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[1] This study presents a novel mathematical model to describe solute transport in a
radially convergent flow field with scale-dependent dispersion. The scale-dependent
advection-dispersion equation in cylindrical coordinates derived based on the dispersivity
is assumed to increase linearly with the distance of the solute transported from its input
source. The Laplace transformed power series technique is applied to solve the radially
scale-dependent advection-dispersion equation with variable coefficients. Breakthrough
curves obtained using the scale-dependent dispersivity model are compared with those
from the constant dispersivity model to illustrate the features of scale-dependent
dispersion in a radially convergent flow field. The comparison results reveal that the
constant dispersivity model can produce a type curve with the same shape as that from the
proposed scale-dependent dispersivity model. This correspondence in type curves between
the two models occurs when the product of the Peclet number used in the constant
dispersivity model and the dispersivity/distance ratio used in the scale-dependent
dispersivity model equals 4. Finally, the scale-dependent dispersivity model is applied to a
set of previously reported field data to investigate the linearly scale-dependent dispersion
effect. The analytical results reveal that the linearly scale-dependent dispersion model is
applicable to this test site. INDEX TERMS: 1894 Hydrology: Instruments and techniques; 1832

Hydrology: Groundwater transport; 1860 Hydrology: Runoff and streamflow; KEYWORDS: scale-dependent

dispersion, radially convergent flow filed, Laplace transformed power series technique
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1. Introduction

[2] The advection-dispersion equation is the most com-
mon method of modeling solute transport in subsurface
porous media. This equation includes terms that describe
the physical process governing advective transport with
flowing groundwater, molecular diffusion, hydrodynamic
dispersion, and equilibrium or nonequilibrium exchange
with the solid phase if reactive solutes are involved. The
advection-dispersion equation in the radial coordinates
refers to the problem of analyzing the dispersive transport
of a contaminant or tracer in the steady radial flow from a
recharge or extraction well that fully penetrates a homoge-
neous confined aquifer with uniform thickness and infinite
lateral extent. Therefore this equation is important in
studying solute transport in a radially convergent tracer test
or aquifer decontamination by pumping. Several research-
ers have obtained closed-form analytical or semianalytical
solutions to radial advection-dispersion equations for both
conservative and sorbing solute transport in the divergent/
convergent tracer test, and also for wastewater injection into
an aquifer and aquifer decontamination by pumping [Chen,

1985, 1987; Chen and Woodside, 1988; Moench, 1989,
1991, 1995; Goltz and Oxley, 1991; Welty and Gelhar,
1994; Harvey et al., 1994; Haggerty and Gorelick, 1995;
Chen et al., 1996; Becker and Charbeneau, 2000].
[3] Current analytical models for predicting solute trans-

port in a radial flow field are based on advection-dispersion
equations in cylindrical coordinates with constant disper-
sivity. However, dispersivity is well known increase with
solute transport distance in groundwater systems [Pickens
and Grisak, 1981a; Moltz et al., 1983; Domenico and
Robbin, 1984; Gelhar et al., 1992; Pang and Hunt, 2001].
The increase of dispersion with travel distance results from
the heterogeneous nature of the subsurface environment.
Notably, researchers have developed analytical solutions for
solute transport in a uniform flow field with scale-dependent
dispersion. Yates [1990, 1992] derived an analytical solution
for solute transport with scale-dependent dispersion by
assuming that dispersivity increases linearly or exponentially
with solute travel distance. Similarly, Huang et al. [1996]
also presented an analytical solution for scale-dependent
dispersion, yet assumed dispersivity to only increase with
travel distance until a certain point, after which it assumes an
asymptotic value. Meanwhile, Logan [1996] developed an
analytical solution to the one-dimensional equations describ-
ing tracer transport in a heterogeneous porous medium
incorporating rate-limited sorption and first-order decay
under time-varying boundary conditions, and assuming
an exponential increase in dispersivity. Furthermore, Hunt
[1998] developed one-, two- and three-dimensional analyt-
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ical solutions for a scale-dependent dispersion equation
representing unsteady flow with an instantaneous source,
and steady flow with a continuous source. Finally, Pang and
Hunt [2001] presented exact solutions with a relatively
simple form for both continuous and pulse sources in a
semi-infinite domain, assuming negligible molecular diffu-
sion and linearly increasing mechanical dispersion with
distance downstream.
[4] Relatively few researchers have developed analytical

solutions to advection-dispersion equations that involve
scale-dependent dispersion in radial coordinates. The lack
of progress in this area is attributed to deriving the
analytical solutions to scale-dependent dispersion transport
equation being difficult due to the dependence of disper-
sivity on spatial variables. Kocabas and Islam [2000]
performed a detailed classification of the solutions of
advection-dispersion equations in radial coordinates based
on the velocity and/or scale-dependent form of the disper-
sion coefficient. Notably, Kocabas and Islam [2000] devel-
oped a new solution to radial advection-dispersion equation
assuming spatial velocity and scale dependence of disper-
sivity for a radially divergent flow field. To our knowledge,
few analytical or semianalytical solutions have been devel-
oped for describing scale-dependent dispersion in a radially
convergent flow field. Analytical solutions for describing
scale-dependent dispersion in a convergent flow field are
interesting because they can offer research workers an
understanding of how scale-dependent dispersion affects
solute transport in a radially convergent flow field, and can
also provide benchmarks for the testing of more general
numerical models. Consequently, it is essential to develop
an analytical solution for the problem of convergent solute
transport with scale-dependent dispersion. Since no special
function’s solutions are presently available, to approach this
problem, the Laplace transform power series (LTPS) tech-
nique [Chen et al., 2002] was applied to solve the govern-
ing equation. Similar to other models of transport for
approaching this problem derived the governing equation
in porous media, the solution helps predict the breakthrough
curves and obtain scale-dependent transport parameters by
fitting field concentration breakthrough curves against the
type curves obtained from the developed solution, and
assuming the functional relationship between the dispersiv-
ity and distance remains constant in the domain of interest.
Furthermore, the solution obtained is applied to some real
world data, unlike in previous investigations which have
not closely examined scale-dependent effects in their curve
matching of field concentration.

2. Governing Equation

[5] To investigate solute transport in a radially convergent
flow field with scale-dependent dispersion, the problem of a
convergent tracer test is considered herein. Figure 1 presents
the conceptual configuration. For the sake of simplicity, the
following assumptions are made.
[6] 1. A vertically oriented extraction well of finite

diameter is located along the vertical axis and fully pene-
trates a homogeneous and isotropic aquifer of constant
thickness.
[7] 2. A steady state, horizontal flow field, radially

convergent and axially symmetric with respect to extraction
well, is established prior to the start of tracer injection.When

the tracer is injected in the injection well, the volume of
injection tracer can have influence on the flow field.
However, if the injection volume is small we can assume
that the flow field is not affected by the injected amount and
the physical and chemical behavior of injected tracer.
[8] The governing equations, and boundary conditions

are derived and described below. The flow field is generated
by a fully penetrating well of radius rW located on the
vertical axis at r = 0, and pumping fluid at a constant
volume rate of Q from a homogeneous and isotropic aquifer
of infinite horizontal extent. The average pore velocity V
caused by extraction is described by

V ¼ �A

r
; ð1Þ

where A = Q/2pbf, and b and f represent the aquifer
thickness and effective porosity, respectively.
[9] The solute transport in a radial flow field can be

described by the advection-dispersion equation in cylindri-
cal coordinates as

R
@C

@t
¼ 1

r

@

@r
rD

@C

@r

� �
� V

@C

@r
; ð2Þ

where C is the concentration, D denotes the longitudinal
dispersion coefficient, and R is retardation factor.
[10] The longitudinal dispersion coefficient, D, in equa-

tion (2) is generally considered to be a linear function of the
pore velocity and diffusion coefficient can be neglected as
follows:

D ¼ ajV j; ð3Þ

where a is the longitudinal dispersivity. For a constant
dispersivity, a = ac, equations (2) and (3) reduce to the
classical advection-dispersion equation in radial coordinates
[Moench, 1989]:

acA

r

@2C

@r2
þ A

r

@C

@r
¼ R

@C

@t
: ð4Þ

Equation (4) incorporated with the associated initial and
boundary conditions has been successfully solved using an
Airy function to derive the analytical solution in the Laplace
domain for describing solute transport in a radially
convergent flow field [e.g., Moench, 1989; Goltz and
Oxley, 1991].

Figure 1. Schematic diagram of the radially convergent
tracer test.
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[11] Results from field studies suggested that the disper-
sivity may be scale-dependent, i.e., a increases with travel
distance from contaminant source. It is assumed that any
growth with distance of the dispersion process is a direct
consequence of heterogeneous nature of the porous medium
[Yates, 1990]. In this paper, the growth of the dispersivity, a,
as a linear function of travel distance from an injection well
located at r = rL is employed herein and can be adequately
describing using an equation of the form [see Pickens and
Grisak, 1981b]

a rð Þ ¼ e rL � rð Þ; ð5Þ

where e is dispersivity/distance ratio (i.e., the scale-
proportional factor), which characterizes the scale-depen-
dent dispersion process. Notice that a is zero at the tracer
injection point r = rL and reaches a maximum, a = amax =
e(rL � rW) at the extraction well r = rW.
[12] From the linear dispersivity-distance relationship, the

dispersivity increases infinitely with travel distance. Howev-
er, the results of field experiments at different scales indicate
that dispersivity initially increases with travel distance, and
eventually may approach the finite asymptotic value e.
Therefore this study adopts other forms of dispersivity-
distance relationships in which the finite asymptotic disper-
sivity is considered. For example, Huang et al. [1996]
improved the linear distance-dependent dispersivity model
[Yates, 1990] and assumed that dispersivity increases with
travel distance until some specific distance, after which it
becomes asymptotic. Huang et al. concluded the concentra-
tion distribution was constant for observation distances
below the critical distance (finite asymptotic value reaches)
while generally deviating substantially for distances exceed-
ing the critical distance. This study assumes that maximum
dispersivity at the extraction well does not exceed the finite
asymptotic dispersivity.
[13] Substituting equations (1), (3), and (5) into equation

(2), yielding the following equation.

R
@C

@t
¼ 1

r

@

@r
re rL � rð ÞA

r

@C

@r

� �
þ A

r

@C

@r
: ð6Þ

Rewriting equation (6) in more clearly visible form as

R
@C

@t
¼ eA

r
rL � rð Þ @

2C

@r2
þ A 1� eð Þ

r

@C

@r
: ð7Þ

The advective transport term of equation (7) becomes
negative when e > 1 therefore would cause an apparent
negative advective transport processes similar to that
noticed by Huang et al. [1996] for scale-dependent
dispersion in a uniform flow field. The aquifer’s initial
tracer concentration is assumed to be zero before starting the
test:

C r; t ¼ 0ð Þ ¼ 0: ð8Þ

Cady et al. [1993] performed a convergent radial tracer test
and pointed that the finite volume in the extraction well
bore has negligible effect on tracer transport. Therefore the
outlet boundary condition, which is used to describe solute
transport at the interface between the extraction well and

aquifer and neglected the finite volume in the well bore is
as

@C r; tð Þ
@r

¼ 0; at r ¼ rW : ð9Þ

The boundary condition including solute transport at the
injection well boundary incorporated with the finite volume
in the injection well bore can be formulated [Moench, 1989]
as

2prLfb � A

rL
C

� �
¼ �Md tð Þ þ pr2I hI

@C

@t
; at r ¼ rL; ð10Þ

where rI is injection well radius, M represents the injected
dissolved tracer mass, hI denotes mixing length of injection
well.
[14] Dimensionless variables are defined in a manner

similar to that used by Moench [1989]. Following Moench
[1989] and substituting the definition given in Table 1 into
equation (7), the dimensionless transport equation can be
presented in the following form:

e 1� rDð Þ @
2C

@r2D
þ 1� eð Þ @C

@rD
¼ 2rDR

1� r2WD

@C

@tD
: ð11Þ

Consequently, the initial conditions and boundary condi-
tions (8)–(10) become

C rD; 0ð Þ ¼ 0; ð12Þ

@C rD; tDð Þ
@rD

¼ 0; at rD ¼ rWD; ð13Þ

�C ¼ �CId tDð Þ þ mI
@C

@tD
; at rD ¼ 1; ð14Þ

where CI = M/[pbf(rL
2 � rW

2 )]. Equations (10) and (14) has
been improved by Zlotnik and Logan [1996] based on a
detailed analysis of flow and advective transport in the
injection well. Revision is achieved by multiplying the
injection well bore mixing factor, mI, by a multiplier p/d,
where d is the aperture angle.

3. Power Series Solution

[15] Deriving the analytical solution of equation (11) with
special function is very difficult due to the coefficients of
first and second spatial derivative terms dependent on the

Table 1. Dimensionless Parameters

Dimensionless Quantity Expression

Timea tD ¼ t
ta

Distance rD ¼ r
rL

Pumped well radius rWD ¼ rW
rL

Injection well mixing factor mI ¼
r2
I
hI

fb r2
L
� r2

Wð Þ
aHere ta = pbf(rL

2 � rw
2)/Q.
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radial distance. Therefore the Laplace transform power
series technique, LTPS, have been developed and applied
to solve the initial-boundary value problem (11)–(14). The
LTPS has been successfully applied to solve the variable-
dependent partial differential equation [Chen et al., 2002].
The LTPS technique does not suffer from the need to derive
the special function’s analytical solution in that the analyt-
ical solution is generally unknown priori or unavailable.
The LTPS technique is parsimonious and easy to code into a
program. As compared with special function’s analytical
solution, the LTPS technique provides an accurate solution
to variable-dependent advection-dispersion equation [Chen
et al., 2002].
[16] First, by performing the Laplace transform of equa-

tions (11), (12) and its associated boundary conditions
(13)–(14) with respect to tD yields

e 1� rDð Þ d
2G

dr2D
þ 1� eð Þ dG

drD
� 2rDR

1� r2WD

sG ¼ 0; ð15Þ

dG rD; sð Þ
drD

¼ 0; at rD ¼ rWD; ð16Þ

�G ¼ �CI þ mI sG; at rD ¼ 1; ð17Þ

where s denotes the Laplace transform parameter and G
represents the Laplace transform of C, as defined by

G rD; sð Þ ¼
Z1

0

C rD; tDð Þe�stDdtD: ð18Þ

The solution of equation (15) is assumed to be in the form
of a power series with unknown coefficients. The power
series solution of governing equation (15), subject to
boundary conditions (16)–(17), then can be derived as

G rD; sð Þ ¼
X1
0

am sð ÞrmD; ð19Þ

and substitutes this series along with the series obtained by
term-wise differentiation of equation (19),

dG rD; sð Þ
drD

¼
X1
1

mam sð Þrm�1
D ; ð20Þ

d2G

dr2D
¼

X1
2

m m� 1ð Þam sð Þrm�2
D ; ð21Þ

into equation (15), yielding the following equation.

e 1� rDð Þ
X1
2

m m� 1ð Þam sð Þrm�2
D þ 1� eð Þ

X1
1

mam sð Þrm�1
D

� 2rDRs

1� r2WD

X1
0

am sð ÞrmD ¼ 0: ð22Þ

Rearranging the terms and shifting the summation indices of
equation (22) yields

e
X1
0

mþ 2ð Þ mþ 1ð Þamþ2 sð ÞrmD � e
X1
1

mþ 1ð Þmamþ1 sð ÞrmD

þ
X1
0

1� eð Þ mþ 1ð Þamþ1 sð ÞrmD � 2Rs

1� r2WD

X1
1

am�1 sð ÞrmD ¼ 0

ð23Þ

Setting the coefficients of each power of rD to zero, form = 0,

a2 sð Þ ¼ � 1� eð Þ
2e

a1 sð Þ; ð24Þ

and in general, when m = 1,2,3���

amþ2 sð Þ ¼ 1

er mþ 2ð Þ mþ 1ð Þ

� � mþ 1ð Þ 1� e� emð Þamþ1 sð Þ þ 2Rs

1� r2WD

am�1 sð Þ
� �

;

ð25Þ

the general solution can be yielded by inserting the
appropriate values of the coefficients into the following
equation

G rD; sð Þ ¼ b1F1 rD; sð Þ þ b2F2 rD; sð Þ; ð26Þ

Table 2. Descriptive Simulation Conditions and Transport Para-

meters of the Hypothetical Tracer Test

Parameter Test 1 Test 2

Pumping rate (Q), m3/min 2 2
Aquifer thickness (b), m 10 10
Effective porosity (f), dimensionless 0.2 0.2
Radius of extraction well (rW), m 0.1 0.1
Radius of injection well (rI), m 0.1 0.1
Injection well mixing length (hI), m 10 10
Distance to the injection well (rL), m 5 25
Injected mass (M), kg 10 40
Dispersivity/distance ratio (e), m 0.2 0.2

Figure 2. Comparison of breakthrough curves at the
extraction well between the LTFD solution and the LTPS
solution.
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where F1(rD, s) and F2(rD, s) are two linearly independent
general functions in the form of infinite series as in
equation (19). The values of the series coefficients (am(s))
of F1(rD, s) and F2(rD, s) are determined by equations (24)
and (25) in that we set a0(s) = 1, a1(s) = 0 and a0(s) = 0,
a1(s) = 1, respectively. The unknown coefficients, b1 and
b2 of equation (26) are determined by the boundary
conditions (16) and (17), to obtain a particular solution of
equation (26).
[17] A particular solution is obtained straightforwardly by

imposing boundary conditions (16) and (17) on the general
solution specified as equation (26). Therefore the Laplace

transform power series solution at the extraction well may
be expressed as

G rWD; sð Þ ¼ T
�P2P5 þ P1P6

P1P4 � P2P3

; ð27Þ

where

P1 ¼
dG1 rWD; sð Þ

drD
;

P2 ¼
dG2 rWD; sð Þ

drD
;

Figure 3. Comparison of breakthrough curves at the extraction well between the SDM and CDM
models with 5 m interwell distance. The circle results from SDM with (a) e = 1, (b) e = 0.2 and (c) e =
0.05. Meanwhile, the solid curves are CDM from Moench [1989].
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P3 ¼ G1 1:sð Þ;

P4 ¼ G2 1:sð Þ;

P5 ¼ G1 rWD; sð Þ;

P6 ¼ G2 rWD; sð Þ;

T ¼ CI

1þ mI s
:

[18] The inverse Laplace transform of equation (27)
provides the temporal concentration at the extraction well.
In this work, a numerical Laplace inversion is adopted to
yield the solution. The de Hoog et al. [1982] algorithm is
used to execute the numerical inversion because it is
accurate for a wide range of functions and it also performs
reasonably well in the neighborhood of a discontinuity
[Moench, 1991]. A FORTRAN subroutine, DINLAP/
INLAP, provided by IMSL Subroutine Library [Visual
Numerics, Inc., 1994] and based on the de Hoog et al.
algorithm, is employed to perform the numerical Laplace
inversion.

4. Results and Discussion

4.1. Verification of the LTPS Solution

[19] To test the accuracy of the developed LTPS solution,
it must be verified before it is applied. To date, no analytical
solutions of any special functions are available for scale-
dependent dispersion equations in cylindrical coordinates;
therefore the solution obtained must be compared with a
numerical solution. This method of verification was used by
Gelhar and Collins [1971] and Guvanasen and Guvanasen
[1987]. The Laplace transform finite difference (LTFD)
technique was employed to generate numerical solution in
this study. Furthermore, a hypothetical tracer test was
considered. Table 2 summarizes the simulation conditions
and transport parameters for verification (test 1). Figure 2
compares the breakthrough curves at the extraction well for
various dispersivity/distance ratios, obtained using the pro-
posed LTPS solution and the LTFD numerical solution. As
expected, the two solutions agree closely with each other,
thus validating the LTPS model.

4.2. Model Analysis

[20] Following validation with the numerical solution, the
proposed model was applied to illustrate how the scale-
dependent dispersion influences solute transport in a radi-
ally convergent flow field. The input parameters are the
same as in the model verification in the previous subsection.
Figures 3a–3c compare breakthrough curves at the extrac-
tion well obtained from the scale-dependent dispersivity
model (SDM) described herein, where e = 1, 0.2, and 0.05,
respectively, and the constant dispersivity model (CDM)
[see Moench, 1989] has a constant dispersivity value of ac =
5, 1 and 0.25 m. The input dispersivity values used in CDM
imply that a maximum dispersivity value was assigned to
the extraction well by SDM. Notably, the arrival time of the
tracer concentration for the breakthrough curve determined
by SDM is later than that obtained using CDM. Addition-
ally, the spread of breakthrough curves with CDM exceeds

that from SDM. This analytical result is consistent with the
assumption of linearly increasing dispersivity and can be
explained as indicating that the average value of scale-
dependent dispersivity over the whole travel domain used in
SDM is smaller than the constant dispersivity used in CDM.
To provide further evidence of this phenomenon, the input
dispersivity used in the CDM was reduced and the break-
through curves obtained with CDM were fitted against the
breakthrough curves for SDM. The comparison reveals that
the breakthrough curves obtained with CDM were shaped
roughly the same as those obtained with SDM for rising
limbs and with spreading tailing, when the input parameters
of the advection-dispersion equation in CDM were reduced
to the constant dispersivities of 1.25, 0.25, and 0.0625 m.
However, a discrepancy occurs between the two models at
peak concentration of the breakthrough curve when e = 1
and 0.2. The constant dispersivity value used in CDM is
approximately one-fourth of the dispersivity in the extrac-
tion well used in SDM. Pang and Hunt [2001] used
breakthrough curves obtained from both the SDM and
CDM methods to fit the breakthrough curves at a point in
a one dimensional uniform flow field determined by a
laboratory experiment, and noted that the dispersivity values
estimated using SDM are approximately two times greater
than those from CDM.
[21] By normalizing the concentration with the peak con-

centration, Cpeak, and expressing real time as dimensionless
time, tD, which was used for the type curve developed by
Sauty [1980], Figure 4 is drawn up based on from Figures
3a–3c for e = 1, 0.2, and 0.05 in SDM and Pe = 4, 20, and 80
in CDM. In CDM, a Peclet number, Pe ¼ rL

a
, is used to

characterize advection-dominated (large Peclet number) or
dispersion dominated (small Peclet number) transport, and
can be obtained by fitting concentration breakthrough curves
measured at the extraction well against type curves deter-

Figure 4. Comparison of types curves at the extraction
well between SDM and CDM for e = 1, 0.2, and 0.05.
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mined using CDM. Notably, the two curves are nearly
identical, and the product of e used in SDM and Pe used in
CDM equals 4.
[22] To further examine the generality of the correlative

relationship (Pe � e = 4), a case involving 25 m interwell
distance is examined. Figures 5a–5c compare breakthrough
curves at the extraction well obtained from the scale-
dependent dispersivity model (SDM) described herein,
where e = 1, 0.2 and 0.05, respectively, and the constant
dispersivity model (CDM) has a constant dispersivity value
of ac = 6.25, 1.25 and 0.3125 m (i.e. Peclet number of 1, 20
and 80) in a tracer test with 25 m interwell distance (test 2 in
Table 2). The result is the same as in test 1, demonstrating
that the correlative relationship (Pe � e = 4) is generally

valid for 0.05 	 e 	 1 of tracer tests at different interwell
distances.
[23] If the dispersion process in solute transport is more

accurately characterized by the SDM than by the CDM, any
constant aquifer dispersivity (or Peclet number) obtained
from the inverse fitting approach using the CDM can readily
be transformed to yield the scale-dependent aquifer param-
eter (dispersivity/distance ratio) by using this relationship.

4.3. Model Application

[24] The developed solution given by equation (27) is
applied to a field case to test the validity and the applica-
bility of the proposed linearly scale-dependent dispersion
model. The case study used here involves a convergent

Figure 5. Comparison of breakthrough curves at the extraction well between the SDM and CDM
models with 25 m interwell distance. The circle results from SDM with (a) e = 1, (b) e = 0.2 and (c) e =
0.05. Meanwhile, the solid curves are CDM from Moench [1989].
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radial tracer test performed in a sand and gravel aquifer with
a thickness of approximately 12 m in France. Sauty [1977]
previously presented a detailed analysis of the field data for
longitudinal dispersivity. Moreover, Welty and Gelhar
[1994] also examined the same field data. The data from
this test are particularly useful for examining the scale-
dependent dispersion assumption because breakthrough
concentration was measured at three distances from the
injection borehole (25, 50, and 150 m). To examine the
applicability of the proposed SDM and compare the results
with those from CDM, this study employed type curves
obtained from the SDM and CDM to fit the breakthrough
concentration at the extraction well with rL = 150 m.
[25] The fitting of the field-derived breakthrough curves

were performed using the following steps: (1) The type
curves obtained from SDM and CDM were plotted loga-

rithmically for various e or Pe values, respectively. (2) The
field concentration at the extraction well, C, was then
plotted against real time, t, on logarithmic paper of the
same scale as the type curves. (3) The graph paper contain-
ing the field data was then laid over the type curves, with
the sets of axes being kept parallel. The position of the field-
data graph was then adjusted so as the data points lay over
the type curve, with the axes of both graph sheets being kept
parallel. (4) The e or Pe values, when the experimental data
were matched against the type curves, were then obtained.
Figures 6a and 6b present the experimental results and,
specifically, the matches obtained using SDM and CDM.
The e value from curve-matching using SDM is estimated to
be 0.32, giving an approximate dispersivity value of 48 m at
the extraction well. The determined Pe value was 12.5 and
the average dispersivities value of 12 m was computed from
curve-matching using CDM. This constant dispersivity from
curve-matching using CDM agrees closely with Sauty’s
reported average dispersivity value of 12.5 m.
[26] For the breakthrough data of rL = 25 and rL = 50 m,

Welty and Gelhar [1994] estimated that the constant dis-
persivities values are 2.4m at rL= 25m and 4.6m at rL= 50m,
respectively, using a pulse width method of analysis based
on the CDM. Consequently, adopting the developed rela-
tionship, the product of e used in SDM and Pe used in
CDM equals 4, and the corresponding dispersivities at the
extraction well are 9.6 m with rL = 25 m, and 18.4 m with
rL = 50 m for SDM. Figure 7 plots the dispersivities at the
extraction well for SDM and the constant dispersivity for
CDM versus interwell (transport) distances. The compara-
tive results clearly show that dispersivities increase linearly
with transport distance for both SDM and CDM. The
dispersivity/distance ratio of about 0.32 derived using
SDM coincides with the e value derived from breakthrough

Figure 6. Breakthrough data at R = 150 m from a con-
vergent radial tracer test conducted in Corbas, France,
superimposed on the breakthrough curves from (a) SDM
and (b) CDM.

Figure 7. Dispersivity (a)-distance (R) relationship calcu-
lated using R = 25, 50, and 150 m compared with
dispersivity calculated using SDM of a = 0.32 R and
CDM of a = 0.08R, respectively.

SBH 14 - 8 CHEN ET AL.: SOLUTION FOR SCALE-DEPENDENT DISPERSION FLOW



concentration curve matching at rL = 150 m using SDM.
Moreover, the estimated dispersivity/distance ratio of 0.08
was yielded using CDM. This estimate agrees closely with
the reported dispersivity/distance ratio of about 0.1 for a
field scale in a few studies [Pickens and Grisak, 1981a,
1981b], but is considerably lower than the e value derived
from the matching of breakthrough concentration at rL =
150 m using SDM.
[27] The dispersivity derived from CDM underestimates

the scale-dependent dispersivity, while that derived from
SDM correctly yields an estimated scale-dependent dis-
persivity. Thus the correct method of estimating the scale-
dependent dispersivity is to use the type curve derived
from SDM. Notably, when applying the previously
reported dispersivity/distance ratio derived from the
CDM in a radially convergent tracer test to a scale-
dependent dispersivity problem, the dispersivity/distance
ratio should be revised by multiplying the previously
reported dispersivity/distance ratio of 4. If the previous
reported dispersivity/distance ratio is derived from CDMs
in a one dimensional tracer test, then the application of the
dispersivity/distance ratio in a scale-dependent dispersivity
problem should be revised by multiplying the previously
reported dispersivity/distance ratio of 2 [Pang and Hunt,
2001]. Failure to revise the dispersivity/distance ratio may
cause the dispersivity to be underestimated by a factor of 4
or 2 for a radial or a one dimensional solute transport
problem with scale-dependent dispersion, respectively.

5. Conclusions

[28] This study has presented an semianalytical solution
for describing the radial convergent transport of dissolved
substances in porous media with scale-dependent disper-
sion. The proposed model assumes that the dispersivity is a
linear function of solute travel distance from the injected
source. The Laplace transform power series technique is
applied herein to solve the scale-dependent advection-dis-
persion equation. Moreover, a Laplace transform finite
difference solution to the transport equation has also been
derived to verify the accuracy of the proposed semianalyt-
ical solution. Comparing the breakthrough curves obtained
from SDM and CDM reveals that given appropriately
chosen parameters the solutions obtained with the two
techniques are the same for breakthrough curves with rising
limbs and spreading tails, but insignificant differences occur
at an intermediate time. The type curves obtained using the
two models are nearly identical. Notably, the product of the
Peclet number used in CDM and the dispersivity/distance
ratio used in SDM for the same type curves approximately
equals 4. The proposed solution is applied to a field case to
examine the applicability of the linearly scale-dependent
dispersion model. The application results reveal that the
solute transport process at the test site obeys the linearly
scale-dependent dispersion model and that the linearly
scale-dependent assumption is valid in this real world
example. The previously reported dispersivity/distance ratio
derived from CDMs in a radially convergent tracer test that
should be revised by multiplying the above dispersivity/
distance ratio of 4, and closely approximates the dispersivity
for the scale-dependent dispersion problem. Further effect
on theoretical analysis of the correlation (Pe � e = 4) is
suggested for future study.
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