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Abstract

The method of instrumental variables (IVs) has been developed historically and

used extensively in econometrics for estimating the structural parameters in statisti-

cal models where some regressors are correlated with the model’s error. Thus, as

discussed by Bowden and Turkington (1984, pp. 3-10), the IV estimation method has

four important applications: (1) the error-in-variable problem, (2) the self-selection

problem, (3) the simultaneous equations model, and (4) the time series problem. In

this study, we generalize the current IV method for linear and nonlinear equations to

allow the structural equations to be in a generalized linear model (GLM) form so that

the response variables of those equations can be different kinds of measurements

such as continuous, binary, and count. However, when the structural equation is of

a GLM form, some additional difficulties arise for the IV method because the link

function of a GLM makes the mean of the response variable nonlinear in regression

coefficients and the variance function of the response variable in a GLM usually de-

pends on its mean. Thus, in general, the IV estimator for a GLM equation derived

by minimizing a quadratic form like the one defined for a linear or nonlinear equation

(see, e.g., Amemiya 1985, p. 246, Eq. (8.1.2)) would be inconsistent. However, by

applying the theory of estimating functions (Godambe and Kale 1991, Sec. 1.5, pp.

9-10, Desmond 1991, p. 140, and McCullagh 1991, Sec. 11.3, esp., Eq. (3.2), pp.

269-271), we develop a general IV methodology for GLMs, which has an applicability

especially in the measurement error problem and the simultaneous-equations bias of

GLMs. The statistical properties of our IV estimator are examined. The simulation

studies show promising results when it is applied to estimate the structural parame-

ters in our generalized factor analysis and generalized path analysis (or generalized

simultaneous equations model).
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1.1.3 Estimation

As shown by Dobson (1990, Chap. 4 and Appendix B, pp. 36-46 and 145-146) and

McCullagh and Nelder (1989, Sec. 2.5, pp. 40-43), the maximum likelihood estimators

(MLEs) of the unknown regression coefficients β in a GLM can be obtained by a

unified iterative reweighted least squares (IRLS) algorithm.

1.1.4 Inference

As discussed in Dobson (1990, Chap. 5, pp. 49-66), the key to the statistical inference

for GLMs is the sampling distribution of the score vector U (β), which is asymptotically

multivariate normal based on the central limit theorem (CLT). Then, the inference on

the regression coefficients β is based on the first-order Taylor expansion of U (β) for

β̂.
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2 Problem: IV for GLMs?

In this study, we generalize the current IV method for linear and nonlinear equations

to allow the structural equations to be in a generalized linear model (GLM) form so

that the response variables of such equations can be various kinds of measurements

such as continuous, binary, or counts.

2.1 Problem

However, when the structural equation is of a GLM form, some additional difficulties

arise for the IV method because

1. the link function of a GLM makes it ”nonlinear” and

2. the variance function of the response variable in a GLM usually depends on its

mean.

Thus, in general, the IV estimator for a GLM equation derived by minimizing a

quadratic form like the one defined for a linear or nonlinear equation (see, e.g.,

Amemiya 1985, p. 246, Eq. (8.1.2)) would be inconsistent.

2.2 Solution

Yet, by applying

1. the minimization approach of the IV method and

2. the theory of estimating functions for GLMs (Godambe and Kale 1991, Sec. 1.5,

pp. 9-10 and McCullagh 1991, p. 269, Eq. (3.2)),

we develop a general IV for GLMs toward a general IV methodology, which has an

applicability especially in the error-in-variable problem and the simultaneous equations

of GLMs.
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If the Newton-Raphson method is used to obtain the MLEs β̂ of β, then at the mth

iteration,

β̂
(m)

= β̂
(m−
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Then,

I(m−1)β̂
(m−1)

+ U (m−1) = XT
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4.3 Estimation

We introduce the EM-CFA, IV1, and IV2 methods for estimating the factor loadings of

a GFA model in the following simulation, among which the IV2 estimator is obtained

through the IRIV algorithm.

1. The EM-CFA Estimator

2. The Instrumental Variable #1 (IV1) Estimator:

Notice that this method is the same as that of Carroll and Stefanski (1994). See

Carroll and Stefanski (1994) and Carroll, Ruppert, and Stefanski (1995) for the

technical details.
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Table 4: The Simulation Results for a One-Factor
Three-Indicator GFA Model

V ar(δY1) = 0.25. Sample size (n) = 1000. Number of repetitions (m) = 500.
Estimators λ2 λ3

True Value 0.25 0.25
EM-CFA Mean 0.25092649693187 0.25077280393814

SD (0.27188917804651) (0.25779815451420)
IV1 Mean 0.23917803559980 0.24175813023387

SD (0.25016339007073) (0.26395594629856)
IV2 Mean 0.18820484324542 0.18296473232450

SD (0.18962223003058) (0.18430516904135)
Naive Mean 0.20385240382896 0.19896037286348

SD (0.05616941128867) (0.02829132854139)
True Value 0.5 0.5
EM-CFA Mean 0.506262456399002 0.52789336850906

SD (0.169496397921747) (0.164492467426508)
IV1 Mean 0.479948009028105 0.49864687709039

SD (0.143898300631222) (0.140166490686705)
IV2 Mean 0.491471572991417 0.528938137102815

SD (0.14695309863652) (0.14027973639975)
Naive Mean 0.394203707107843 0.39879624899906

SD (0.060496465011727) (0.026884175697182)
True Value 0.75 0.75
EM-CFA Mean 0.770805776916108 0.803566453545486

SD (0.148548512532787) (0.112550796094448)
IV1 Mean 0.755992332797742 0.755170694969821

SD (0.125516560084339) (0.101351033826447)
IV2 Mean 0.741523132695775 0.75203472185432

SD (0.122236971276649) (0.10145359485326)
Naive Mean 0.584053624312387 0.598897441281704

SD (0.061932729997401) (0.028905630245148)
True Value 1.0 1.0
EM-CFA Mean 1.06302978540374 1.0371487334856

SD (0.185307670785744) (0.0905529213065184)
IV1 Mean 1.24528805940761 1.00881819975644

SD (0.235194514154233) (0.0949600132097685)
IV2 Mean 0.977987102582031 1.01534135675285

SD (0.139790973079505) (0.08842560485614)
Naive Mean 0.765614819012559 0.799832361822084

SD (0.071004841008492) (0.0335064195148907)
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Estimators λ2 λ3

True Value 1.25 1.25
EM-CFA Mean 1.40220449509103 1.16619704621377

SD (0.22217889066854) (0.14573630432616)
IV1 Mean 2.26072152841269 1.24919145135057

SD (0.59010017172323) (0.09365187995617)
IV2 Mean 1.23995950680057 1.27412203789911

SD (0.18319664780851) (0.13824740378273)
Naive Mean 0.93681694772132 0.98987065901224

SD (0.07050462839213) (0.04518235185069)
True Value 0.5 1.0
EM-CFA Mean 0.51501650180935 1.01830285913052

SD (0.12144561744652) (0.1272447814200)
IV1 Mean 0.57788827699316 1.00381246264769

SD (0.16056702818523) (0.16801078221817)
IV2 Mean 0.49950397735152 1.06309367337369

SD (0.11158406617320) (0.26484241789319)
Naive Mean 0.39673543565992 0.79998715259196

SD (0.06377698891446) (0.03481135326788)
True Value 1.0 0.5
EM-CFA Mean 1.02781523803823 0.525066319497778

SD (0.232544586692135) (0.0894179464868579)
IV1 Mean 0.881558911810525 0.502297498691286

SD


