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Elastic and thermal expansion behavior of two-phase composites
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Abstract

A first attempt has been made to propose a model to predict both the elastic constants and thermal expansion coefficient of two-phase composites.
The model assumes that the two-phase composite is composed of many identical unit cells, and each unit cell is composed of a continuous matrix
phase and an elongated particulate. The unit cell is further divided into several subunits; the two phases in each subunit are arranged either in series
or in parallel. By inputting the basic information of each phase, the model could predict the upper and lower bounds of various elastic constants
(e.g. elastic, shear and bulk moduli and Poisson’s ratio) and thermal expansion coefficient of two-phase composites. Comparisons between the
model predictions and available experimental measurements are carried out. There is an excellent match between the stimulated upper and lower
bounds and experimental data over the entire composition range.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction

The elastic and thermal properties of a monolithic material depend strongly on its bonding characteristics [1]. The performance
of two-phase composites usually does not obey simple mixture rules [2], and therefore, it is critical to develop a model which could
predict the elastic and thermal constants of composites. Without such a model, the design of composites with tailored elastic and
thermal properties would be nearly impossible. Nevertheless, it is not practical to offer predictions of fixed property values for a
certain composition. This is mainly due to the fact that the elastic constants and thermal expansion coefficient of a composite depend
strongly on the shape and distribution of the second phase [3,4]. Attempting a prediction of the upper and lower bound values of a
particular elastic or thermal property would seem to be more sensible; however, these two values need to be as close as possible for
a useful and precise prediction.

Although a lengthy literature has now been developed to predict the elastic constants and thermal expansion coefficient of
composites [3–27], a satisfactory separation between the upper and lower bound predictions is still lacking, especially for the
Poisson’s ratio [19]. Also, the existing modeling works for the elastic constants and thermal expansion coefficient are often carried
out on different bases. It has been demonstrated that the thermal expansion coefficient of a composite is strongly dependent on the
elastic properties of the phases within the composite [24–26]. The notion is logical since strains induced by temperature changes
usually fall within the elastic range, and the expansion of one phase within a composite is governed by the rigidity of its neighboring
phases. In the present study, a model which predicts both the elastic constants and thermal expansion coefficient of composites is
developed. The validity of the model is evaluated against the measured experimental data.

2. Modeling

The following assumptions are made to derive the model for both elastic and thermal expansion constants. The two-phase
composites are fully dense and their interfaces are strong. Therefore, it is not possible for the two components to separate at their
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Fig. 1. (a) Schematic of a short fiber reinforced composite. The composite is composing of many identical (b) units. (c) One unit is demonstrated by using Logo
blocks.

interfaces when the composite is loaded or heated. Additionally, only macro-composites are considered, namely, the scale of the
reinforcement is large compared to that of the atom size or grain size so that composite properties can be modeled by continuum
methods; and their properties are an appropriate average of those of the components.

2.1. Geometry

Most previous theoretical models on elastic constants treated the composite with isolated spherical particles [3,17]. Strictly
speaking, these models should apply only for the composite with low second phase content. Though the models can always find
some experimental data to support their feasibility over the entire composition range. However, one should note that the second
phase particulates bound to touch each other above a threshold amount. Furthermore, the mechanical properties depend strongly on
the shape of second phase. For example, the toughness of ceramic matrix composite is further enhanced by increasing the aspect
ratio of second phase [28,29]. Therefore, one should pay attention to the composites with the microstructure as demonstrated in
Fig. 1(a).

The composite shown in Fig. 1(a) can be visualized as a body composing of many unit cells as shown in Fig. 1(b) and (c). The
geometry of one unit cell is shown in Fig. 2(A). The white phase in the matrix is a continuous phase. The gray phase is the second
phase. The volume fraction of the second phase, Vp, can thus be related to its dimensions as

c = b

a
=

(
1

Vp

)1/2

− 1 (1)

where c is the ratio of a to b.

Fig. 2. (A) Dimensions of one unit cell and (B–D) the subunits. The volume fraction of each subunit is shown in Table 1.



C.-L. Hsieh, W.-H. Tuan / Materials Science and Engineering A 425 (2006) 349–360 351

Table 1
Volume fraction of the second phase in each subunit cell shown in Fig. 2

Sub-unit vol.%

V1 in Fig. 2(C) c
c+1

V2 in Fig. 2(C) 1
c+1

V3 in Fig. 2(D) 1
c+1

V4 in Fig. 2(D) c
c+1

By adopting the methodology proposed by Ravichandran [17], each unit cell can be further divided into two sub-units as shown
in Fig. 2(B). Within the sub-unit cell, the two phases are either in series or in parallel arrangement. The volume fraction of the second
phase in each sub-unit can be found in Table 1.

2.2. Elastic constants of composites

As two phases in a composite are arranged in parallel, the elastic modulus of the composite, Ec, is [20,21]

Ec,parallel = EaVa + EbVb (2)

For two in-series phases, the elastic modulus of the composite is [21,22]

1

Ec,series
= Va

Ea

+ Vb

Eb

(3)

The matrix and particulate in Fig. 2(C) and (D) are arranged in parallel and in series respectively as a load is applied in z-direction.
For the elastic modulus of the composite shown in Fig. 2(D), by taking Va = V4, Vb = V3, Ea = Em, Eb = Ep, and the values from
Table 1, the elastic modulus of the subunit is

EFig.2D = (1 + c)EmEp

cEp + Em
(4)

For the subunit shown in Fig. 2(C), by taking Va = V1, Vb = V2, Ea = Em, Eb = EFig.2D, the elastic modulus of the composite is

El
c = (1 + c + c2)EmEp + cE2

m

(1 + c)(cEp + Em)
(5)

One should note that neither iso-strain nor iso-stress assumptions is realistic [5]. The traction at interface is not equilibrium under
Fig. 2(C) condition; the interface could not remain intact under the Fig. 2(D) condition. The equality in Eq. (2) is true only when the
Poisson’s ratio of the two phases is the same. Nevertheless, the values predicted by Eqs. (2) and (3) are widely treated as the upper
and lower bounds of the elastic modulus of two-phase composite [1–4]. To take the three-dimensional nature of stress and strain
coupling into account, the elastic modulus of the composite with two phases arranged in series, is [21]

1

Ec,series
= Va

Ea

+ Vb

Eb

− 2((νb/Eb) − (νa/Ea))2

((1 − νb)/VbEb + (1 − νa)/VaEa)
(6)

By taking Va = V4, Vb = V3, Ea = Em and Eb = Ep, the elastic modulus of the subunit shown in Fig. 2(D) is

EFig.2D = EmEp(1 + c)[c(1 − νp)Em + (1 − νm)Ep]

(cEp + Em)[(1 − νm)Ep + c(1 − νp)Em] − 2c(νmEp − νpEm)2 (7)

For the subunit shown in Fig. 2(C), since Va = V1, Vb = V2, Ea = Em, Eb = EFig.2D (Eq. (7)), the elastic modulus of the unit cell is

Eu
c = [(1 + c + c2)EpEm + cE2

m][(1 − νm)Ep + c(1 − νp)Em] − 2c2Em(νmEp − νpEm)2

(1 + c)
{

(cEp + Em)[(1 − νm)Ep + c(1 − νp)Em] − 2c(νmEp − νpEm)2
} (8)

The Eqs. (5) and (8) are, respectively, the lower and upper bounds of the elastic modulus of the composite. The same methodology
can be used to derive the expressions for shear modulus and bulk modulus.

As the two phases in a composite are arranged in parallel and the composite is under a load in z-direction, the Poisson’s ratio of
the composite is [17,19]

νc,parallel = νaVa + νbVb (9)



352 C.-L. Hsieh, W.-H. Tuan / Materials Science and Engineering A 425 (2006) 349–360

If the two phases are in-series arrangement, the Poisson’s ratio of the composite is

νc,series = νaVaEb + νbVbEa

VaEb + VbEa

(10)

For the subunit shown in Fig. 2(D), the matrix and particulate are in series, by taking Va = V4, Vb = V3, Ea = Em, Eb = Ep, νa = νm and
νb = νp and the values from Table 1, the Poisson’s ratio of the subunit is

νFig.2D = cνmEp + νpEm

cEp + Em
(11)

Then combines the subunit in Fig. 2(D) and a block of matrix to form the subunit as shown in Fig. 2(C), and taking Va = V1, Vb = V2,
νa = νm, νb = νFig.2D (Eq. (11)) and the corresponding values from Table 1, the Poisson’s ratio of one unit cell is

νu
c = c(1 + c)νmEp + (cνm + νp)Em

(1 + c)(cEp + Em)
(12)

It assumes that there is no constraint for the elastic strain in lateral direction, the above equation thus corresponds to the upper value
of the Poisson’s ratio.

However, as long as the Poisson’s ratio of two phases are different, the stress and strain are bound to couple to each other in order
to maintain interface integrity. From Appendix A, the Poisson’s ratio of the composite with two in-series phases is

νc,series = [(1 − νb)Ea − (1 − νa)Eb]Va + (νaVaEb + νbVbEa)X

2(νbEa − νaEb)Va + (VaEb + VbEa)X

where X in the above equation is

X = (1 − νa)EbVb + (1 − νb)EaVa

(νaEb − νbEa)Vb

For the subunit shown in Fig. 2(D), the Poisson’s ratio of the subunit is

νFig.2D = c[(1 − νp)Em − (1 − νm)Ep](νmEp − νpEm) + (cνmEp + νpEm)[(1 − νm)Ep + c(1 − νp)Em]

(cEp + Em)[(1 − νm)Ep + c(1 − νp)Em] − 2c(νpEm − νmEp)2 (13)

The Poisson’s ratio of one unit cell is

νl
c =

[c(1 + c)νmEp + (νp + cνm)Em][(1 − νm)Ep + c(1 − νp)Em]

+ c(νmEp − νpEm)[(1 − νp)Em − (1 − νm)Ep − 2cνm(νmEp + νpEm)]

(1 + c)
{

(cEp + Em)[(1 − νm)Ep + c(1 − νp)Em] − 2c(νmEp − νpEm)2
} (14)

The above equation describes the lower bound of the Poisson’s ratio.

2.3. Thermal expansion coefficient of composites

For a composite containing two in-parallel phases, the thermal expansion of the composite is [26,27]

αc,parallel = αaEaVa + αbEbVb

EaVa + EbVb

(15)

As the two phases are in series arrangement in the composite, the thermal expansion coefficient of the composite is

αc,series = αaVa + αbVb (16)

The strain of a monolith in z-direction is contributed by both an external stress (in z-direction), σz, and an external temperature
change, �T, [1]

εz = σz

Ec
+ αc�T (17)

For a composite, the strain in z-direction of the composite is contributed by the strain from two in-series phases as

εz = ε̄a
zVa + ε̄b

zVb (18)

From Eq. (A.9), the total strain in loading direction is

εz =
[−2νa

Ea

σ̄a
x + 1

Ea

σ̄a
z + αa�T

]
Va +

[−2νb

Eb

σ̄b
x + 1

Eb

σ̄b
z + αb�T

]
Vb (19)
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As two phases are in-series arrangement under the load, the stress in each phase is the same, σ̄a
z = σ̄b

z = σz. Since there is no external
stress in x- and y-directions, from Eq. (A.6),

σ̄b
x = −

(
Va

Vb

)
σ̄a

x (20)

By knowing the above relationship and rearranging Eq. (19), the following equation is obtained,

[αc − αaVa − αbVb]�T = σ̄b
x

[
2νa

Ea

− 2νb

Eb

]
Vb + σz

[
Va

Ea

+ Vb

Eb

− 1

Ec

]
(21)

Assuming the interface remains in its perfect bonding, the lateral strain in each phase is the same, ε̄a
x = ε̄b

x. From Eqs. (A.10) and
(21) can be expressed as

1 − νa

Ea

σ̄a
x − νa

Ea

σ̄a
z + αa�T = 1 − νb

Eb

σ̄b
x − νb

Eb

σ̄b
z + αb�T (22)

since σ̄a
z = σ̄b

z = σz,

(αa − αb)�T = σ̄b
x

[
1 − νa

Ea

Vb

Va

+ 1 − νb

Eb

]
+ σz

[
νa

Ea

− νb

Eb

]
(23)

By comparing Eqs. (21) and (23), the following equation can be obtained,

αc,series = αaVa + αbVb + (αa − αb) × 2[(νa/Ea) − (νb/Eb)]

(1 − νa)/EaVa + (1 − νb)/EbVb

(24)

For the two phases in the subunit shown in Fig. 2(D), by taking Va = V4, Vb = V3, αa = αm, αb = αp and the corresponding values
shown in Table 1, then using Eq. (16), the thermal expansion of the subunit is

αFig.2D = cαm + αp

c + 1
(25)

Then, for the unit shown in Fig. 2(C), by taking Va = V1, Vb = V2, Ea = Em, Eb = EFig.2D (Eq. (4)), αa = αm, αb = αFig.2D (Eq. (25))
and using Eq. (15), the thermal expansion coefficient of one unit cell is

αl
c = (cαm + αp)EmEp + cαmEm(cEp + Em)

(c + 1)EmEp + cEm(cEp + Em)
(26)

The above equation corresponds to the lower bound of the thermal expansion coefficient.
For the subunit shown in Fig. 2(D), the two phases are in series arrangement, by taking Va = V4, Vb = V3, αa = αm, αb = αp, and

insert the above equation into Eq. (24), the following equation is derived,

αFig.2D = 1

c + 1

[
(cαm + αp)[(1 − νm)Ep + c(1 − νp)Em] + 2c(αm − αp)(νmEp − νpEm)

(1 − νm)Ep + c(1 − νp)Em

]
(27)

For the unit cell shown in Fig. 2(C), by taking Va = V1, Vb = V2, αa = αm, Ea = Em, αb = αFig.2D (Eq. (27)), Eb = EFig.2D (Eq. (7)) and
using Eq. (15), the following relationship is obtained,

αu
c = A + cαmEm

B + cEm
(28)

where A and B in the above equation are as following,

A = EpEm
{

(cαm + αp)[(1 − νm)Ep + c(1 − νp)Em] + 2c(αm − αp)(νmEp − νpEm)
}

(Em + cEp)[(1 − νm)Ep + c(1 − νp)Em] − 2c(νmEp − νpEm)2 (29)

B = (1 + c)EpEm[(1 − νm)Ep + c(1 − νp)Em]

(Em + cEp)[(1 − νm)Ep + c(1 − νp)Em] − 2c(νmEp − νpEm)2 (30)

The Eq. (28) is the upper bound for the thermal expansion coefficient.
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3. Comparison

3.1. Elastic constants

Figs. 3–5 show the comparison between the model predictions and experimental data [17,30–38]. The basic properties of each
phase in the composites are shown in Table 2. Despite the elastic moduli ratio, Ep/Em, varies in a wide range from 3.2 (for Co–WC
composites) to 21 (for epoxy-glass fiber composites), the upper and lower bounds proposed in the present study covers most of the
experimental data.

Fig. 3. Elastic modulus of Co–WC composites as function of WC content.

Fig. 4. Elastic modulus of Al–SiC composites as function of SiC content.

Table 2
Elastic moduli, Poisson’s ratio and thermal expansion coefficient of the matrix and second phase for the composites collected in the present study

Systems (matrix-2nd phase) Em (GPa) Ep (GPa) Ep/Em νm νp νp/νm αm (ppm ◦C−1) αp (ppm ◦C−1) αm/αp

Co–WC [30] 207 661 3.2 0.31 0.19 0.61 14 5.2 2.7
Al–SiC [17,31,32,39] 70 450 6.4 0.39 0.22 0.56 22 5.0 4.4
Epoxy–glass fiber [30,33–37,40] 3.5 73 21 0.35 0.22 0.63 – – –
Cu–diamond [44,45] 124 1000 8.1 0.34 0.20 0.59 19 2.2 8.6
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Fig. 5. Elastic modulus of epoxy–glass fiber composites as function of glass fiber content.

The Hashin and Shtrikman (H–S) bounds are also shown for comparison. The H–S model offers predictions for bulk and shear
moduli as [13]

Kl
c = Km + Vp

1/(Kp − Km) + 3Vm/(3Km + 4Gm)
(31)

Ku
c = Kp + Vm

1/(Km − Kp) + 3Vp/(3Kp + 4Gm)
(32)

Gl
c = Gm + Vp

1/(Gp − Gm) + 6(Km + 2Gm)Vm/5Gm(3Km + 4Gm)
(33)

Gu
c = Gp + Vm

1/(Gm − Gp) + 6(Kp + 2Gp)Vp/5Gp(3Kp + 4Gp)
(34)

The upper and lower bounds on the elastic modulus are derived by using the following equation as

El
c = 9Kl

cG
l
c

3Kl
c + Gl

c
(35)

Eu
c = 9Ku

cG
u
c

3Ku
c + Gu

c
(36)

The H–S model was chosen for its wide popularity. Its popularity is based on the fact that the model offers coverage over the
experimental data; furthermore, the separation between the upper and lower bounds is relatively narrow.

The modulus ratio, Ep/Em, of the two phases in the composites shown in Figs. 3 and 4 is smaller than 10. For these composites, the
upper and lower bounds proposed in the present study is close to the H–S bounds. However, as the moduli ratio, Ep/Em, is larger than
20, Fig. 5, the bounds proposed in the present study are relatively closer to each other. It demonstrates that the model proposed in
the present study can also offer prediction on the elastic modulus of composites. The model has also been applied to the comparison
with the bulk and shear modulus. The match between theoretical predictions and experimental data can also be found. The improved
correlation between the predictions and experimental data may result from the geometry of the model used in the present study.

Figs. 6–8 show the experimental data on the Poisson’s ratio of several composites [17,37,39,40]. Though exhaustive search has
been conducted, it was a surprise to the present authors that the sparse of the available data. It implies that the investigation on
Poisson’s ratio has attracted relatively little attention.

The basic properties of each phase in these composites are also shown in Table 2. The model predictions proposed in the
present study cover most the experimental data. One may note that the separation between the upper and lower bounds shows strong
dependence on Ep/Em, less dependence on νp/νm. One can also note that the separation between the upper and lower bounds increases
significantly with the increase of Ep/Em.
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Fig. 6. Poisson’s ratio of Co–WC composites as function of WC content.

Fig. 7. Poisson’s ratio of Al–SiC composites as function of SiC content.

Fig. 8. Poisson’s ratio of epoxy–glass fiber composites as function of glass fiber content.
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Fig. 9. Thermal expansion coefficient of Co–WC composites as function of WC content.

The bounds predicted by using the H–S model are also shown in the figures. The Poisson’s ratio of the composites was calculated
by using the bulk and shear moduli as following [18,41].

νl
c = 3Kl

c − 2Gu
c

6Kl
c + 2Gu

c
(37)

νu
c = 3Ku

c − 2Gl
c

6Ku
c + 2Gl

c
(38)

As the Ep/Em ratio is smaller than 10, the upper and lower bounds on Poisson’s ratio are very close to those of the H–S model,
Figs. 6 and 7. Furthermore, the upper and lower bounds proposed in the present study cover more experimental data than those
predicted by the H–S models. As the elastic modulus ratio is larger than 20 (Fig. 8), the bounds proposed in the present study is
closer than those from H–S model. It demonstrates the improved prediction on the Poisson’s ratio by applying the present model.
In the present study, the stress-strain coupling is taken into account. Furthermore, since the Poisson’s ratio is derived from the shear
and bulk moduli (Eqs. (37) and (38)); better description on the moduli results in improved prediction on Poisson’s ratio. However,
the match between the prediction and experimental measurements is still disappointing. The present authors would think that the
stress–strain coupling in three dimensions plays an important role on the Poisson’s ratio. Though the approach proposed by Owen
and Koller [21] has been adopted in this study to solve the problem, the predictions on the Poisson’s ratio are not satisfactory. It
suggests that a more comprehensive solution on Poisson’s ratio is still needed.

3.2. Thermal expansion coefficient

The experimental data on the thermal expansion coefficient of the Co–WC, Al–SiC and Cu–diamond composites are shown in
Figs. 9–11 [42–45]. The basic properties of each phase in the composites are shown in Table 2. Though the thermal expansion
coefficient ratio, αm/αp, for the composites varies in a large range, from 1.9 to 8.6, the match between the model predictions and
experimental data has been found.

After comparing various previous models [22–27] for thermal expansion coefficient, Kerner and Schapery model predictions
offer the largest and lowest values for the experimental data. Therefore, the predictions proposed by Kerner (Eq. (39)) and Schapery
(Eq. (40)) are also shown in the figures. The Kerner and Schapery models are shown respectively below [24,25],

αc = αmVm + αpVp + VmVp(αp − αm) × Kp − Km

VmKm + VpKp + (3KmKp/4Gm)
(39)

αc = αp + (αm − αp)
(1/Kc) − (1/Kp)

(1/Km) − (1/Kp)
(40)

The upper and lower bounds proposed in the present study and Kerner–Schapery bounds show coverage on the experimental data.
However, the bounds proposed in the present study offer a slightly better coverage on the experimental data. It demonstrates that the
thermal expansion behavior of composite depends strongly on its elastic constants. Precise description on the elastic moduli ensures
improved prediction on the thermal expansion coefficient.
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Fig. 10. Thermal expansion coefficient of Al–SiC composites as function of SiC content.

Fig. 11. Thermal expansion coefficient of Cu–diamond composites as function of diamond content.

4. Conclusions

A modified unit-cell model is proposed in the present study. The model offers a pair of upper and lower bounds on the elastic
constants and thermal expansion coefficient. The predictions cover a number of experimental data sets over entire composition range.
The model predictions proposed in the present study are also compared with other theoretical models. Improved predictions on the
experimental data are observed.
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Appendix A

Assuming that there are two in-series phases, A and B, in a composite, no displacement or slip takes place at the interface as an
external load and/or a temperature change are applied onto the composite. The strain induced by the elastic and thermal stresses,
Fig. 4(c), is as following [1]:

εz = σz

Ec
+ αc�T (A.1)
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For each phase, the strain in A or B is

ε̄a,b
z = σ̄a,b

z

Ea.b

+ αa,b�T (A.2)

Assuming that the stress is in the z-direction, the stress is

σz = Ec(εz − αc�T ) (A.3)

The stress in each phase A or B can be expressed as,

σ̄a,b
z = Ea,b(ε̄a,b

z − αa,b�T ) (A.4)

By taking the volume fraction of A and B into account as

σz = σ̄a
z Va + σ̄b

z Vb (A.5)

σx,y = σ̄a
x,yVa + σ̄b

x,yVb (A.6)

εz = ε̄a
zVa + ε̄b

zVb + αc�T (A.7)

εx,y = ε̄a
x,yVa + ε̄b

x,yVb + αc�T (A.8)

The Poisson’s ratio effect is also needed to be considered, namely the lateral strain is also considered, the strain in each direction is

ε̄a,b
z = −2νa,b

Ea,b

σ̄a,b
x + 1

Ea,b

σ̄a,b
z + αa,b�T (A.9)

ε̄a,b
x = 1 − νa,b

Ea,b

σ̄a,b
x − νa,b

Ea,b

σ̄a,b
z + αa,b�T (A.10)

Since the Poisson’s ratio is the ratio of the strain in x- (or y-) direction to that of z-direction as

ν = −εx

εz

(A.11)

The expressions for εx and εz can be found from Eqs. (A.5)–(A.10). For a composite with two in-series phase at constant temperature
condition (�T = 0), the Eq. (A.11) can then transform into

νc,series = − [((1 − νa)/Ea)σ̄a
x − (νa/Ea)σ̄a

z ]Va + [((1 − νb)/Eb)σ̄b
x − (νb/Eb)σ̄b

z ]Vb

[(−2νa/Ea)σ̄a
x + (1/Ea)σ̄a

z ]Va + [(−2νb/Eb)σ̄b
x + (1/Eb)σ̄b

z ]Vb

(A.12)

In order to maintain interface integrity, the strain along the interface of two in-series phases is the same. From Eq. (A.10),

1 − νa

Ea

σ̄a
x − νa

Ea

σ̄a
z = 1 − νb

Eb

σ̄b
x − νb

Eb

σ̄b
z (A.13)

The stress in x-direction is zero, from Eq. (A.6),

σ̄b
x = −

(
Va

Vb

)
σ̄a

x (A.14)

By knowing Eq. (A.14), the Eq. (A.13) can be changed into

σ̄a
z = σ̄b

z = (1 − νa)EbVb + (1 − νb)EaVa

(νaEb − νbEa)Vb

σ̄a
x (A.15)

Since the expressions for the stress in x- and z-directions are known, the Poisson’s ratio of two in-series phases is

νc,series = [(1 − νb)Ea − (1 − νa)Eb]Va + (νaVaEb + νbVbEa)X

2(νbEa − νaEb)Va + (VaEb + VbEa)X
(A.16)

where X in the above equation is as following:

X = (1 − νa)EbVb + (1 − νb)EaVa

(νaEb − νbEa)Vb

(A.17)
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