the  two cases m e n t i o n e d  prev ious ly  can 
be  so lved  in analyt ica l  form. But,  for the  case of  con- 
s ider ing the  Bu t l e r -Vo lmer  kinet ics ,  the  coeff icients  A0 
and D,  in Eq.  [17a, b] and  [18] m a y  not  be  soluble  analyti-  
cally due  to the  non l inear i ty  of  the  b o u n d a r y  condi t ion  in 
Eq.  [15c]. The  b o u n d a r y  col loca t ion  m e t h o d  is sugges ted  
for ob ta in ing  the  semianaly t ica l  solut ions in this case. 
Subs t i tu t ing  Eq. [17b] into Eq.  [15c] gives  

• ( n  + 1 ) D ~ P n ( c o s 0 )  = ~ { e x p [ a a ~ ( d P  i - dP2 - E)]  
n=l  

- exp[-ac~U(qh - ~2 - E)]}GI - cos0 

By  se lec t ing  N points,  {0i}, at t he  b o u n d a r y  to satisfy the  
above  equa t ion ,  a set of  non l inea r  a lgebraic  equa t ions  for 
D~ can be  ob ta ined  and exp re s sed  as 

N - I  

(n + 1)D~Pn(xi) = ~{exp[aa~}(xi] 
[15c] ,,_, 

- e x p [ - a c ~ ( x i ) ] }  - xi i = 1 . . . .  N [22] 

in wh ich  xi = cos0i, and 

�9 l(xi) = qbl - r - E 

= (A0 - dP0 - E) + (1 + a ) x  i 

- ~ 1 + c~ D,,P,,(Xi) 
n=l  n 

where  (Ao - Oo - E) in the  above  equa t ion  is r egarded  as an 
u n k n o w n  in the  calculat ion,  and  Ao can be  obta ined  after 
(P0 and E are specified.  There fore  Eq.  [22] can be  so lved  nu- 
mer ica l ly  by the  N e w t o n - R a p h s o n  method ,  and the  N col- 
locat ion points  are chosen  wi th  equa l  d ivis ion for 0, in a 

[17a] range  of  0 to ~r. C o n v e r g e n c e  is r eached  w h e n  N is large 
e n o u g h  to m a k e  the  consecu t ive  er ror  less than  l0 -6. The  
cur ren t  d i s t r ibu t ion  at the  surface  of  the  sphere  for the  
But l e r -Volmer  k inet ics  is g iven  by 

in N- 1 
- cos0 + ~ (1 + n)D.P.(cosO) [23] 

i . . . .  1 

There  in can  be  ca lcula ted  by Eq. [23] if  the  set  of  D.  has 
been  f igured out  by  so lv ing  Eq. [22]. 

Results and Discussion 
The  solut ions  for all th ree  cases satisfy the  fo l lowing in- 

tegral  cons t ra in t  (13) au tomat ica l ly  

f fsphere i , f lA = 0 

and thus  the  anodic  and ca thodic  cur rents  are balanced.  In  
c i ted l i tera ture  (5) the  integral  cons t ra in t  is an ex t ra  condi-  
t ion, wh ich  has been  used  to d e t e r m i n e  the  potent ia l  in the  
solid phase,  whe re  a un i fo rm potent ia l  in the  solid phase  is 
assumed.  

Current  enhancement  fac tor . - -The  cur ren t  enhance-  
m e n t  factor,  fE, is def ined as the  ratio of  the  cur ren t  pass ing  
th rough  the  sphere  to the  cur ren t  pass ing  th rough  the  
same  cross-sect ion area w i thou t  it. So it can be expres sed  
a s  

I 
fE - . [24] 

z| 2 

in wh ich  

fc [ r -./2 2 I = 2~r i,,R 2 sin0 dO ~=2rr | i,,R 
athode \ d0 

[20] sin0 dO, for s y m m e t r i c  eases, ~a = ~c) 

When fE > 1, the  sphere  is cur ren t  at t ract ive,  i.e., the  cur- 
ren t  pass ing  th rough  the  sphere  is increased  due  to its 
presence .  The  e n h a n c e m e n t  factor  for a revers ib le  reac- 
tion, ~/= 0, is g iven  by Eq. [24] and [20] as 

3 
fE - [25] 

l + 2 a  

It  is obv ious  tha t  the  m a x i m u m  f~ is 3, w h e n  a ~ 0. The  en- 
h a n c e m e n t  factor  fE iS smal le r  than  1 for a > 1. The  sphere  
is r ega rded  as an insula tor  as f~ o 0, for ~ o oo. Without  
cons ide r ing  the  reac t ion  resis tance,  the  cur ren t  pass ing  
t h rough  the  sphere  is d e t e r m i n e d  by the  re la t ive  electr ic  
conduc t iv i ty  b e t w e e n  the  solid and e lec t ro ly te  phases  

[21] only. 
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The  cur ren t  e n h a n c e m e n t  factor  for l inear  polar ized ki- 
ne t ics  is also ob ta ined  by subs t i tu t ing  Eq. [20] into [24] 

3 1 
f~ - ; ~t - [26] 

1 + 2~ + 2~/ 6'1 ~" 

E q u a t i o n  [26] is the  same  as Eq.  [25] i f  ~ / ~  0, wh ich  corre-  
sponds  to a revers ib le  react ion.  As can be  seen  in Eq.  [26], 
the  pa rame te r  ~ r educes  the  f~ value,  because  the  resis- 
t ance  of  the  interfacial  e lec t rode  reac t ion  has  been  in- 
v o l v e d  in this  case. The  cr i ter ion for fs  > 1 is g iven  f rom 
Eq. [26] by  

~/+ ~ < 1 [27] 

in wh ich  ~ and a r ep resen t  the  re la t ive  res is tances  of  the  
e lec t rode  reac t ion  and electr ic  conduc t ion  in the  solid 
phase  to electr ic  conduc t ion  in the  e lec t ro ly te  phase,  re- 
spect ively.  Because  the  electr ic  cu r ren t  will  choose  a path  
wi th  smal le r  res is tance,  the  pa th  t h rough  the  sphere  will  
be  favored  if  the  c o m b i n e d  res is tance  of  the  e lec t rode  reac- 
t ion and electr ic  conduc t ion  in the  sphere  is smal ler  than  
that  in the  electrolyte.  

The  e n h a n c e m e n t  factor  for Bu t l e r -Volmer  kinet ics  can 
be  ca lcu la ted  by the  fo l lowing equat ion ,  af ter  D,  va lues  are 
ob ta ined  

N-] l + n  
f ~ = 2 ~  

~=~ 1 + 2n 

[P,-~(Xc) - P,+~(xr + 1 - x~ [28] 

whe re  xc = cosec, and 0c is t he  angle  o f  t he  interfacial  posi- 
t ion  wi th  i ,  = 0. 8r is ca lcula ted  by solving Eq.  [23] wi th  
i~ = 0. Fo r  symmet r i ca l  t ransfer  coeff icients  ~ and ec, O~ is 
90 ~ and then  x~ = 0. 

The  e n h a n c e m e n t  factor  for the  But l e r -Volmer  kinet ics  
is shown  in the  fo l lowing  figures. The  effect  of  pa ramete r  
q~ at var ious  13 on the  e n h a n c e m e n t  factor,  fE, wi th  er = 0, is 
shown in Fig. 2. It  is obse rved  t h a t f  E is an increas ing func- 
t ion of  q~, and a l imi t ing  va lue  of fE = 3 is ob ta ined  if  �9 is 
suff icient ly large. The  m a x i m u m  va lue  offE is the  same as 
that  f rom the  revers ib le  reac t ion  condi t ion,  Eq.  [25]. Asym-  
metr ica l  oL a and ~ will  decrease  fE, especia l ly  w h e n  13 is 
small. When  13 is suff icient ly large, the  inf luence  of  ~a and 
ec is d imin ished .  In  the  case of  symmet r ica l  t ransfer  coef- 
ficients, ~ =at  = 0.5, both  anodic  and ca thodic  react ions  
have  the  s a m e  resis tance.  But ,  if~o is less than  ~ ,  the  resis- 
t ance  of  the  ca thodic  react ion is increased  so that  fE is de- 
creased.  The  pa rame te r  13 is the  ratio of  the  exchange  cur- 
rent  dens i ty  i0 to the  app l ied  cur ren t  dens i ty  i~; w h e n  13 is 
suff icient ly large, the  e lec t rode  react ion will  approach  lin- 
ear  polar ized or  revers ib le  kinet ics .  In  the  case of  l inear  po- 

j 0 =.==o=O.S 
3.0 ] = . . . . .  ao=0.9 a:=0.1 

/~ / / #  

s~ 1 

. ~  1,0 10 -3 

" 4  / 
_1 / _ . / . . / / j ,  ; ,  

o.o  = ,  . . . . . . . . . . . . .  
0.1 1 10 100 

a~ 
a==0.9 a==0.1 . . . .  

, ~ 1 o o  lO -  

.g 
E lO 

r "  
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Fig. 3. The current enhancement foctor ratio of the Butler-Volmer ki- 
netics over the linear polarized kinetics. 

larized kinet ics ,  the  effects  of  a symmet r i ca l  t ransfer  coef- 
f icients will  d isappear ,  as seen  in Eq.  [t5b]. 

A compar i son  o f f ~  b e t w e e n  the  But ie r -Volmer  and lin- 
ear  polar ized k ine t ics  at var ious  13 and q~ is shown in Fig. 3. 
When  the  e n h a n c e m e n t  ratio, fs.ButleJfmi ..... is equa l  to 1, 
the  same  fE va lue  is p red ic ted  by e i ther  the  But l e r -Volmer  
k inet ics  or  l inear  kinet ics ,  and l inear  polar ized kinet ics  is 
a s sumed  reasonable  in this si tuation.  I t  is observed  that  
the  e n h a n c e m e n t  ratio is app rox ima te ly  equal  to 1 for 

< 1 over  the  whole  range  of  13. When q' is sufficiently 
large, the  major  res i s tance  will  be  in the  e lec t ro ly te  so that  
the  e n h a n c e m e n t  ratio of  the  Bu t l e r -Volmer  k ine t ics  over  
the  l inear  k inet ics  is e x p e c t e d  to approach  1. The re  is a 
m a x i m u m  of  the  e n h a n c e m e n t  ratio w h e n  �9 is in the  range 
of  1-100. The  e n h a n c e m e n t  ratio is smal ler  as 13 is in- 
creased,  and it is close to 1 for the  whole  range  of  ~ wi th  
t3 = 1 as wel l  as oL a = 0L c. Fo r  a symmet r i ca l  t ransfer  coeffi- 
c ients  (~a # ~c), the  e n h a n c e m e n t  ratio is apparen t ly  re- 
duced  and a m i n i m u m  va lue  is also observed  whi le  
13 < 10 -z. 

Current  dis tr ibut ion on the spherical sur face . - -The  cur- 
ren t  d i s t r ibu t ion  on the  sphere  wi th  c~a = ~c is shown  in 
Fig. 4. It  is obse rved  that  h ighe r  ~ gives h igher  bipolar  cur- 
rent,  but  the  bipolar  cur ren t  is decreased  as ~ increases.  
N o n u n i f o r m  cur ren t  d i s t r ibu t ion  is obtained,  and the  cur- 
rent  dens i ty  pass ing  th rough  the  sphere  may  be  smal ler  
than  i| at a part  of  the  surface,  a l though  the  fE is greater  
than  t. The  m a x i m u m  cur ren t  dens i ty  occurs  when  e is 
equa l  to 0 and 180 ~ and a zero cu r ren t  occurs  at e = 90 ~ 
When ~3 = 10 -3, an  inac t ive  region appears  a round  8 = 90% 
It  shou ld  be  no t i ced  in Eq.  [25] and [26] and Eq.  [20] tha t  the  

3 ~ . . ~ .  ~=o #=Io -~ 

._ ~ ' - J  

0(==0.5, a~=0.5 

-1- ,.1,=79.2 

- 2 -  

- 3  3b 9'0 do 1~o '~ "1 

for Fig. 2. The effects of �9 on the enhancement factor, fE, at various I 3 Fig. 4. Current distribution at the electrode surface 
with cr = O. cr = cx~ = O.S. 
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Fig. 5. The same as Fig. 4 except mo = 0.9 and m~ = 0.1 
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Fig. 7. The same as Fig. 6 except mo = 0.9 and m~ = 0.1. 

m a g n i t u d e  of  the  m a x i m u m  cur ren t  dens i ty  occur r ing  at 
the  surface  is equa l  to its cur ren t  e n h a n c e m e n t  factor, fE, 
and the  cur ren t  var ia t ion  wi th  e is equa l  to mul t ip ly ing  fE 
by cos0 directly,  for the  revers ib le  reac t ion  and the  l inear  
kinet ics ,  respect ive ly .  A l m o s t  no cur ren t  passes  th rough  
the  sphere  w h e n  I '  is suff icient ly small.  The  cur ren t  distri- 
bu t ion  on the  sphere  wi th  a symmet r i ca l  t ransfer  coeffi- 
c ients  (m~ # me) is s h o w n  in Fig. 5. The  a symmet r i ca l  cur- 
rent  d i s t r ibu t ion  is obse rved  as 13 is decreas ing,  and the  
area for the  anodic  reac t ion  is smal le r  than  for the  ca thodic  
react ion due  to m~ > me. The  inac t ive  reg ion  still exis ts  for 
13 = 10 -3, bu t  i t  g radual ly  d isappears  as 6 is increasing.  
When  13 is suff ic ient ly large, a symmet r i ca l  d is t r ibut ion  can 
also be  observed ,  and  the  same  resul ts  are ob ta ined  wi th  
13 < 1, w h e t h e r  m a and e~ is s y m m e t r i c  or  not. 

Current distribution at the plane of  z = & - - T h e  current  
d i s t r ibu t ion  at the  p lane  of  z = 0 has been  calcula ted and is 
shown  in Fig. 6. When  ( >- 2.5, the  p resence  of  the  spher ical  
par t ic le  offers a lmos t  no influence.  Fo r  the  case  of m = 1 
and 13 = 10, the  par t ic le  has abso lu te ly  no effect  on the  elec- 
tric field. This  is because  for the  case  of  13 = 10 and 

= 79.2, the  res i s tance  of  the  surface  react ion can be  ne- 
glected,  and the  res i s tance  of  e lectr ical  conduc t ion  in both  
the  solid and the  e lec t ro ly te  phases  is the  same  for m = 1. 
Thus,  a l inear  e lectr ic  field is still ma in ta ined  and is not  
d i s tu rbed  by the  sphere.  There  are two typical  k inds  of  
curves.  One  is current -a t t rac t ive ,  in wh ich  fE is greater  
than  1, and  the  cur ren t  gets smal ler  the  closer  ones  gets to 
the  par t ic le  surface;  the  o ther  one  is current - repuls ive ,  in 
wh ich  fE is less than  1, and  the  cur ren t  gets h igher  as one  
gets c loser  to the  sphere.  I t  is no t iced  tha t  for smal ler  6, the  
sphere  is more  repu ls ive  to current ,  owing  to the  increase  
of  the  res i s tance  of  the  surface  react ion.  It  is also obse rved  
specia l ly  in Fig. 6 tha t  for m = 0 and 13 = 10 -3, cur ren t  den- 
sity has been  s l ight ly  en la rged  near  the  spher ical  surface, 
a l though  fs  is grea ter  t han  1 in this case. It  can be ex- 
p la ined  by c o m p a r i n g  wi th  Fig. 4 that  the  inac t ive  region 
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Fig. 6. Current distribution at the plane of z = 0 (0 = 90 ~ for 
Oto= m c =  0.5. 

occurs  near  the  top  of  the  sphere  (0 = 90~ and the  cur ren t  
is to be  r epu l sed  near  the  inac t ive  region,  so that  the  cur- 
rent  bypasses  the  sphere  t h rough  the  e lec t ro ly te  phase.  
The  cur ren t  d i s t r ibu t ion  at p lane  of  z = 0 wi th  asymmet r i -  
cal aa and m e is shown  in Fig. 7. The  effect  of  a symmet r i ca l  
t ransfer  coeff icients  is d imin i shed  as 13 increases,  due  to 
the  approach  of  l inear  polar ized kinet ics .  Compar ing  it 
wi th  the  resul ts  f rom symmet r i ca l  t ransfer  coefficients,  the  
cur ren t  pass ing  th rough  the  p lane  of  z = 0 is higher ,  i.e., 
where  m o r e  cur ren t  is r epu lsed  by the  sphere  owing  to the  
h igher  reac t ion  res is tance  p r o d u c e d  by the  a symmet r i ca l  
t ransfer  coefficients.  As [3 is decreased ,  the  cur ren t  near  
the  e lec t rode  surface  is increased;  for a = 1, cur ren t  near  
the  sphere  is a lways larger  than  i , ,  w h e t h e r  ~a and mc are 
symmet r i ca l  or not. I t  is also obse rved  that  w h e n  m = 0 and 

= 10 -3, the  cur ren t  b e c o m e s  larger  than  i| near  the  
sphere,  a l though  fE is greater  than  1 in this case. As men-  
t ioned,  an inac t ive  reg ion  obse rved  at the  e lec t rode  surface  
a round 0 = 90 ~ m a y  exp la in  this  p h e n o m e n o n .  

Effective conductivity of  a dilute dispersion.--The differ- 
ence  of  e lectr ic  p o w e r  c o n s u m p t i o n  in the  whole  doma in  
b e t w e e n  the  p re sence  of  a s ingle sphere  and its absence  in 
a l inear  potent ia l  field is exp res sed  as 

~ power  c o n s u m p t i o n }  

Q = ( ins ide  the  par t ic le  J 

+ [ p o w e r  c o n s u m p t i o n }  + / p o w e r  c o n s u m p t i o n }  

L ou t s ide  the  par t ic le  ) [ at in ter face  ] 

_ I p o w e r  c o n s u m p t i o n  in the  whole  doma in  / 

( wi th  the  same  cur ren t  dens i ty  ] 

Af te r  ra ther  compl i ca t ed  ma thema t i ca l  opera t ions  wh ich  
inc lude  app ly ing  the  Gauss  d ive rgence  theo rem and 
Green ' s  theorem,  the  energy  d i f fe rence  Q can be related to 
the  first coeff ic ient  D, of  the  series express ion  of  the  poten-  
tial ~P2 in the  con t inuous  m e d i u m  

( 4 ~ R  s 
Q =  \ 3K~ i ~ ) . D ~  [29] 

For  l inear  polarizat ion,  accord ing  to Eq.  [17b] and [19b], the  
energy  d i f fe rence  Q is 

( 4~R3 i 2 t 1 -- ~ -- `/) [30] 
Q = \ 3K 2 ~// 1 + 2~ + 2-/ 

The  ef fec t ive  conduc t iv i ty  of  a di lute  d ispers ion  can be 
re la ted to the  bipolar  analysis  of  a s ingle sphere  in a l inear  
potent ia l  field by regard ing  the  d i spers ion  i tself  as an 
imag ina ry  sphere  of  radius  S wi th  an ef fec t ive  conduct iv -  
ity Ke in a con t inuous  m e d i u m  of  conduc t iv i ty  K2 and a re- 
vers ib le  e l ec t rochemica l  reac t ion  at interface.  By set t ing 
the  ene rgy  c o n s u m p t i o n  due  to the  p resence  of  the  imagi-  
nary  sphere  of  radius  S in the  same  l inear  potent ia l  field 
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Fig. 8. The first coefficient D 1 vs. the kinetic parameter ~ for various 
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equal to that obtained due to the presence of the spherical 
particle of radius R with conductivity KI, the following re- 
lation is obtained from Eq. [29] 

( 4~R3i2 ] .  D 1 = ( 4~S3 
,3K2 =/ \ 3K2 i~) "D,~ [31] 

Conclusion 
Analytical current and potential distributions have been 

obtained for a reversible reaction and a linear polarized ki- 
netics, respectively. Semianalytica |  potential and current 
distributions for the Butler-Volmer kinetics are also ob- 
tained by the boundary collocation method. By comparing 
the results between the Butler-Volmer kinetics and the lin- 
ear polarized kinetics or reversible reaction, it is con- 
eluded that the surface reaction can be regarded as show- 
ing linear polarized kinetics for ~ -  1, and the linear 
kinetics is a good assumption for 6 < 1, if �9 < 1. When ~ is 
sufficiently large, the major resistance will be in the elec- 
trolyte so that the enhancement  ratio of the Butler-Volmer 
kinetics over the linear kinetics will approach unity. For 
asymmetrical  transfer coefficients (a~ ~ ~c), fE is reduced, 
except  that the linear polarized kinetics is approached. 
Nonuniform current distribution on the sphere is ob- 
tained, and its max imum value is at 0 = 0 or 180 ~ For the 
linear polarized kinetics, the current variation with 0 is the 
same as would be obtained by multiplying fE by cos0 di- 
rectly. For ~ ~ ~c, asymmetrical  current distribution is ob- 
tained, and it becomes symmetrical  when the linear polar- 
ized kinetics is approached. The potential field in the 
electrolyte is disturbed by the sphere within a distance of 
2.5 times the sphere's radius. The effective conductivity of 
dilute dispersions has also been formulated from the re- 
sults of the bipolar analysis of a single sphere in a linear 
potential field. It is related to the first coefficient Dt of the 
series expression of the potential r which is obtained an- 
alytically for linear polarization and numerically for the 
Butler-Volmer kinetics. 

where 

1 -- Ote K 2 
DI~ = - -  O~ e -- [32] 

1 + 2(~' K~ 

Let f be the volume fraction of  the dispersed phase, then 

By inserting Eq. [32] into Eq. [31] and using Eq. [33], the 
first coefficient D~ can be related to the effective conduc- 
tivity Ke by the following expression 

1 - o/. e KefK2 - 1 
Dd ~ = D~ - - -  - - -  [34] 

l + 2 a ~  KJK2+2 

Because the first coefficient D, of the series expression of 
the potential r is figured out analytically for linear polar- 
ization or numerically for Butler-Volmer kinetics, the ef- 
fective conductivity can be computed with the known vol- 
ume fraction f of the dispersed phase. The first coefficient 
D~ vs. ~ for various ~ and [3 is shown in Fig. 8. As shown in 
Fig. 8, two asymptotic values of  D~ are observed while ~ is 
approaching infinity as well as zero, respectively, in which 
the asymptotic D, can be calculated directly from the re- 
sults of linear polarization. By rearranging Eq. [34], it can 
be concluded that the ratio KJK2 is greater than 1 if D1 > 0, 
and the presence of the dispersion is beneficial to electric 
conduction in the electrolyte phase. On the contrary, for 
D, < 0, K~/K~ is smaller than 1, and the dispersion is an ob- 
stacle to electric conduction in the electrolyte phase. 

For linear polarization, Eq. [34] becomes 

) K~/K2- 1 
1 - - a - - ~ /  f =  [35] 

1 + 2 ~ + 2 ~  KJK 2 + 2  

where ~ = K2/K1 and ~/ = 1/l~. As the electrochemical reac- 
tion approaches complete  reversibility, ~ -~ 0; then Eq. [35] 
is reduced to 

Ke]K -- 1~ KJK2- 1 
~ /  f = K~/K2 +--------~ [36] 

which is identical to that obtained by Maxwell (11, 12). 
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LIST OF SYMBOLS 
English characters 
Am, B~, C,,, D,, coefficients in Eq. [16a, b] 
E'  Nernst potential of  a reversible reaction, 

V 
dimensionless Nernst potential, defined 
as E' /V 
volume fraction of dispersion 
Faraday constant, 96,500 C/equiv. 
exchange current density, A/m 2 
applied current density, A/m 2 
local current density at the surface of the 
sphere, A/m 2 
local Faraday current density, expressed 
by Eq. [7] 
number  of the collocation points selected 
number  of charge transfer in an electro- 
chemical  reaction 
difference of power consumption arising 
from the presence of sphere, J/s 
spatial variable in radial direction, m 
radius of the sphere, m 
gas constant 

S radius of an imaginary sphere, m 
T temperature,  K 
V potential drop across half  the sphere, 

i| V 
xi local position at the spheric surface, de- 

fined as cos0i 
xc the position where i,, = 0 at the spheric 

surface, defined as cOS0c 
z spatial variable in the axial direction, m 

Greek characters 
dimensionless parameter, K1/K~, defined 
by Eq. [9] 

a~, ac anodic and cathodic transfer coefficients 
~ dimensionless parameter, KJKI 
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~q 

0 

0~ 

K! 

K2 

K e 

61 
62 
60 

O~, 02, Oo 

q, 

dimensionless parameter, idi| defined 
by EQ. [9] 
dimensionless parameter, 1 / ~  
dimensionless surface overpotential, 
01 - ~2 - E 
spatial variable in the circumferential di- 
rection, radian 
the angle where iv, = 0 at the spheric sur- 
face, radian 
the angle of the boundary collocation 
points, radian 
electric conductivity in solid phase, 
(~m) -z 
electric conductivity in electrolyte phase, 
(~m) -~ 
effective electric eonductivity, (~m)- 
dimensionless radial position, r/R 
potential in solid phase, V 
potential in electrolyte phase, V 
reference potential at the plane of z = 0 
far from the sphere, V 
dimensionless potential of 6L, 62, 60, de- 
fined by Eq. [8] 
dimensionless parameter defined by 
Eq. [9] 
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Experimental Approach to the Impedance 
Spectroscopy Technique 
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C.S.T.E.-C.N.R., Dipartimento di Chimica Fisica, Universita di Pavia,  27100 Pavia,  Italy 
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ABSTRACT 

The performances of commercially available frequency response analyzers, currently used in electrochemical imped- 
ance spectroscopy, have been improved by two methods. The first approach concerns the management  of the data acqui- 
sition and correction by means of an interactive graphic program. Moreover, a new software is described, allowing the ex- 
pansion by two orders of magnitude the impedance range of the instrument. The second way consists in a homemade, 
high-impedance adaptor (10121~, 3 pF) with a guard circuit driver, that increases the sensitivity of the  analyzer. Thus, the 
electrical behavior of materials with high impedance modulus can be investigated. 

Among the various experimental  techniques currently 
adopted in electrochemistry, impedance spectroscopy (IS) 
has proved to be a valuable research tool thanks to its sen- 
sitivity and to the wide variety of possible applications, as 
it was foreseen by Bauerte (1) in his early work. 

Three classes of instruments  are principally used in elec- 
trochemical impedance spectroscopy: multifrequency 
bridges, lock-in amplifiers, and frequency response ana- 
lyzers (FRA). 

In  recent years, great efforts were devoted to data analy- 
sis, to conversion of impedance plots in meaningful infor- 
mation through suitable models of equivalent circuits 
(2, 3), to parameter extractions with nonlinear least 
squares fit (NLLF) programs (4, 5), and to graphic displays 
with different formalisms (6). In particular, availability of 
more powerful personal computers has allowed the design 
of new software for routine analysis of data (4, 5, 7). 

On the other side, there is a great need of expanding the 
input  impedance of the commercial apparatus by means of 
an improved hardware system which can be defined as an 
"impedance adaptor" (7-9). An interesting goal of this pos- 
sible development is the characterization of low conduc- 
tivity samples, viz. ceramic oxides based electrolytes 
(10-13) at temperatures lower than 300~ 

In  this paper, a software program that manages the data 
acquisition and the interactive graphic display in real time 
is presented. In the section on Data acquisition, treatment, 
and graphic display a flow-chart diagram will be dis- 
cussed. Several routines for the correction of data from the 
parasitic element effects are also illustrated. Moreover, a 
new device, the above mentioned impedance adaptor is 
described, and its circuit and applications in different 
fields are shown. 

Experimental 
Theory of  the measurements . - -A perturbating sinusoidal 

signal E = E0 sin (cot) at frequency F (co = 2~rF) is applied to 
the unknown  sample, and the response is analyzed by a 
correlator in terms of the resulting current I = I0 sin 
(~ot + ~), where ~p represents the phase angle shift. 

The corresponding complex impedance, obtained by 
varying the signal pulsat ion co, is expressed by the dis- 
placement of the vector ~ (co) with its parameters, the 
modulus Zo = Eo/Io and the phase angle ~ (polar coordi- 
nates) or with the real and imaginary values of the imped- 
ance (cartesian coordinates), as shown in Fig. 1. 

As an example, in Fig. 2 a simple equivalent circuit of an 
electrochemical cell, a resistance in parallel with a capaci- 
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