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Abstract

In previous articles, the authors introduced Lagrange multiplier based fictitious domain methods. Their goal in the present article is to
apply a generalization of the above methods to simulate the motion of a neutrally buoyant ellipsoid in a three-dimensional Poiseuille flow
and to investigate its rotational and orientational behavior via direct numerical simulations. We find distinctive states depending on the
Reynolds number ranges and the shape of the ellipsoid.
� 2007 Elsevier B.V. All rights reserved.
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1. Introduction

The motion of particles in a channel is relevant to a
variety of applications in many chemical engineering and
biological processes, such as suspension process, sedimenta-
tion, blood flow, and flow cytometry. Understanding this
motion has become more important with the recent advent
of microfluidic devices used for many cell-based assays. The
study of the motion of non-spherical particles in viscous flu-
ids has a long history. Jeffery [16] solved the motion of a free
ellipsoid in various types of unbounded shear flow under
Stokes flow conditions. He concluded that the final state
of a spheroid depended on its initial orientation and pos-
sesses the minimum energy dissipation. The experiments
of Segré and Silberberg [32,33] have had a large influence
on fluid mechanics studies of migration and lift of particles.
They studied the migration of dilute suspensions of neu-
trally buoyant spheres in a tube flow. The particles migrate
away from the wall and centerline and accumulate at about
0045-7825/$ - see front matter � 2007 Elsevier B.V. All rights reserved.

doi:10.1016/j.cma.2007.09.006

* Corresponding author. Tel.: +1 713 743 3448; fax: +1 713 743 3505.
E-mail address: pan@math.uh.edu (T.-W. Pan).
0.6 of the tube radius from the centerline. Karnis et al. [17]
verified the same phenomenon and observed, in contrary to
Jeffery’s theory, that the inertial effect migrates nonspheri-
cal particles to a final equilibrium distance in the tube at
which the long axis of a rod-like particle rotates within
the plane passing through the central axis of the tube and
the mass center of the particle; but for a disk-like particle,
it rotates with its short axis perpendicular to the plane pass-
ing through the central axis of the tube and the mass center
of the disk. Comprehensive reviews of experimental and
theoretical works have been given by Brenner [3], Cox
and Mason [6], Feuillebois [10], Harper and Chang [15],
Leal [18], and McLaughlin [20] among others.

Direct numerical simulations have been used for under-
standing particle motion in shear flows. Feng et al. [9]
investigated the motion of neutrally buoyant and non-neu-
trally buoyant circular particles in plane Couette and
Poiseuille flows using a finite element method and obtained
qualitative agreement with the results of perturbation the-
ories and of experiments. Ding and Aidun [8] has used a
lattice Boltzmann method to study the effect of inertia on
the dynamics of a solid particle (a disk, an ellipse, and an
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Fig. 1. An example of three-dimensional flow region with one rigid body.
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ellipsoid) suspended in shear flow. Qi and Luo [29,30] have
used a lattice Boltzmann method to study the rotational
and orientational behavior of a neutrally buoyant ellipsoi-
dal particle in Couette flow and found different states
depending on the Reynolds number ranges and the shape
of particle. Pan and Glowinski have generalized the distri-
buted Lagrange multiplier/fictitious domain method (DLM/
FD) for the numerical simulation of particulate flow (see
[11,13,14]) to the case where the particles are neutrally
buoyant in [22] for two-dimensional flows and confirmed
via simulations that the phenomenon of collisions between
particles is one of the key factors driving particles to the
central region of the plane Poiseuille flow. Concerning
three-dimensional computational results, Yang et al. [34]
have recently studied the migration of a neutrally buoyant
ball in a tube Poiseuille flow by using an arbitrary Lagrang-
ian–Eulerian moving mesh technique. Pan and Glowinski
[23] have extended the DLM/FD method to simulate the
migration of a neutrally buoyant ball in a three-dimen-
sional tube Poiseuille flow. Their results are in good agree-
ment with those obtained in [34]. Yu et al. [35] have also
investigated extensively the motion of a spherical particle
in a tube including non-neutrally and almost neutrally
buoyant cases via a finite-difference-based DLM/FC
method. In this article, we have extended the DLM/FD
method in [23] to the situation of non-spherical particles
and performed simulations of the motion of a neutrally
buoyant ellipsoid in a tube Poiseuille flow. We have inves-
tigated the migration and rotational behavior of a neutrally
buoyant ellipsoid at Reynolds numbers up to 80 and found
its rotation exhibits distinctive states depending on the
Reynolds number ranges and the shape of particle. The
content of this article is as follows: In Section 2, we discuss
a fictitious domain formulation of the model problem con-
cerning the case of a neutrally buoyant particle of general
shape moving freely in a three-dimensional Poiseuille flow;
then in Section 3 we discuss briefly the time and space dis-
cretization issues, and in Section 4 we present and com-
ment the results of numerical experiments involving
neutrally buoyant prolate and oblate ellipsoids.

2. A fictitious domain formulation of the model problem

All the fluid–solid interactions to be considered in this
article concern the flow of fluid–solid particle mixtures in
a cylindrical tube (denoted by T in the sequel) with a circu-
lar cross-section. In order to take a full advantage of the
fictitious domain approach we will embed T in a cylindrical
tube (denoted by X) with a square cross-section whose edge
length is equal to the diameter of the T cross-section. We
will start our discussion with a one particle situation.
Therefore, let X � R3 be a rectangular parallelepiped. We
suppose that X is filled with a Newtonian incompressible vis-

cous fluid (of density qf and viscosity lf) and that it contains
a moving neutrally buoyant rigid particle B centered at
G = {G1,G2,G3}t of density qf, as shown in Fig. 1, which
shows also the inclusion in X of the cylinder T mentioned
above; we suppose that the central axis of both cylinders
is parallel to the x3-axis. The flow is modeled by the
Navier–Stokes equations while the particle motion is
described by the Euler–Newton’s equations. We introduce
(with dx = dx1 dx2 dx3) the following functional spaces:

W 0;P ¼ fvjv 2 ðH 1ðXÞÞ3;
v ¼ 0 on the top; bottom; front;

and back of X and v is periodic in the x3 directiong;

L2
0 ¼

�
qjq 2 L2ðXÞ;

Z
X

qdx ¼ 0

�
;

K0ðtÞ ¼ fljl 2 ðH 1ðBðtÞÞÞ3; < l; ei>BðtÞ ¼ 0;

< l; ei �Gx
!
>BðtÞ ¼ 0; i ¼ 1; 2; 3g;

KT ¼ fljl 2 ðH 1ðX n TÞÞ3;l is periodic in the x3 directiong

where e1 = {1,0,0}t, e2 = {0,1,0}t, e3 = {0,0,1}t, and
where hÆ, ÆiB(t) (resp., hÆ, ÆiT) is an inner product on K0(t)
(resp., KT) (see [14] (Section 5) and [11] (Chapter 8) for fur-
ther information on the choice of hÆ, ÆiB(t)). Above, and
from now on, periodicity in the x3 direction means period-
icity of period L, L being the common length of the trun-
cated cylinders X and T. Then, the distributed Lagrange
multiplier based fictitious domain formulation for the flow
around a freely moving neutrally buoyant particle of gen-
eral shape inside a cylindrical tube reads as follows (see
[24,25] for a detailed discussion of the non-neutrally buoy-
ant case):

For a:e: t > 0; find uðtÞ 2 W 0;P ; pðtÞ 2 L2
0;VGðtÞ

2 R3; GðtÞ 2 R3;xðtÞ 2 R3; kðtÞ 2 K0ðtÞ; kT

2 KT such that

qf

R
X

ou
ot þ ðu � $Þu
� �

� vdxþ 2lf

R
X DðuÞ : DðvÞdx

�
R

X p$ � vdx� < k; v>BðtÞ� < kT ; v>T

¼ qf

R
X g � vdxþ

R
X F � vdx; 8v 2 W 0;P ;

8><
>: ð1Þ
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Z
X

q$ � uðtÞdx ¼ 0; 8q 2 L2ðXÞ; ð2Þ

hl; uðtÞiBðtÞ ¼ 0; 8l 2 K0ðtÞ; ð3Þ

hlT ; uðtÞiT ¼ 0; 8lT 2 KT ; ð4Þ

dG

dt
¼ VG; ð5Þ

dxi

dt
¼ VG þ x�Gx

!
i; i ¼ 1; 2; ð6Þ

VGð0Þ ¼ V0
G; xð0Þ ¼ x0;

Gð0Þ ¼ G0 ¼ fG0
1;G

0
2;G

0
3g

t
; xið0Þ ¼ xi;0; i ¼ 1; 2; ð7Þ

uðx; 0Þ ¼ u0ðxÞ ¼
u0ðxÞ; 8x 2 X n Bð0Þ;

V0
G þ x0 �G0x

!
; 8x 2 Bð0Þ:

8<
: ð8Þ

In (1)–(8) u and p denote velocity and pressure, respec-
tively, k is a Lagrange multiplier associated with relation
(3) (from (3) the fluid has a rigid body motion in the re-
gion occupied by B(t)), kT is a Lagrange multiplier associ-
ated with relation (4) (from (4), the fluid velocity is 0 in
�X n T), DðvÞ ¼ 1

2
ð$vþ ð$vÞtÞ, g denotes gravity, F is an

imposed pressure gradient pointing in the x3-direction
inside the cylinder T, VG is the translation velocity of
the particle B, and x is the angular velocity of B. We
suppose that the no-slip condition holds on oB. We also
use, if necessary, the notation /(t) for the function
x! /(x, t).

Remark 1. The hydrodynamical forces and torque
imposed on the rigid body by the fluid are built in
(1)–(8) implicitly (see [13,14] for details), thus we do not
need to compute them explicitly in the simulation.
Since in (1)–(8) the flow field is defined on the entire
domain X, it can be computed with a simple structured
grid. The fictitious domain methods that we advocate
have some common features with the immersed bound-

ary method of Ch. Peskin (see, e.g., Refs. [26–28]) but
also some significant differences in the sense that we
take systematically advantage of distributed Lagrange

multipliers to force the rigid body motion inside the
particle.

Remark 2. In (3), the rigid body motion in the region occu-
pied by the particle is enforced via Lagrange multipliers k.
To recover the translation velocity VG(t) and the angular
velocity x(t) from u(t) satisfying (3), we solve the following
equations

hei; uðtÞ � VGðtÞ � xðtÞ �Gx
!
iBðtÞ ¼ 0;

for i ¼ 1; 2; 3;

hei �Gx
!
; uðtÞ � VGðtÞ � xðtÞ �Gx

!
iBðtÞ ¼ 0;

for i ¼ 1; 2; 3:

8>>>>>><
>>>>>>:

ð9Þ
Remark 3. In (6), we have to track the motion of two extra
points attached to any particle of general shape so that we
can determine the region occupied by the particle via its
center of mass, the translation velocity of the center of
mass and the angular velocity of the particle. In practice,
we shall track two orthogonal normalized vectors rigidly
attached to the body B from the center of mass G.

Remark 4. In (1), 2
R

X DðuÞ : DðvÞdx can be replaced byR
X $u : $vdx since u is divergence free and in W0,P. This

change can make the computation simpler and faster. Also
the gravity g in (1) can be absorbed into the pressure term.
3. Space approximation and time discretization

Concerning the finite element based space approximation

of {u,p} in problem (1)–(8), we will use the Bercovier–
Pironneau P1-iso-P2 finite element approximation (as in
Bristeau et al. [4]; see also [11] (Chapter 5)). More precisely,
with h a space discretization step we introduce a uniform
‘‘tetrahedrization’’ Th of X and a twice coarser ‘‘tetrahed-
rization’’ T2h. We approximate then W0,P, L2(X) and L2

0

by the following finite dimensional spaces

W 0;h ¼ fvhjvh 2 ðC0ðXÞÞ3; vhjT 2 ðP 1Þ3; 8T 2Th;

vh ¼ 0 on the top; bottom; front; and back of X

and v is periodic at C in the x3 direction; ð10Þ

L2
h ¼ fqhjqh 2 C0ðXÞ; qhjT 2 P 1; 8T 2T2hg; ð11Þ

L2
0;h ¼ qhjqh 2 L2

h;

Z
X

qh dx ¼ 0; qh is periodic at C

�

in the x3 direction

�
; ð12Þ

respectively; in (10)–(12), P1 is the space of the polynomials
in three variables of degree 61. A finite dimensional space
approximating K0(t) is as follows: let fnig

N
i¼1 be a set of

points from BðtÞ which cover BðtÞ (uniformly, for example);
we define then

KhðtÞ ¼ lhjlh ¼
XN

i¼1

lidðx� niÞ; li 2 R3; 8i ¼ 1; . . . ;N

( )
;

ð13Þ
where d(Æ) is the Dirac measure at x = 0. Then we shall use
h�; �iBhðtÞ defined by

hlh; vhiBhðtÞ ¼
XN

i¼1

li � vhðniÞ; 8lh 2 KhðtÞ; vh 2 W 0;h:

ð14Þ
Then we approximate K0(t) by

K0;hðtÞ ¼ fljl 2 KhðtÞ; hl; eiiBhðtÞ ¼ 0;

hl; ei �Gx
!
iBhðtÞ ¼ 0; i ¼ 1; 2; 3g: ð15Þ

A typical choice of points for defining (13) is to take the
grid points of the velocity mesh internal to the particle B
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Fig. 2. An example of selected points on the boundary of the particle.
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and whose distance to the boundary of B is greater than,
e.g. h/2, and to complete with selected points from the
boundary of B(t) (see, e.g., Fig. 2, for an example of se-
lected points on the surface of B(t)). As we did for Kh(t)
and h�; �iBhðtÞ, we define the finite dimensional space KT,h

and the inner product h�; �iT h
via a set of points of the veloc-

ity mesh internal to the region X n T and whose distance to
the surface of T is greater than, e.g. h, and a set of the
points chosen from the surface of the cylinder T.

Remark 5. In order to facilitate the construction of the
finite dimensional space KT,h we slightly increased the size
of the cross-section of X, replacing thus this last cylinder by
Xh. With this approach it is easier to select the collocation
points used to force the condition u = 0 outside T (see
Section 4 for more details).
Remark 6. The inner product like bracket h�; �iBhðtÞ in (14)
makes little sense for the continuous problem, but it is
meaningful for the discrete problem; it amounts to forcing
the rigid body motion of B(t) via a collocation method. A
similar technique has been used to enforce Dirichlet bound-
ary conditions by Bertrand et al. [2].

Using the above finite dimensional spaces leads to the
following approximation of problem (1)–(8) (where for
notational simplicity, we still denote by X the domain Xh

introduced in Remark 5):

For a:e: t > 0; find uhðtÞ 2 W 0;h; pðtÞ 2 L2
0;h;

VGðtÞ 2 R3; GðtÞ 2 R3; xðtÞ 2 R3; khðtÞ 2 K0;hðtÞ;
kT h 2 KT ;h such that

qf

R
X

ouh
ot þ ðuh � $Þuh

� �
� vdxþ lf

R
X $uh : $vdx

�
R

X ph$ � vdx� hkh; viBhðtÞ � hkT h ; viT h

¼
R

X F � vdx; 8v 2 W 0;h;

8><
>: ð16Þ
Z
X

q$ � uhðtÞdx ¼ 0; 8q 2 L2
h; ð17Þ

hl; uhðtÞiBhðtÞ ¼ 0; 8l 2 K0;hðtÞ; ð18Þ
hlT ; uhðtÞiT h

¼ 0; 8lT 2 KT ;h; ð19Þ
dG

dt
¼ VG; ð20Þ

dxi

dt
¼ VG þ x�Gx

!
i; i ¼ 1; 2; ð21Þ

VGð0Þ ¼ V0
G; xð0Þ ¼ x0; Gð0Þ ¼ G0

¼ fG0
1;G

0
2;G

0
3g

t
; xið0Þ ¼ xi;0; i ¼ 1; 2; ð22Þ

uhðx; 0Þ ¼ u0;hðxÞðwith $ � u0;h ¼ 0Þ: ð23Þ

Applying a first order operator splitting scheme à la Mar-
chuk–Yanenko [19] (also see [11,13,14]) to discretize Eqs.
(16)–(23) in time, we obtain (after dropping some of the
subscripts h):

u0 ¼ u0;h;V
0
G;x

0;G0; x0
1 ¼ x1;0; x0

2 ¼ x2;0 given; ð24Þ

for n P 0, knowing un, VG
n, xn, Gn, xn

1 and xn
2, compute

unþ1
6 and pnþ1

6 via the solution of

qf

R
X

u
nþ1

6�un

Mt � vdx�
R

X pnþ1
6$ � vdx ¼ 0;

8v 2 W 0;h;R
X q$ � unþ1

6 dx ¼ 0;

8q 2 L2
h; unþ1

6 2 W 0;h; pnþ1
6 2 L2

0;h:

8>>>>><
>>>>>:

ð25Þ

Then compute unþ2
6 via the solution ofR

X
ou
ot � vdxþ

R
Xðunþ1

6 � $Þu � vdx ¼ 0;

8v 2 W 0;h; a:e: on ðtn; tnþ1Þ;
uðtnÞ ¼ unþ1

6; uðtÞ 2 W 0;h;

8><
>: ð26Þ

unþ2
6 ¼ uðtnþ1Þ: ð27Þ

Next, compute unþ3
6 and k

nþ3
6

T h
via the solution of

qf

R
X

u
nþ3

6�u
nþ2

6

Mt � vdxþ alf

R
X $unþ3

6 � $vdx

�hknþ3
6

T h
; viT h

¼
R

X Fnþ1 � vdx; 8v 2 W 0;h;

hlT ; u
nþ3

6iT h
¼ 0;

8lT 2 KT ;h; unþ3
6 2 W 0;h; k

nþ3
6

T h
2 KT ;h:

8>>>>>><
>>>>>>:

ð28Þ

Now predict the motion of the center of mass and the
angular velocity of the particle via

dG

dt
¼ VGðtÞ=2; ð29Þ

Mp
dVG

dt
¼ Fr;k=2; ð30Þ

dðIpxÞ
dt

¼ Gxr

!
�Fr;?=2; ð31Þ

dxi

dt
¼ VGðtÞ þ xðtÞ �GðtÞxi

!
; for i ¼ 1; 2; ð32Þ
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GðtnÞ ¼ Gn;VGðtnÞ ¼ Vn
G; ðIpxÞðtnÞ ¼ ðIpxÞn;

x1ðtnÞ ¼ xn
1; x2ðtnÞ ¼ xn

2; ð33Þ

for tn < t < tn+1. Then set Gn+4/6 = G(tn+1), VG
n+4/6 =

VG(tn+1), (Ipx)n+4/6 = (Ipx)(tn+1), x
nþ4=6
1 ¼ x1ðtnþ1Þ, and

x
nþ4=6
2 ¼ x2ðtnþ1Þ.

Using Gn+4/6, x
nþ4=6
1 and x

nþ4=6
2 obtained at the above

step, we enforce the rigid body motion in the region
Bnþ4=6

h occupied by the particle by computing unþ5
6 and

knþ5
6 via the solution of

qf

R
X

u
nþ5

6�u
nþ3

6

Mt � vdx

þblf

R
X $unþ5

6 � $vdx ¼ hknþ5
6; vi

B
nþ4

6
h

; 8v 2 W 0;h;

hl; unþ5
6i

B
nþ4

6
h

¼ 0;

8l 2 K
nþ4

6
0;h ; unþ5

6 2 W 0;h; k
nþ5

6 2 K
nþ4

6
0;h ;

8>>>>>>>><
>>>>>>>>:

ð34Þ
and then solve for V

nþ5
6

G and xnþ5
6 from unþ5

6

hei; u
nþ5

6 � V
nþ5

6
G � xnþ5

6 �Gnþ4
6x

!

>
B

nþ4
6

h

¼ 0;

for i ¼ 1; 2; 3;

hei �Gnþ4
6x; unþ5

6 � V
nþ5

6
G � xnþ5

6

�Gnþ4
6x

!

i
B

nþ4
6

h

¼ 0; for i ¼ 1; 2; 3:

8>>>>>>>>><
>>>>>>>>>:

ð35Þ

Correct the motion of the center of mass and the angular
velocity of the particle via

dG

dt
¼ VGðtÞ=2; ð36Þ

Mp
dVG

dt
¼ Fr;k=2; ð37Þ

dðIpxÞ
dt

¼ Gxr

!
�Fr;?=2; ð38Þ

dxi

dt
¼ VGðtÞ þ xðtÞ �GðtÞxi

!
; for i ¼ 1; 2; ð39Þ

GðtnÞ ¼ Gnþ4=6; VGðtnÞ ¼ V
nþ5=6
G ;

ðIpxÞðtnÞ ¼ ðIpxÞnþ5=6
; x1ðtnÞ ¼ x

nþ4=6
1 ; x2ðtnÞ ¼ x

nþ4=6
2 ;

ð40Þ

for tn < t < tn+1. Then set Gn+1 = G(tn+1), VG
n+1 =

VG(tn+1), (Ipx)n+1 = (Ipx)(tn+1), xnþ1
1 ¼ x1ðtnþ1Þ, xnþ1

2 ¼
x2ðtnþ1Þ and unþ1 ¼ unþ5

6.
In the above algorithm (24)–(40), we have

tn+s = (n + s)nt, Knþs
0;h ¼ K0;hðtnþsÞ, Fr is a short range repul-

sion force which prevents the particle/particle and particle/
wall penetration (see, e.g., [13,14,25]), and xr is the point on
which a torque associated with Fr applies to B. Fr;k is the
projection of Fr on Gxr

!
and Fr;?ð¼ Fr � Fr;kÞ is the one per-

pendicular to Gxr

!
. Finally, a and b verify a + b = 1; we

have chosen a = 1 and b = 0 for the numerical simulations
to be discussed in Section 4.
3.1. Solutions of the subproblems (25), (26), (28), (34),

and (29)–(33)

After decoupling (16)–(23) by operator splitting tech-
nique, we have obtained a sequence of simpler subprob-
lems. To solve the ‘‘degenerated’’ quasi-Stokes problem
(25), we employed a preconditioned conjugate gradient

method introduced in [12] (see also [11] (Chapter 7)). In
the above algorithm the preconditioning is achieved via
the solution at each iteration of a discrete Poisson problem;
to solve this last problem we used a matrix-free fast solver
from FISHPAK, a package due to Adams, Swarztrauber
and Sweet (see [1] for details). To solve the pure advection

problem (26), we employed the wave-like equation method
discussed in, e.g., [7], [11] (Chapter 6) and [21]. Unlike
the two-dimensional flow investigated in [22], we have to
solve here the two saddle-point problems (28) and (34).
But when solving the saddle-point problem (34), the finite
dimensional multiplier space Knþs

0;h has to verify some
constraints. We have used conjugate gradient algorithms

discussed in [23] to solve these two problems.
Systems (29)–(33) and (36)–(40) are systems of ordinary

differential equations thanks to operator splitting. For its
solution one can choose a time step smaller than nt, (i.e.,
we can divide nt into smaller steps) to predict the transla-
tion velocity of the center of mass, the angular velocity of
the particle, the position of the center of mass and the
regions occupied by each particle so that the repulsion
forces can be effective to prevent particle–particle and par-
ticle–wall overlapping. At each sub-cycling time step, keep-
ing the distance constant between points x1 and x2 in each
particle is important since we are dealing with rigid parti-
cles. To satisfy the above constraint we have applied the
following approach:

• Translate x1 and x2 according to the new position of the
mass center at each sub-cycling time step.

• Rotate Gx1 and Gx2, the relative positions of x1 and x2

to the center of mass G, by the following Crank–Nicol-
son scheme (a Runge–Kutta scheme of order 2, in fact):
Gxnew
i �Gxold

i

s
¼ x�Gxnew

i þGxold
i

2
ð41Þ
for i = 1,2 with s as a sub-cycling time step. By (41), we
have Gxnew

i

�� ��2 ¼ Gxold
i

�� ��2 for i = 1,2 and Gxnew
2 �

��
Gxnew

1 j
2 ¼ Gxold

2 �Gxold
1

�� ��2 (i.e., scheme (41) is distance
and in fact shape preserving).
Remark 7. In order to activate the short range repulsion
force, we have to find the shortest distance between two
ellipsoids. Unlike the cases for spheres, it is not trivial to
locate the point from each surface of the ellipsoid where the
distance is the shortest between two ellipsoids. There is no
explicit formula for such distance. In practice, we first
choose a set of points from the surface of each ellipsoid.
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Then we find the point among the chosen points from each
surface at which the distance is the shortest. We repeat this
(kind of relaxation) process in the neighborhood of the
newly located point on each surface of ellipsoid until
convergence, usually obtained in very few iterations.

For the shortest distance between the wall and ellipsoid,
there exists an explicit formula. To check whether two
ellipsoids overlap each other, there exists an algorithm used
by people working on computer graphics and in robotics
(e.g., see, [31]).
Remark 8. To get the angular velocity xn+1, computed via

xnþ1 ¼ ðInþ4=6
p Þ�1ðIpxÞnþ1

; ð42Þ

we need to have Inþ4=6
p , the inertia of the particle B(tn+4/6).

We first compute the inertia I0 in the coordinate system at-
tached to the particle. Then via the center of mass Gn+4/6

and points x
nþ4=6
1 and x

nþ4=6
2 , we have the rotation transfor-

mation Q (QQT = QTQ = Id, detQ = 1) which transforms
vectors expressed in the particle frame to vectors in the flow
domain coordinate system and Inþs

p ¼ QI0QT. Actually in
order to update matrix Q we can also use quaternion tech-
niques, as shown, in the review paper [5].
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Fig. 3. Histories of the distance of the center of mass of the prolate
ellipsoid from the central axis of the tube for the cases of initial angle of 0�
(solid line), 30� (dashed line), and 90� (dash-dotted line).
4. Numerical experiments and discussion

4.1. Rotation of a prolate spheroid

For the first series of test problems, we have considered
the simulation of a neutrally buoyant prolate ellipsoid
moving in a fluid filled cylinder. Following Remark 5, we
take for computational domain X = (0,1 + 4hv) · (0,1 +
4hv) · (0,2), with hv as the space discretization step to con-
struct the flow velocity spaces. The radius R of the cylinder
is 0.5 and its length is 2. The semi-long axis of the prolate
ellipsoid is 0.195 and its two semi-short axes are 0.065,
while the common value of the densities of the fluid and
particle is 1. The viscosity of the fluid is either 0.5, 0.1, or
0.05. The force F in (1) is a constant vector, positively ori-
ented in the Ox3 direction; kFk has been chosen so that the
maximum velocity of the corresponding Poiseuille flow

(without particle) is 10. We suppose that the prolate ellip-
soid is at rest initially and that the initial fluid velocity cor-
responds to the one of a fully developed Poiseuille flow of
maximal velocity 10. The mass center G(0) of the ellipsoid
is vertically located below the cylinder axis at a distance 0.4
from this axis and the long axis of the ellipsoid lies on the
plane parallel to the x1x3-coordinate plane. The initial
angle between the long axis and the direction of the x1-axis
has been chosen as 0�, 30�, or 90�. We have used uniform
tetrahedral meshes to approximate velocity and pressure.
The velocity (resp., pressure) mesh size is hv = 1/80 (resp.,
hp = 2hv), while the time discretization step is nt = 0.001.

For the cases of viscosity equal to 0.5, the prolate ellip-
soid has a stable orientational behavior after migrating
away from the wall of the cylindrical tube and reaching
its equilibrium distance to the central axis of the tube. Its
long axis rotates on the plane passing through the cylinder
axis and its mass center. This behavior is similar to the
experimental results of the rod-like particle moving and
rotating in the Poiseuille flow reported in [17]. The average
distances of the mass center to the central axis of the tube
are 0.5368R, 0.5396R, and 0.5354R for the initial angle of
0�, 30�, and 90�, respectively, for 290 6 t 6 300 as shown
in Fig. 3. The center of mass moves along a straight line
parallel to the x3-axis after it has reached the equilibrium
distance to the central axis of the cylindrical tube. The par-
ticle Reynolds numbers based on the length of the long axis
and the average translation velocity for 290 6 t 6 300 are
5.3807, 5.3528, and 5.3919 for the initial angle of 0�, 30�,
and 90�, respectively. Snapshots of the projection of the
velocity field and the position of the prolate ellipsoid at
t = 15.6, 270, 280, 290 for the case of initial angle of 0�
are shown in Figs. 4 and 5.

For the cases of viscosity equal to 0.1, the prolate ellip-
soid has two different rotational behaviors after reaching
its equilibrium distance to the central axis of the tube. With
the initial angle of 0� and 30�, the prolate ellipsoid is rotat-
ing with respect to its long axis, which is perpendicular to
the plane passing through the central axis of the tube and
its mass center. This was not reported in Karnis, Gold-
smith and Mason’s 1964 paper [17] (see Figs. 6–8). The
average distances of the mass center to the central axis of
the tube for both initial angles of 0� and 30� are about
0.5192R for 390 6 t 6 400. Once the center of mass has
reached the equilibrium distance to the central axis of the
tube, it rotates with respect to the central axis of the tube
as shown in Fig. 8. The particle Reynolds numbers based
on the length of the long axis and the average translation
velocity for 390 6 t 6 400 are both about 26.23. For the
case of the initial angle equal to 90�, the prolate ellipsoid



Fig. 4. Projection of the velocity field on the plane passing through the mass center of the prolate ellipsoid and parallel to the x2x3-coordinate plane and
the position of the prolate ellipsoid at t = 15.6 (upper left), 270 (upper right), 280 (lower left), 290 (lower right) for the case of viscosity equal to 0.5 and the
initial angle of 0�.

Fig. 5. Projection of the velocity field on the plane passing through the mass center of the prolate ellipsoid and parallel to the x1x3-coordinate plane and
the position of the prolate ellipsoid at t = 15.6, 270, 280, 290 (from left to right) for the case of viscosity equal to 0.5 and the initial angle of 0�.
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rotates with its long axis on the plane passing through the
cylinder axis and its mass center just like it does for the case
of viscosity equal to 0.5. For 215 6 t 6 225, the average
distance of the mass center from the central axis of the tube
is 0.5456R and the particle Reynolds number based on the
length of the long axis and the average translation velocity
is 26.25. We have obtained the same rotational behaviors
when using a finer mesh size hv = 1/120 with time step
nt = 0.001 and the initial angle between the long axis
and the x1-axis being 0� and 90�; on the basis of this com-
parison we strongly believe that our results are not numer-
ical artifacts.

For the cases of viscosity equal to 0.05, the prolate ellip-
soid again has two different rotational behaviors after
reaching its equilibrium distance to the central axis of the
tube as in the above case. When the initial angle is either
0�, 30�, 60�, or 90�, the prolate ellipsoid is rotating with
respect to its long axis, which is perpendicular to the plane
passing through the central axis and its mass center (see
Fig. 9). The average distances of the mass center to the cen-
tral axis of the tube are all about 0.5172R and the particle
Reynolds numbers based on the length of the long axis and
the average translation velocity for 290 6 t 6 300 are all
about 52.36 for the four initial angles. When releasing the
prolate ellipsoid at a position closer to the central axis
(the distance is 0.252 instead of 0.4) with initial angle of
90�, the prolate ellipsoid rotates with its long axis on the
plane passing through the cylinder axis and its mass center
just like it does for the case of viscosity equal to 0.5. The
average distance of the mass center to the central axis of



Fig. 6. Projection of the velocity field on the plane passing through the mass center of the prolate ellipsoid and parallel to the x2x3-coordinate plane and
the position of the prolate ellipsoid at t = 15 (upper left), 100 (upper right), 200 (lower left), 400 (lower right) for the case of viscosity equal to 0.1 and the
initial angle of 0�.

Fig. 7. Projection of the velocity field on the plane passing through the mass center of the prolate ellipsoid and parallel to the x1x3-coordinate plane and
the position of the prolate ellipsoid at t = 15, 100, 200, 400 (from left to right) for the case of viscosity equal to 0.1 and the initial angle of 0�.

Fig. 8. Projection of the velocity field on the plane passing through the mass center of the prolate ellipsoid and parallel to the x1x2-coordinate plane and
the position of the prolate ellipsoid at t = 15, 100, 200, 400 (from the left to the right) for the case of viscosity equal to 0.1 and the initial angle of 0�.
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the tube is 0.5612R and the particle Reynolds number
based on the length of the long axis and the average trans-
lation velocity of the mass center of the prolate ellipsoid is
50.92 for 215 6 t 6 225.



Fig. 9. Projection of the velocity field on the plane passing through the mass center of the prolate ellipsoid and parallel to the x1x2-coordinate plane (upper
left), the x2x3-coordinate plane (lower left), the x1x3-coordinate plane (right) at t = 300 for the case of viscosity equal to 0.05 and the initial angle of 90�.
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In this section, for a neutrally buoyant prolate ellipsoid
moving in a three-dimensional tube Poiseuille flow, we
have obtained two different rotational states and one of
them was not reported in Karnis, Goldsmith and Mason’s
1964 paper [17]. Qi and Luo also obtained similar results in
[29,30]. But the difference is that we have obtained the
coexistence of two rotational behaviors at the same range
of the particle Reynolds number and Qi and Luo did not
obtain it. We believe that the flow field is strong enough
to stabilize the rotation with respect to the long axis of
the ellipsoid when the viscosities are 0.1 and 0.05. Also
the symmetric cross-section of the tube might also play a
role here since in [29,30], Qi and Luo considered Couette
Fig. 10. Projection of the velocity field on the plane passing through the mass ce
left), the x2x3-coordinate plane (lower left), the x1x3-coordinate plane (right) a
flow, which does not have such symmetric property. The
ratio of the length of the long axis and the radius of the
tube and the initial position of the prolate might be other
important factors for stabilizing the orientation of the pro-
late ellipsoid. We will investigate and report the effect of
the viscosity and the length of long axis of the prolate ellip-
soid in the near future.

4.2. Rotation of an oblate spheroid

For the second series of test problems, we have consid-
ered the simulation of a neutrally buoyant oblate ellipsoid
moving in a fluid filled cylinder. We have chosen a set of
nter of the oblate ellipsoid and parallel to the x1x2-coordinate plane (upper
t t = 295 for the case of viscosity 0.5.



Fig. 11. Position of the oblate ellipsoid at t = 0.2, 0.8, 1.2, 1.5, 1.9, 2.2, 2.5, 3.1, 7, 75, 233, and 295 (from left to right and from top to bottom) for the case
of viscosity 0.5.
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parameters and initial conditions almost identical as the
one in the above series of test problems; the difference
are: (i) the two semi-long axes are 0.15 and the semi-short
axis is 0.06, (ii) the mass center is initially placed under the
central axis of the tube so that the plane parallel to the
x1x3-coordinate plane contains two long axes and the dis-
tance from the center of mass to the central axis of the tube
is 0.415, and (iii) the viscosity of the fluid is either 0.5, 0.1,
0.05 or 0.025. For all four different viscosities considered in
this section, the oblate ellipsoid has a stable orientational
behavior after migrating away from the wall of the cylindri-
cal tube and reaching its equilibrium distance to the central
axis of the tube (see Figs. 10 and 11), which is that an
oblate ellipsoid rotates with its short axis perpendicular
to the plane passing through the central axis of the tube
and the mass center of the disk. The average distances of
the mass center to the central axis of the tube are 0.507R,
0.5102R, 0.521R, and 0.5186R for the viscosity 0.5, 0.1,
0.05, and 0.025, respectively, for 170 6 t 6 180. The parti-
cle Reynolds numbers based on the length of the long axis
and the average translation velocity for 170 6 t 6 180 are
4.226, 20.55, 40.38, and 81.28 for the viscosity 0.5, 0.1,
0.05, and 0.025, respectively. This behavior is similar to
the experimental results for the disk-like particle moving
and rotating in the Poiseuille flow reported in [17].

5. Conclusion

In this article, we have discussed the application of a dis-
tributed Lagrange multiplier fictitious domain method for
simulating the motion of neutrally buoyant ellipsoids in a
three-dimensional tube Poiseuille flow and applied this
methodology to study their rotational behavior in such
flow. We found distinctive states depending on the Rey-
nolds number ranges and the shape of the ellipsoids. We
will investigate the cases with different sizes of ellipsoid
and wider range of viscosity to find out their effects on
the motion of a neutrally buoyant ellipsoid in a three-
dimensional tube Poiseuille flow.
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