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The dielectrophoretic force and torque on an ellipsoid were derived in an arbitrary time varying
electric field using the effective moment method. The result depends on the local instantaneous
electric field felt by the particle and the polarization history experienced by the particle. In addition
to the crossing trajectory effect for a moving particle in a nonuniform field in literatures, the
polarization history effect is also significant for a particle when it rotates at a speed of the same
order or greater than the electric frequency. The result may find applications to the ac electrokinetic
manipulation of particles. © 2007 American Institute of Physics. �DOI: 10.1063/1.2721398�

Dielectrophoresis is an effective tool in the manipulation
of particles,1 and its fundamentals can be found from Jones.2

As a particle moves during the manipulation, it cuts across
the spatial nonuniform field with varying velocities, and is
thus exposed to an arbitrary time varying electric field and
experiences unsteady viscous drag and resistive torque from
the surrounding fluid, in general. Recently, Yang and Lei3

have derived the dielectrophoretic force and torque on a
sphere in an arbitrary time varying electric field. The present
work is to extend the theory of Yang and Lei3 to ellipsoidal
particles, with particular emphasis paid to the effect of par-
ticle rotation, which exists also in spherical particle and was
not discussed.

Consider a homogeneous ellipsoidal particle with semi-
axes a, b, and c, such that a�b�c. Cartesian coordinates

��1 ,�2 ,�3�, with unit vectors ��1̂ ,�2̂ ,�3̂�, are fixed at the cen-
ter of the ellipsoid, with �1, �2, and �3 along the semiaxes a,
b, and c, respectively. Consider first the case when the ellip-
soid is subjected to an arbitrary time �t� varying electric field
along the �1 direction,

E�t� = E1�t��1̂ . �1a�

In terms of the Fourier integral, the magnitude can be ex-
pressed as

E1�t� = �
−�

�

E1����ej�td� , �1b�

where j=�−1. For each Fourier component E1�ej�t, the in-
duced complex effective dipole moment can be found from
Ref. 2 as m1�ej�t, where

m1� = 4��mabcE1�K1
*

= 4��mabcE1�

�p
* − �m

*

3��m
* + ��p

* − �m
* �L1�

, �2a�

with K1
* the complex Clausius-Mossotti factor along the �1

direction, L1 the depolarization factor along the �1 direction
as defined on Ref. 2 and �m

* =�m+�m / �j�� and �p
* =�p

+�p / �j��. Here �m��m� and �p��p� are the permittivities
�conductivities� of the surrounding medium and the particle,
respectively. After some manipulations, Eq. �2a� becomes

m1� = 4��mabcE1�K1�1 +
�1

	MW1
−1 + j�

� , �2b�

where

K1 =
�p − �m

3L1�p + �3 − 3L1��m
, �1 =

1

	o
−

1

	MW1
,

	0 =
�p − �m

�p − �m
, 	MW1 =

L1�p + �1 − L1��m

L1�p + �1 − L1��m
. �3�

Here 	MW1 is the relaxation time for Maxwell-Wagner sur-
face polarization along the �1 direction. With Eqs. �2b� and
�1b�, and E1����=1/2�	−�

� E1�	�e−j�	d	, the inverse Fourier
transform, the induced effective dipole moment for the arbi-
trary electric field in Eq. �1a� can be obtained via superposi-
tion in a way similar to that in Lei et al.4 The result is

m1�t� = �
−�

�

m1�ej�td� = 4��mabcK1
E1�t�

+
�1

2�
�

−�

� ��
−�

� ej��t−	�

	MW1
−1 + j�

d��E1�	�d	�
= 4��mabcK1
�E1�t�

+
�1

2���−�

t ��
−�

� ej��t−	�

	MW1
−1 + j�

d��E1�	�d	

+ �
t

� ��
−�

� e−j��	−t�

	MW1
−1 + j�

d��E1�	�d	�� , �4a�

m1�t� = 4��mabcK1
E1�t� + �1�
−�

t

Q1E1�	�d	� , �4b�

where Q1=exp�−�t−	� /	MW1�. There are two definite inte-
grals over � involving complex values in Eq. �4a�. Only the
real part of the first integral is nonzero, which leads to Eq.
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�4b�. The imaginary parts of the first integral and the second
integral are identically zero. For a three dimensional arbi-

trary time varying field E�t�= �
n=1

3

En�t��n̂, instead of Eq. �1a�,

the corresponding induced effective dipole moment for the
ellipsoid can be found via superposition as

m�t� = 4��mabc�
n=1

3

Kn�En�t� + �n�
−�

t

QnEn�	�d	��n̂,

�5�

where Kn, �n, and Qn are the same as K1, �1, and Q1, with
the subscript 1 replaced by n.

As in Yang and Lei,3 there are two origins for the time
variation of the field felt by a moving particle: one is the
temporal variation of the field itself and the other is caused
by the translation of the particle in a spatially nonuniform
field and was named as the “crossing trajectory effect.” The
time variation of m�t� is thus more appropriate to be repre-
sented as m�Y�t� , t� to emphasize the crossing trajectory ef-
fect, where Y�t� is the displacement of the center of the
particle at time t. When the ellipsoidal particle is moving
through a time and spatial varying electric field, it rotates, in
general, as it translates, which implies that the directions of

the unit vectors ��1̂ ,�2̂ ,�3̂� also change with time. Even when
a particle rotates constantly in a dc field, it experiences a
time varying field in a frame fixed with respect to it. Thus the
particle rotation itself is another source of time varying field
experienced by the particle, which was not discussed in Yang
and Lei.3 Therefore, for a clear illustration of the physics, we
rewrite Eq. �5� as

m�Y�t�,t� = 4��mabc�
n=1

3

Kn�En�Y�t�,t�

+ �n�
−�

t

QnE�Y�	�,	� · �n̂�	�d	��n̂�t� . �6�

The n component of the field, En�	�, felt by the particle at
time 	 when it is at Y�	� in Eq. �5� is written in Eq. �6� as

En�	�=En�Y�	� ,	�=E�Y�	� ,	� ·�n̂�	� to emphasize that the

direction of the unit vector �n̂�	� at a previous time 	 is

different from �n̂�t� at the current time t. Here �Y�	� ,−�


	� t and ��1̂�	� ,�2̂�	� ,�3̂�	� ,−�
	� t describe the his-
tory of the displacement and orientation of the particle, re-
spectively. Six scalar variables, three components of Y�	�,
and three Euler angles for depicting the orientation of the
particle axes are required for a full description of the motion
of the particle, which are governed by the conservation of
linear and angular momentum according to Newton’s second
law. Once these six variables are known, one may evaluate
the induced effective dipole moment according to Eq. �6�,
and then the dielectrophoretic force and torque using the ef-
fective moment method.2 After some manipulation, we found

F�Y�t�,t� = m�Y�t�,t� · �E�Y�t�,t�

= 4��mabc
 1

2
� �

n=1

3

KnEn
2�Y�t�,t�

+ �
n=1

3

Kn�n�
–�

t

QnEn�Y�	�,	�
�E�Y�t�,t�

��n
d	�

�7a�

and

T�Y�t�,t� = m�Y�t�,t� � E�Y�t�,t� = �
n=1

3

Tn�Y�t�,t��n̂�t� ,

�7b�

where

Tn�Y�t�,t� = 4��mabc
�Kp − Kq�Ep�Y�t�,t�Eq�Y�t�,t�

+ �
−�

t

�Kp�pQpEp�Y�	�,	�Eq�Y�t�,t�

− Kq�qQqEq�Y�	�,	�Ep�Y�t�,t��d	� . �7c�

The index notation of Eq. �7c� is as follows. When n=1,
p=2, and q=3; when n=2, p=3, and q=1; when n=3,
p=1, and q=2.

Equations �6� and �7� can be validated by checking
against the special cases in literatures. Consider the particle
in a unidirectional spatially uniform ac field, E�t�
=E0 cos��t��1̂, where E0 and � are constants. The particle
remains stationary at its original position, and Eq. �6� re-
duces to Eq. �5.26� of Ref. 2. If the particle is further a
sphere and is allowed to rotate with a constant angular ve-
locity � perpendicular to the field, we calculated the torque
using Eqs. �7b� and �7c� and found the same result as Eq.
�4.16� of Ref. 2, which was studied previously by Turcu.5

For a spherical particle with radius R, we have a=b=c
=R, Ln=1/3, Kn=K= ��p−�m� / ��p+2�m�, 	MWn=	MW= ��p

+2�m� / ��p+2�m�, �n=�=1/	0−1/	MW, and Qn=Q=exp
�−�t−	� /	MW�, for n=1, 2, and 3. Equation �6� becomes

m�Y�t�,t� = 4��mR3K
E�Y�t�,t�

+ ��
−�

t

Q�
n=1

3

��E�Y�	�,	� · �n̂�	���n̂�t��d	� .

�8�

If the particle does not rotate as it translates, �n̂ �n=1,2 ,3�
are fixed vectors for all the time, and Eq. �8� becomes

m�Y�t�,t� = 4��mR3K
E�Y�t�,t�

+ ��
−�

t

QE�Y�	�,	�d	� , �9�

which is the same as that in Yang and Lei.3
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As shown in Eqs. �6� and �7�, the induced effective di-
pole moment, the dielectrophoretic force, and the dielectro-
phoretic torque depend on the instant field felt by the particle
and the polarization history experienced by the particle. Such
results are similar to those for the sphere3 except there are
geometric dependences in the present results for ellipsoids as
reflected by the parameters Kn and 	MWn, with n=1, 2, or 3.
Yang and Lei3 found that the polarization history effect in the
equations �the integral terms� is significant for a moving
spherical particle when it is traveling with a sufficiently high
speed, when it is traveling across a nonuniform field with a
sufficiently small length scale, or when the applied electric
frequency is relatively low. Such findings hold qualitatively
for the present ellipsoid particles by carrying out a similar
analysis as that in Ref. 3. The only physics �other than the
geometric effect� that is new in the present result is the effect
of particle rotation. Consider an ellipsoidal particle which is

rotating with a constant speed  about the �3̂ axis in a gen-
eral two dimensional quasistatic ac field with frequency �,6

E�x,y,t� = E0x cos��t + �x�x̂ + E0y cos��t + �y�ŷ . �10�

Here the field amplitudes E0x and E0y and the phase compo-
nents �x and �y are functions of the Cartesian coordinates

�x ,y� for describing the electric field, with �x̂ , ŷ� the corre-
sponding unit vectors. The �3 axis is perpendicular to the xy
plane. The unit vectors of the body fixed coordinates can be

expressed as �1̂�	�= x̂ cos �+ ŷ sin � and �2̂�	�=−x̂ sin �
+ ŷ cos �, where �=	 and −��	� t. The induced effective
dipole moment components, m1�Y�t� , t� and m2�Y�t� , t�, in
Eq. �6� and the torque in Eq. �7b� can then be calculated by
carrying out the integration. For an axial symmetric ellip-
soid, such as an oblate spheroid �a=b� or a sphere, L1=L2,
the torque of the particle with its center at �x ,y� at time t is

found to be T�x ,y , t�=T3�x ,y , t��3̂, with the time averaged
torque magnitude,

�T3� = − 2��ma2c�0.5�E0x
2 + E0y

2 ��− Im�K1
*�� + ��

+ Im�K1
*�� − ��� + E0xE0y�Im�K1

*�� + ��

+ Im�K1
*�� − ���sin��x − �y� . �11�

Here the complex Clausius-Mossotti factor K1
*��±� is the

same as that defined in Eq. �2a� except that the frequency
� is replaced by the reduced frequency, �±, and
“Im�K1

*��±��” is the imaginary part of “K1
*��±�.” The

first term on the right hand side of Eq. �11� involving the sum
of the square of the field magnitudes is contributed by the
self-spinning of the particle, and is identically zero if =0.
The second term on the right hand side of Eq. �11� involving
the phase difference of the field is associated with the electric
rotation of the ac field for �x��y. For a purely rotational ac
field, we have E0x=E0y =E0=constant and �x−�y =� /2, Eq.
�11� reduces to �T3�=−4��ma2cE0

2 Im�K1
*��−��, as in

Ref. 2. For a sphere with radius R rotating constantly in a
nonrotational ac field with �x=�y, E0x=E0, and E0y =0, Eq.
�11� reduces to �T3�=−��mR3E0

2�−Im�K*��+��+Im�K*��
−���, which is the same as that in Turcu.5 Here we write
K1

*��±� as K*��±� for spherical particles. To illus-
trate the effect of particle rotation on the torque in Eq. �11�,
we plotted 0.5�−Im�K*��+��+Im�K*��−�� and
0.5�Im�K*��+��+Im�K*��−�� for spherical particles
with �p /�0=5 and �p=1�10−6 S/m in the medium �water�
with �m /�0=78.5 and �m=1�10−7 S/m in Figs. 1 and 2,
respectively, for different values of �	MW and 	MW. Here
�0 is the permittivity of free space. The curve for 	MW=0
in Fig. 2 corresponds to the result without particle rotation.
By comparing different curves in Figs. 1 and 2 with the
curve for 	MW=0 in Fig. 2, together with the form in Eq.
�11�, it is found that the effect of particle rotation is signifi-
cant when the electric frequency � is of the same order or
less than the angular speed of the particle, .
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FIG. 1. Variation of the factor for the effect of particle spinning on the
torque in Eq. �11�, 0.5�−Im�K*��+��+Im�K*��−��, with various di-
mensionless rotation speeds and electric frequencies.

FIG. 2. Variation of the factor for the effect of electric rotation on the torque
in Eq. �11�, 0.5�Im�K*��+��+Im�K*��−��, with various dimensionless
rotation speed and electric frequencies.
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