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Derivation of Transfer Function from Relay Feedback Systems 
Ren-Chiou Chang, Shih-Haur Shen, and Cheng-Ching Yu* 
Department of Chemical Engineering, National Taiwan Institute of Technology, Taipei, Taiwan 10772, ROC 

Luyben proposed a procedure for system identification based on the relay feedback system. This 
approach can lead to significant errors in the system parameters for transfer functions with time 
delay. Analytical expressions for the period of oscillation and amplitude ratios are derived. On the 
basis of these expressions, a procedure is proposed for deriving transfer functions. The results show 
that improvement can be achieved using the proposed method. 

1. Introduction 
On the basis of the hom-Hagglund (1984) relay 

feedback system (ATV, autotune variation), Luyben (1987) 
proposed a procedure for the identification of process 
transfer functions. The procedure consists of two steps. 
First, a relay feedback experiment is conducted, and the 
ultimate gain and ultimate frequency are recorded. Sec- 
ond, this information is fitted to a typical transfer function 
in chemical process control, e.g., first-, second- or third- 
order plus time delay system. This identification approach, 
called the original ATV method hereafter, becomes a 
standard practice in chemical process control, as can be 
seen in recent textbooks in process control (Seborg et al., 
1989, p 301; Luyben, 1990, p 520). The distinct advantages 
of the ATV method are as follows: (1) it identifies process 
information around the important frequency, ultimate 
frequency (the frequency where the phase angle is a); (2) 
it is a closed-loop test, and therefore the process will not 
drift away from the nominal operating point; and (3) it is 
a more efficient method than conventional step or pulse 
testing (requires less time in the experiment). Despite the 
apparent success in industrial applications, the ATV me- 
thod can be improved significantly to obtain a more ac- 
curate estimate of the system papmeters. The reason is 
that the estimated ultimate gain K,, and estimated ultimate 
frequency ij,, derived from the describing function are only 
an approximation of information at the critical frequency. 
This approximation can lead to significant errors in the 
ultimate gain K,, and ultimate frequency a,, (e.g., 5-20% 
error in K,,) for typical transfer functions in process control 
systems. 

The purpose of this work is to derive analytical ex- 
pressions for the period of oscillation and amplitude ratio 
for the relay feedback systems such that a better estima- 
tion of the process transfer function can be achieved. This 
paper is organized as follows. Section 2 reviews the ATV 
method of Luyben (1987). Analytical expressions for the 
period of oscillation and amplitude ratio are derived for 
typical process transfer functions (models 1-5 of Luyben 
(1987)), and an identification procedure based on the new 
results is presented in section 3. Examples are used to 
illustrate the accuracy of the proposed procedure, and the 
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robustness with respect to errors in the time delay is in- 
vestigated in section 4, followed by Conclusions. 

2. Review of ATV Method 
The Astrom-Hiigglund relay feedback system is based 

on the observation that a feedback system in which the 
output lags behind the input by -T rad may oscillate with 
a period P,,. Figure 1 illustrates the relay feedback system. 
A relay of magnitude h is inserted in the feedback loop. 
Initially, the input u is increased by h. As the output y 
starta to increase (after a time delay D),  the relay decreases 
the input to a position h below the steady-state valus. 
Since the phase lag is -T, a limit cycle with a period P,, 
results (Figure 1). The period of the limit cycle is the 
ultimate period. Therefore, the estimated ultimate fre- 
quency from this relay feedback experiment is 

From the Fourier series expansion, the amplitude a can 
be considered as the result of the primary harmonic of the 
relay output. Therefore, the ultimate gain can be ap- 
proximated as (Ogata, 1970; Astrom and Hagglund, 1984) 

After the reJay feedback experiment, the estimated ul- 
timate gain ( K J ,  estimated ultimate frequency (ij,,), and 
the observed time delay are used to back-calculate the 
process transfer function. Typical transfer functions in 
process control are assumed and parameters are calculated. 
The transfer functions have the following forms (Luyben, 
1987): 
models 1-3 

iju = 2 4 , ,  (1) 

K,, = 4 h / ~ a  (2) 

Kpe-Ds 
(3) G(s) = n = 1, 2, 3 

(7s + 1)" 
model 4 

Kpe-Ds 
G(s) = (4) 

(71s 1)(Tfi + 1) 
model 5 

Kpe-Ds 
G(s) = (5) 

(71s + 1)2(Tfi + 1) 
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Figure 1. Relay feedback experiment. 

The ATV method has the following steps (Luyben, 
1987): 

(1) The steady-state gain is obtained from steady-state 
simulation. 

(2) Under relay feedback, the time delay D is read off 
from the initial response 1Figure 1). 

(3) The ultimate gain (K,,) and ultimate frequency (6,) 
are computed (eqs 1 and 2) after the relay feedback ex- 
periment. 

(4) First-, second-, and third-order transfer functions 
(eqs 3-5) are fitted to the data a t  zero and the ultimate 
frequencies. 

In theory, if the true ultimate gain and ultimate fre- 
quency are correctly identified, we can accurately find the 
parameters of a transfer function. For example, for a 
second-order with time delay system (eq 4), with and 
D available, we can back-calculate T~ and T~ from K, and 
&, according to the following equations. 

(6) 

(7) 
Unfortunately, since eqs 1 and 2 only give approximations 
to the ultimate gain and ultimate frequency, the param- 
eters derived from eqs 6 and 7 can deviate significantly 
from the true system parameters. This implies that, for 
a linear second-ocder process (eq 4), the ultimate period 
is different from P,, observed from the relay feedback ex- 
periment (Figure 1) and the ultimate gain is not the same 
as the one derived in eq 2. 

3. Analysis of Relay Feedback Systems 
In order to have a better approximation of the transfer 

function, fundamental analysis of the relay feedback sys- 
tem is necessary. 

Period of Oscillation. One would like to know what 
the period of oscillation from the relay feedback experi- 
ment really represents. In other words, given a transfer 
function with known parameters, what is the expression 
for the period of oscillation observed from the relay 
feedback experiment, P,. The following theorem (Astrom 
and Hagglund, 1984) provides the answer. 

Theorem (Astorm and Hagglund, 1984). Consider 
the relay feedback system with a transfer function G(s) 

1 KP 
= {[I + (6,,T1)2][1 + (l&T2)2]]1/2 

-x = -Os - tan-' ( i i ) , ,~~)  - tan-' (ij u 2  T ) 

and an ideal relay (Figure 1). HG(T,, z )  is given as the 
pulse transfer function of G(s) with a sampling time of T,. 
If there- is a periodic oscillation, then the period of oscil- 
lation P, is given by 

Astorm and Hagglund (1984) prove the theorem starting 
from ;he discrete-time state space equations. The result, 
HG(PJ2, -1) = 0, is obtained by finding the z-domain 
equivalent. The continuous-time response of an ideal relay 
(Figure 1) can be discretized at  the point when the relay 
switches. The z-transforms of the input and output are 
h/(z + 1) and 0, respectively. Since this is a self-oscillation 
system, tke propagation of the input is described by the 
gain HG(PJ2, -1). This equation can be used to find the 
priod of oscillation for a known system. In identification, 
P, is observed from the response, and one is able to use 
this to back-calculate the system parameters. Unlike the 
continuous-time analysis based on the primary harmonic, 
the discrete-time expression gives a sound basis for finding 
the system parameters, since no assumption is made in the 
derivation. 

On the bas@ of this theorem, a better relationship be- 
tween B, (or P,) and system parameters can be derived. 
For the transfer functions of interest (eqs 3-5), the fol- 
lowing results can be derived from the modified z-trans- 
form (see Appendix for the derivation of model 4). 
model 1 (first-order lag with time delay) 

&,, In 12 exp(D/T) - 11 

HG(P,/2, -1) = 0 

(8) 
?7 

T =  

model 2 (two equal first-order lags with time delay) 

T = 2x m + ( m -  1) exp ( -- :,)I/++ [ 
exP( - $1 [ex,( !?)( 1 + exp( - G)) - 2 1  (9) 

where 
DO, m = 1 - -  

x 

model 3 (three equal first-order lags with time delay) 

exp(amT)(l + exp( -~T) )~  - 2(1 + exp(-aT))2 + 
2aT[exp(-aT) - m(1 + exp(-aT))](1+ exp(-aT)) - 

a2P[m2 + (m2 - 1) exp(-aT) + 
exp(-aT)[(m - U2(1 + exp(-aT)) - 111 = 0 (10) 

DG,, 
where 

m = 1 - -  
x 

T = r/&, 

a = 1/r 

model 4 (two unequal first-order lags with time delay) 

Tl[ (2 exp(-%))/( 1 + e x P ( - s ) ) ]  - 71 = 

T2[(2exP(-~))/(1+exP(--&))]-T2 

where 
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De, m = 1 - -  
7r 

model 5 (two equal first-order lags and one first-order 

[-(a - b)2(1 + exp(-aT))2(1 + exp(-bT))/2] + 
lag with time delay) 

abT(a - b)  exp(-arnT)[(l- rn) exp(-aT) - m](l + 
exp(-bT)) - b(2a - b ) ( l  + exp(-aT))(l + exp(-br)) x 

exp(-amT) + a2(1 + exp(-aT)I2 exp(-brnT) = o (12) 

where 
DB, m = 1 - -  

7r 

T = n/&, 

a = 1/71 

Equations 8-12 show that for a given transfer function, 
ij, observed from a relay feedback experiment does not 
necessarily correspond to the frequency where the phase 
angle is -7r. For example, in the ATV method (Luyben, 
1987), for model 1, the following equation is employed to 
find the system parameter T. 

-7r = -e$ - tan-' (GUT) (13) 

Equation 13 differs substantially from eq 8, especially from 
systems with a small time delay; e.g., D is small. Therefore, 
the expressions derived here give a better approximation 
of G (8). 

Amplitude Ratio. The next step is to derive a better 
expression for the amplitude ratio a t  the ultimate fre- 
quency, since the expression in eq 3 is only an approxi- 
mation of the ultimate gain based on the first harmonic 
of the relay feedback system, which can be expressed in 
a Fourier series: 

u(t)  = -c (14) 

b = 1/72 

4h - sin ((2n + 1)wt) 
T n = l  2n + 1 

Taking a Laplace transform of the input, we have 

If the process G(s) is assumed to be three unequal first- 
order lags with time delay D 

Kpe-Ds 
(rls + 1)(7$4 + l ) ( ~ ~ s  + 1) G(s) = (16) 

then the output Y(s)  becomes 
Y(s) = 

exp(-De) 

With the inverse Laplace transform, the output becomes 

d ex,( - y) + f ex,( - y)I (18) 

where the constants c, d ,  and f are functions of n, w, 71, 
and 72 and 42n+l is the phase shift a t  (2n + 1)w. Under 
the self-oscillation condition, the output waveform (Figure 
1) becomes 

4hKp - 
~ ( t )  = - Csin [(2n + l)w(t - D) + 42n+1]/ 

7r "-1 

(2n + 1)([1+ ((2n + 1)71w)21[1 + ((2n + 1)72w)2] x 
[ l  + ((2n + 1)73w)2])'/2 (19) 

Therefore, it becomes obvious that the amplitude observed 
in the relay feedback response is the contribution from 
multiple frequencies, w = 0,39,53,  .... For a strictly proper 
system, the contribution from higher frequencies, e.g., 3 4  
is significantly less then that from the primary harmonic, 
as shown in eq 19. If only one term is employed, we have 

(20) 

This is exactly the formula employed in the ATV methqd 
in finding the system parameters (Luyben, 19871, since K, 
= 7ra/4h. In this work, eq 20 is employed in finding the 
system parameters. Specifically, we have 
model 1 

KP - T U  - -  
4h ([ l  + ( 7 1 ~ ) ~ ] [ 1  + ( ~ 2 ~ ) ~ ] [ 1  + (73W)2])1/2 

(21) 
KP - T U  - -  

4h [ l  + (~ i3 , )~ ] ' /~  

model 2 

model 3 

KP - 7rU - -  
4h [I + ( ~ e , ) ~ ] ~ / ~  

model 4 

(24) 
KP 

([I + (714,)2][1 + ( ~ ~ e ~ ) ~ ] } ~ / ~  
- T U  - -  

4h 

model 5 

(25) 

Identification Procedure. From the ongoing analysis, 
the procedure for the evaluation of the transfer function 
has the following steps: (1) same as (1) of the ATV me- 
thod, (2) same as (2) of the ATV method, (3) i3, and 7ra/4h 
(Figure 1) computed from the relay feedback experiment; 
(4) model 1-5 fitted to the data by solving the corre- 
sponding equations (eqs 8 and/or 21 for model 1, eqs 9 
and/or 22 for model 2, eqs 10 and/or 23 for model 3, eqs 
11 and 24 for model 4, and eqs 12 and 25 for model 5) for 
the unknown parameters. 

In models 1-3, the time constant 7 can be evaluated from 
two different equations and the difference between these 
T'S is an indication of the appropriateness of the model 
structure. Generally, the low-order model that fits the data 
is used (Luyben, 1987). Notice that this is only one way 
to evaluate transfer functions. If some information is not 
known, then a different step should be employed. For 
example, if Kp is not available, models 1-3 still can be 
evaluated, but models 4 and 5 require additional infor- 
mation (e.g., information at  different frequencies; Li et al., 
1991). Nonetheless, eqs 8-12 and 21-25 are generally 

KP - T U  - -  
4h [ l  + ( ~ ~ & , , ) ~ ] [ 1  + (T~G,)~] ' /~  
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Figure 2. Multiplicative errors of fiiborder plus dead time system 
obtained from different equations (eqs 8, 13, 21). 

applicable regardless of the procedure. 
Theoretically, one can have a better estimate of the 

amplitude ratio by employing more terms according to eq 
19. An iterative procedure is necessary if more than one 
term is employed (e.g., finding G(s) from the single-term 
solution and including the higher frequency information, 
w = 3&,, to find a new G(s), repeating the procedure until 
G(s) converges). However, experimental results show that 
the estimation of system parameters can be improved 
substantially by improving the expression for the period 
of oscillation alone, as shown in the next section. Fur- 
thermore, for higher order systems, there is little incentive 
to improve the expression for the amplitude by including 
more terms in eq 19 since higher order harmonics (e.g., w 
= 34, or w = 5 a,) contribute little to the amplitude. 

4. Results and Discussions 
Several examples are used to illustrate the advantages 

of the proposed procedure. Consider a first-order system 
with time delay 

1.65e-lo8 
G(s)  = - 20s + 1 

From a relay feedback experiment with h = 0.04, we have 
P, = 33.26 and a = 0.26. On the basis of this information 
we can back-calculate T. The 7's calculated from eqs 13 
and 21, the original ATV method, are 7 = 16.3 and 16.086, 
respectively. The propoeed method gives a better estimate 
in T, T = 19.97, by improving the expressiolfin the time 
period of oscillation alone (eq 8). The result from eq 8 is 
almost the exact solution (the difference may result from 
reading off a and P, from the response curve). Figure 2 
shows the multiplicative modeling error:, e, = J(G(iw) - 
G(iw)) /G(iw)l ,  for the transfer function G estimated from 
eqs 8,13, and 21. The results show that the error, e,, is 
significant less when T is calculated from eq 8 alone. 
Therefore, in this work, the expressions for the period of 
oscillation (eqs 8-10) are employed for identifying the 
system parameter for models 1-3. For the original ATV 
method, the time constant T for models 1-3 is obtained by 
taking the average of the values calculated from the cor- 
responding pair of equations (e.g., eqs 8 and 13 for model 
1). 

Next the effects of time delay on the estimation of ul- 
timate gain and ultimate frequency are also investigated. 

lo i 
I 

- R 5 t  e Proposed m e t h o d  
0 Onganal A T V m e t h o d  

10-1 100 10' 
D 

h t e Proposed m e t h o d  
0 Onganal A T V m e t h o d  

4 1  I 

-5 ' I 
10-1 100 101 

D 
Figure 3. Percent errors in K ,  and w, for the first-order lag over a 
range of time delay D. 

In the original ATV method Ku is calculated from eq 2 and 
0, is derived from eq 1. In the proposed method, K ,  and 
%, are back-calculated from the estimated transfer function 
G(s). Again, for the following transfer function 

1.65e-D* 
G(s) = - 20s + 1 

The percent errors in K,, and w,  are compared for these 
two methods over a range of time delay (D = 0.14%). The 
resulta F i e  3) show that the errors in K,  for the original 
ATV method are quite signifcant (520%). Furthermore, 
the error in w, is almost nil for the proposed method. The 
proposed method improves the estimation significantly. 
Similar behavior can also be observed for a second-order 
lag with time delay system. 

37.3e-D8 
(7200s + 1)(2s + 1) 

G(s) = 

Figure 4 shows a better estimation of d(s) can be achieved 
over a range of D (D < 10). Again, improvements can be 
made in finding the correct K ,  and w, by using a more 
accurate expression in the period of oscillation. 

Since the estimated transfer function is typically em- 
ployed in the analysis and design of the feedback control 
system, the "impact" of the modeling errors in closed-loop 
performance is evaluated. A model-based controller, IMC 
(internal model control), is employed to analyze the per- 
formance. One of the advantages of the model-based 
controllers, e.g., IMC, is that we can specify the desired 
trajectory in the design. Figure 5 compqes the set point 
responses of IMC when different models, Gs, are employed 
in the design of the controllers. For the first-order plus 
time delay system G(s) = 1.65e-lb/(20s + 11, the set pqint 
response of the control system, designed according to G(s) 
from the original ATV method, tends to be more sluggish 
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Figure 4. Percent errors in K ,  and wu for two unequal first-order 
lags with time delay systems over a range of delay time D. 

I 

O a t  

Desared  t r a j e c t o r y  
- - - P r o p o s e d  m e t h o d  ( E q  8 )  

Omganal ATV m e t h o d  

0 0  
0 20 40 60 80 100 

T z m e  
Figure 5. Set point respoQses of IMC designed according to the 
estimated transfer function G(s) obtained from the proposed method 
and the original ATV method (the closed-loop time constant is 20 
for the desired trajectory). 

than the desired trajectory (Figure 5). The proposed 
method improves this situation, as shown in Figure 5. 
Despite the fact that a tighter response can be achieved 
by shortening the closed-loop time constant under mod- 
eling errors, one has to realize that the value of a model- 
based controller is that one can foresee the closed-loop 
response. In other words, a good model always helps. 

Generally, the proposed method improves the estimation 
in G(s) at  the nominal condition (with perfect knowledge 
in Kp and D). The robusheas of the proposed method with 
respect to errors in the delay is investigated. Since the 

Provosed method 1 

t 4 E - 5 1  I 

1.65e-s G(s) = - 
20s + 1 

Figure 6 shows the estimate of K, and w, for both methods 
when the percent errors in time delay ranges from -50 to 
50%. Despite the fact that the errors in K, and w, are less 
for the proposed method over the reasonable range of 
errors in time delay, it is more sensitive to errors, as shown 
in Figure 6. Therefore, precaution should be taken in 
reading off the time delay from the initial responses. 

5. Conclusions 
Recently, system identification based on the relay 

feedback syatem, the ATV method, has become a standard 
practice in process control. However, this approach can 
lead to error if the system parame@ are estimated from 
the approximated ultimate gain (K,, eq 2) and ultimate 
frequency (G,, eq 1). Analytical expressions are derived 
for the period of oscillation (eqs 8-12) and amplitude ratio 
(eq 19). On the basis of these results, an identification 
procedure is proposed. The reaulta show that the proposed 
method results in a better estimate of the process transfer 
function. Precaution should be taken in reading off the 
time delay, since the proposed method is more sensitive 
to errors in time delay than the original ATV method. 
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Nomenclature 
a = amplitude of limit cycle 
D = time delay 
G(s) = nominal process transfer function 
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d(s) = estimated process transfer function 
HG(T,, z )  = pulse transfer function 
h = magnitude of relay output 
K = steady-state gain 

= ultimate gain 
K, = estimated ultimate gain 
€', = ultimate period 
P, = estimated ultimate period 
T, = sampling time 
u = input 
y = output 
z = t-transform variable 
Greek Symbols 
7 = time constant 
w = frequency 
w, = ultimate frequency 
0, = estimated ultimate frequency 
Acronyms 
ATV = autotune variation 

Appendix 

function is considered 
A two unequal first-order lag with time delay transfer 

Equation A1 can be decomposed into 

The pulse transfer function of G(s) is 

where 
al = 1 - exp( D 7) - T, 

a2 = exp( - ?)( exp( E)  - 1) 
a3 = -( exp(-?)) 

bl = 1 - exp( y ) D - T, 

b2 = exp( -:)( exp( E) - 1) 

b3 = -( exp( - :)) 
According to the theorem of k t r i im and Hiigglund, we 
have 
HG(Pu/2,-1) = 1 [ -( 1 - exp( -:12)) + exp(- 2) x 

(iXP( E) - 1 ) ] 4  1 + exp( -$)I) - 

I[-( 1 - exp( -:/2)) + exp( -2) x 
.- 

(eXP($1)]r2/[ 1 +exP(-;)]/ 

HG(Pu/2,-1) = 0 (A4) 

Rearranging eq A4, we get 

71 [ (2 exp(-%))/( 1 + exp(--?))] - 71 = 

1 2  [ ( 2 e x P ( - $ ) / ( l + e x P ( - z ) ) ] - 7 2  

(11) 

&uations 8-10 and 12 can be derived in a similar manner. 
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