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ABSTRACT

In this work we present a new learning theory to study the
learning behavior of a neural network which is formed by inter-
connecting neurons: This leamning theory is a new approach for the
Boltzmann machine. The central idea presented in this work based
on minimizing one of the two crossentropy-like criteria. The twin
criteria are the crdss-entropy and the reversed cross-entropy, the
latter is used in deriving the Boltzmann machine by Ackley et al
The results derived by our new approach are closely related to those
by Ackley et al. with several significant modifications in the
algorithm. A ‘detailed discussions of the new algorithm is presented.
It is shown that the new algorithm is a probability weighted version

of the algorithm by Ackley et al.

L. Introduction

There are a large number of applications in which it is necessary
to forming the internal representation of an environmental data set
giving random samples of the set. The simplest approach is to induce
some linear relations from the samples. Unfortunately, forming the

linear relations cannot be applied to most cases. Severe nonlinear

relations or high-order mnstraints; existk in most data Sets. There
exist several promising methods in the area of neural networks to
solve this problem such as the backpropagation models [5] and
self-organization feature maps [3].

Ackley et al. [1] devised the Boltzmann machine. They build
a Hopfield network and the network operates with the principle
of thermal dynamics. The network can from the internal representa-
tion of an environmental data set by using the random samples from
the set. They obtain an algorithm by minimizing a ‘reversed cross-
entropy’ (RCE) ([4] objective function to achieve the intemnal

representations of the environmental data set. We will call their
algorithm the ‘Reversed Cross-Entropy’ (RCE) algorithm. This object

function has a powerful twin, the ‘cross-entropy (CE)’ [6]. These
two object functions between two probability functions {P'(V,)

and P(V,, ) }are given as follows

, o = POVa)
RCE: Gree B P) = Z P(Va)In Frame
and
_ _ P'(Va)
CE: Geg (P, P) EP'(Va)In P(Vy) .



The roles of the two probability functions are reversed in the above
formulas. Both CE and RCE are used as the principles for probabilistic
inferences.

In the next section we will use the CE as the objective function
and derive a new algorithm. We will call this new algorithm the CE
algorithm. The CE algorithm is then compared with the RCE
algorithm. The same notations and procedures as in [1] are adopted
to facilitate the reading. A detailed algorithm of the new approach

and some discussions are presented in the last section.

IL Derivation of the Cross-Entropy Algorithm

In this section we will briefly review the derivations by Ackley
et al and derive the CE algorithm. The same notations and the model

of the network as in [1] are also adopted in this work.

IL 1. Review the Network Model

The oconfiguration of the network is that it has an arbitrary
number N of neurons and weights {wjj = wj, w; = 0; 1 <L, j<N}
where w;; is the strength of the interconnection between the jth
neuron and the j™™ neuron. All neurons are bistate neurons with
state §; = 0 or §; = 1. The transition rule for the state changes of
each neuron is that the state 5 of the k™ neuron, where 1 <k <N,

is set to §x = 1 with the probability

1
Pe = T (T e 8Ty

, With ABy = 2 wyd;j

1
where AFy is the incoming excitation energy and T is the pseudo-
temperature. The transitions of states of the neurons is asynchronous.

Defining the total energy Eg of the network as,
= — 3T w;; b8 88
E; i<j Wjj o3 o5

where 8¢ denotes the i neuron in a global states g of the network.
When the network reach “thermal equilibrium” the relative pro-
bability of two giobal states g1 and g2 of the network will follow the
Boltzmann distribution:

Py
= ¢ (Egy - Eg2)/T .

P2

The neurons are further divided into two parts, one is called
visible neurons and the other is called hidden neurons. Accordingly,
we divide the neuron’s index set into two subsets, {1, 2, ..., N}=
{ata € visible neurons, 1 < a« < N, } U {B 1 B € hidden neurons,
N, + 1< 8 < N}, where N — N, = Ni,, N, is the total number of
visible neurons, Ny is the total number of hidden neurons. To
facilitate the analyses, let Vo denotes the vector states of the all
N, visible neurons, Hg denotes the vector states of the all Nj, hidden
neurons, and V, /\ Hy denotes the global states of the all N neurons
in the network. The main idea of the Boltzmann machine is to devise
an algorithm which takes full advantage of the mechanism of the
network. In their work the internal representation of the network
is achieved by minimizing the distance between the network’s own
probability function P'(V,) over the visible neurons and the enviro-
mental probability function P (V,) over the visible neurons. The
distance employed by Ackley et al is the RCE. In the following
subsection we will review their derivations briefly to facilitate some

useful derivations.

II. 2. Review the RCE Approach

The distance they employed is the RCE,

P(Va)
P(Ve)

Gree = ZP(Vo) In )
where P(V,) is the probability of the vector state of the visible
neurons when their states are determined by the environment, and
P'(V,) is the corresponding probability when the network is running
freely with no environmental input. We want to adjust the w;; to

reduce the distance Grcg. To achieve the minimum distance we

o . 0Gpcg
need to follow the negative direction of the gradxent—a—_ and
wii

. . . . 9GrcE
find a practical method to obtain an estimated gradxentT_ .

wij

3G

We now briefly review the derivations of—T‘ﬁm order to facilitate

Wi ,l
some useful derivations. According to Boltzmann distribution:

£ge FaslT
P'(V,)= TP (V, y=—
()= PP =
EaB = — ey wij 5?5 szxﬁ @)
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where E,; is the pseudo-energy of the system in a global state V, A

Hp. The following two formulas given in {1] are useful for obtaining

the gradient of the distance (1).
~Eqpl/T
dePeslT 1 539 53¢ ¢~ EanlT
dwjj T
Differentiating (2) yields
1 —EqglT 508 saf
oP(V) _ T Eac it ]
dwij Zop e EaplT

Ty BaalT En, e Eau/T 5} gl

(B e En/Ty?
———lz P (Vo AHp) 83 57°

- P\ 2 PViAH)M 8] )

By using the above two formulas we get the gradient of (1)

P(Ve) 3P'(V,)

3Gﬁcn = _%
dwij e P'(Vy) dwjj
_ P(V,
= TEP'( ) [2P'(Va/\Hg)5
- P 2 PViAH) 6 8% 1. @

From the definition of conditional probability

P(Vo AHp) = PMp/Va) P(Va)

P'(VoAHp) = P'(Hy/V,) P'(Ve) )
and the fact
P'(Hp/Ve) = P(Hp/V,) . (6)
We get the equality
. P(Va) _
P’(V, AHp) EXAN P(V. AHpg).

Substituting the above equality in (4) and using the fact £, P(V,) =

1, we get the following gradient equation

1 ,
—_— =~Tr"[Pij"Pij] D

where pij = Zag P(VoaAH)85? 85 and pij = Za, P(VAAH,) 8]
5]¥. The p; is the averge probability of two units both being the on
state when the environment is clamping the states of the visible
neurons, and p'y; is the corresponding probability when the environ-
mental input is not present and the network is running freely.

To minimize Ggrcg, it is therefore sufficient to observe
(estimated) p;; and p';; during the network is in thermal equilibrium,
and to change each weight by an amount proportional to the dif-

ference between this two quantities:
Awij = e(py; — PYj)- o ®)
Note that the relative-frequencies [2], 'f)u and 3’.5, of the event

{5; = 1 and 5; = 1} at equilibrium is good estimators of p;; and

P'ij-

II. 3. CE Approach

The only difference between the CE approach and the RCE
approach is that we employ CE for the definition of distance. By

definition, CE is

P'(Va)
=P —
Gez = 2PV In 5o~ ()]
. .. 9Gcg
We now derive the gradient as follows.
) dwij
9Gcg ar(V,) P'(Va) P(Va) 1 aP(Vy)
=2z - In E PV,)—;
doy sy R 2l VDTN B ey
- g PO | PO OP(Va)
@ dwij P(V,) a 3(.)”

: obtained by simplifying the above formula

P'(Va)

=2 [In—=== OV, ) [}:P’(V,,/\H,)a""a"" P'(Va)p';]
1
tzpls (Ve /\H,)si 5 — PV P
: obtained by substituting (3) in
P(V,) | 1 i
=Z[Iln—= POV l-T—[;u‘P'(V./\H,)a‘."s,‘" — P'(Va) P'34]
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: the second term in the above formula equals to zero

= v l>'(Va) 1 P’(vc/\Ha) af caf O
E[P(Va) In_———_P(Va) ]T[E—PT(-W;— 8i 8 — il
: factorizing P'(V,)

_ , P(V,) 1 , af caf
E [P(VR)In_—P(Vm) ]?[%ZP(HNV,,)Ei 85 - pil

: using definition of conditional probability function

P'(V,
M) | Ly P(Hy 1 Vo) 55952 — py; ]

1
2 [P'(Vy)In —
2 [F(Va) P(V,) T 8

:using (6) P'(Hg 1 Vy) = P(Hg 1V,)
So,

P'(Vy)
P(Vo)

3G, 1
CE =T3PV

2, z 1 [pijve (1Ve) — P51 (10)
1

where
Pij/v,( IVa) = § P(Hﬂ Ivm) S‘i!ﬂ 5‘]_1!3

is the average conditional probability of two neurons both being
in the on state when an environmental state vector V, is clamping

the states of the visible neurons. Let

P(Vy)

W(V,) = P(V,)In A

The gradient formula can be further simplified as

aGcE

dwjj

1
= %W(Va)?[llij/va(‘va) - pl.

To minimize Gcg, it is therefore sufficient to observe p;; (1V,,),
p'ij» and W(V,) when the netwoik is in thermal equilibrium, and to
change each weight by an amount proportional to the weighted

difference between these two probabilities:

Awij = — €2 W) [pigv, (1Va) — Pyl - (1)

. . 9GrcE
To compare the two gradients we revise the formula ——_—

Bwi j
by substituting the identity (5, 6) in (4) and get

G 1
RCE =2 {~POVa) } [piypve (Ve) — P51 - (12)

dwij

The two formulas, (10) and (12), show that the CE algorithm is a
fine crossentropy weighted version of the RCE algorithm. When
W(V,) = —P(V,) the CE algorithm is identical to the RCE algorithm.

Comparing the equation (10) and (12) we see that the CE
algorithm matches the detailed shape of the two probability functions.
Since p;; and p';; are also the second order statistics (cross-covariance
functions), the RCE algorithm matches only the two probability’s
second order statistics but not the detailed shape.

We will further discuss the detailed CE algorithm in the folowing

section.

1. Comparison and Discussion

In comparing the two algorithms first we note that the two
updating formulas (7) and (10). The formula (7) is biophysically
meaningful and is still within the scope of the assumptions proposed
by Hebb [3]. The formula (10) has less physical meaning. It is hard
to devise a plausible biophysical mechanism to implement the
formula kIO), even through the (10) is proved to be a powerful
algorithm in learning.

People might wonder that if we can switch the meanings of
the two probabilities in formulas (1) and (9) and say that (1) is the
CE and (9) is the RCE. The answer is not easy. This is because their
are four invariance and consistency axioms behind the cross-entropy
(9). See [6] for details.

We now present and discuss the detailed CE algorithm for the
variant Boltzmann machine. The following algorithm for each learning

cycle is a modified version of those described in [1].

CE Algorithm for each Learning Cycle: Let n denotes the n'! learning

cycle.

Step 1  Estimation of p’i’j jv4(1Va): Each environment vector in tum
is clamped over the visible neurons. For each environment
vector, the network is allowed to reach equilibrium twice.
Statistic about how often pairs of neurons are both on
together are collected at equilibrium for every different

environmental clamped vector V,. The same noisy clamping
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technique as in [1].is also applied to prevent the weights
from growing too large.
Step2 Estimation of p;j: The network is completely unclamped
and allowed to reach equilibrium at low temperature (by
annealing). Statistics about how often pairs of neurons
are both on together are then collected for as many
annealings as are used to estimate p;j;v, (Vo)
Step 3 Estimation of P%(V,): The statistics about how often the
occurrences (relative-frequency) for every different environ-
mental vector, V,, are collected as an estimation of the
P(V,).
Step 4 Estimation of P™(V,): The statistics about how often the
occurrences for every different state V, of the visible
neurons are collected at equilibrium for as many annealings
as are used to estimate p[].
Step 5 Updating the weight Awj}: The estimated values { p;‘j( V),
pi}s B"(Va), P®(V,)'} are then substituted in (11) to obtain
the weight changes A‘w?j .

Awjj = —eZ W' (Vo) [ iy, (1 Va) — p;]'1. 13)

Renew the weights wfj'! = w}j + Aw]j. Check if the network is

converge yét using the formula max { IA:.:;‘j L 1<i<j<N}<s,
where & is a predetermined threshold. If it is not converge, then

;.ju = wjj + Awjj, start the next cycle, and

renew the weights w
repeat the five steps.

Note the same annealing technique as in {1] can be used in this
CE algorithm.

We now discuss the above algorithm. Since in most cases the
number of visible neurons: N, is large and the total visible states of
the network is 28, All the 2%V states have none-zero probability
at any none-zero temperature. And in many cases the total number
N, of the environmental state vectors is much smaller than 2N,
; So, the probability P(V,,) is zero for many system’s states V,. In both
RCE

and CE distances this zero probability, P(V,) = 0, will cause the
distance infinitive large. And the updated weights using the estimated
gradients tend to mainly match the two probabilities P'(V,) and
P(V,) at those states V, which have zero or small probability P(V,)
= 0. This is because this kind matching will of course reduces a large
distance. This phenomenon also affects some of the weights grows
very large { if the weight —= < wij < « can have infinitive range }
to prevent those network’s states from happening { or make those
states have very high energy }. Note that this point is according
to Boltzmann distxibution, a high energy state has small probability.
In order to remedy this problem Ackley at el suggest using noisy
environmental state vectors to smooth the destructive zero-probability
of some environmental states P(V,) = 0.

For this problem we devise a strategy to keep the weight w;;
from growing too large. Since infinitive range of the weight — <
wijj < o causes the network system has a very wide range of linear
flexibility. This wide flexibility suwive§ those system’s states V,
with non-zero probabilities when the ksame environmental states
V, make no appearance, that is P(V,) = 0 for some of the network’s
own states V,. For this problem, the strategy is to limit the infinitive
range of the linear weights by using weights with limits and exhaust
the flexibility of the network system as much as possible by the
environmental states with non-zero probability, that is by the states
with P(V,)# 0.

We describe the method as in the following context. We obtain
a new weight w;; by applying a sigmod function to the updated
weight, w}j“ = wfj * Aw]j, and obtaining the new weight w{j =
ol w;fj" ], where ¢ [x]is a sigmoid function and n denotes the number
of the learning cycle. The simplest sigmoid function which may be

used is the linear threshhold logic function,

x, ifixi< ¢3¢ >0;
o[x] = ¢y if x>¢p;

—¢; if x<¢p;

where ¢, is a fixed constant. With properly adjusted c; the flexibility
of the whole network could be exhausted by the finite number ‘Ng’
environmental states. This strategy indirectly keeps the probabilities
of those states V,, which has a P(V,,) = 0, as close to zero as possible.

According to the above strategy the Step 5 should be replaced
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by the following Step 5*.

Steé 5* Updating the weight Aw];: The estimated values { pj; (1V,),
'}, P"(Ve), P(V,) } are then substituted in the following three
formulas to obtain the weight changes Awjj

A"’;‘j = —eZqew W'(Va) [ P?j/va (1Vy) — P'i'} 1. (14)

fn . n n
wij = wjj t dwj;

wsj =o[w,Tj“]

where
¥ = {P"(Vy) # 0 and PP(V,) # 0 }

is the summation domain in which all V, with P*(V,) > 0 and

P (V,) > 0. The following sigmoid function is used.

x, if ixl€¢;c¢ >0;
o [x]= ¢ if x> ¢

—cif x < ¢

Check if the network is converge yet; max {IAw?j L1<i<

j < N}< 5, where & is a predetermined threshold. If it is not

n+l
ij

converge, then renew the weights w = wjj + Awjj, start the
next cycle, and repeat the five steps. Note that the environmental
zero-probability states V, should not be included in the summation
in the updating equation (14).

Further comparing the two updating formulas, (8) and (11),
we see that the updating formula (11) is contributed by the
components of different states V,. In order to perfectly match the
states which has high environmental probabilities, it can be achieved
purposefully by summing those significant components of states

V, which has high environmental probabilities. So, the summation

domain can be further modified as
¥ = { P"(Vg) > o} and P?(V,) > n} }

where 7 and % are the selected positive constants for the n cycle.
The RCE algorithm can have this kind ability only through the revised

formula (12).

(1]

12}

[31

{4}

{5}

[6}
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